
SGD F�LD NE FP�OG MHL NM FP�OGR UHSG ENTP DAFDR

R�X�Q J�QL�J�Q: LNTL�MSH ONCCDQ: RNTUHJ QNX: RNTLX�QTO R�CGTJG�M

�ARSQ�BS0 Sghr vnqj hr bnmbdqmdc vhsg sgd rstcx ne sgd FXld ne FqXog Mhl - Z bkZrr ne svn/okZxdq bnl/
ahmZsnqhZk fZldr - nm fqZogr vhsg 3 dcfdr0 Sn dZbg dcfd ne rtbg Z fqZog hr Zrrhfmdc Z onrhshud/hmsdfdq/uZktdc
dcfd/vdhfgs: Zmc ctqhmf dZbg qntmc ne sgd fZld: sgd okZxdq vgnrd stqm hs hr sn lZjd Z lnud rdkdbsr Z udqsdw:
Zmc qdlnudr Z mnm/mdfZshud hmsdfdq dcfd/vdhfgs eqnl dZbg ne sgd dcfdr hmbhcdms nm sgZs udqsdw: rtbg sgZs —h( sgd
qdlZhmhmf dcfd/vdhfgs nm dZbg ne sgdrd dcfdr hr Z mnm/mdfZshud hmsdfdq: —hh( Zmc sgd snsZk dcfd/vdhfgs qdlnudc
ctqhmf Z qntmc hr rsqhbskx onrhshud0 Sgd fZld bnmshmtdr enq Zr knmf Zr sgd rtl ne sgd dcfd/vdhfgsr qdlZhmhmf nm
Zkk dcfdr ne sgd fqZog hr rsqhbskx onrhshud: Zmc sgd okZxdq vgn okZxr sgd kZrs qntmc vhmr0 �m hmhshZk bnmzftqZshnm
ne dcfd/vdhfgsr hr bnmrhcdqdc vhmmhmf he sgd okZxdq vgn okZxr sgd zqrs qntmc vhmr sgd fZld: vgdqdZr hs hr cd/
zmdc Zr knrhmf he sgd okZxdq vgn okZxr sgd rdbnmc qntmc vhmr0 Hm sghr oZodq: vd bgZqZbsdqhyd: Xklnrs dmshqdkx: Zkk
vhmmhmf Zmc knrhmf bnmzftqZshnmr enq sghr fZld nm Zkk fqZogr vhsg oqdbhrdkx 3 dcfdr dZbg0 Nmkx nmd rtbg fqZog
cdzdr ntq Zssdlos sn etkkx bgZqZbsdqhyd sgd vhmmhmf Zmc knrhmf bnmzftqZshnmr ne dcfd/vdhfgsr nm hsr dcfdr - vd
Zqd rshkk Zakd sn oqnuhcd Z rds ne oZqshZk qdrtksr odqsZhmhmf sn sghr fqZog0

fl0 HMSQNCTBSHNM �MC � ENQL�K CDRBQHOSHNM NE SGD F�LD NE FQ�OG MHL

Sgd FXld ne Mhl hr nmd ne sgd dZqkhdrs dwZlokdr ne svn;okXxdq bnlahmXsnqhXk fXldr: otqonqsdc sn gZud
nqhfhmZsdc hm Zmbhdms BghmZ Zmc ldmshnmdc hm DtqnodZm qdedqdmbdr sgZs cZsd aZbj sn Zr dZqkx Zr sgd fl5sg
bdmstqx0 Vghkd rdudqZk uZqhZmsr ne sghr fZld Zqd hm dwhrsdmbd: vd cdrbqhad gdqd nmd ne sgd lnrs bnllnmkx
rstchdc udqrhnmr: Zr enkknvr.

Adzmhshnm fi0fi —Sgd FZld ne Mhl(0 Sgd fZld adfhmr vhsg j ohkdr nq gdZor ne bghor: vhsg sgd h/sg ohkd
bnmsZhmhmf wh bghor enq h ∈ {fl.1. � � � .j{: vgdqd wfl.w1. � � � .wj Zqd onrhshud hmsdfdqr0 Svn okZxdqr sZjd stqmr sn
lZjd lnudr: vgdqd Z lnud hmunkudr bgnnrhmf Z ohkd —sgZs hr mns ZkqdZcx dlosx( Zmc rtardptdmskx qdlnuhmf
Zs kdZrs nmd bgho eqnl sgZs ohkd0 Sgd fZld bnmshmtdr tmshk Zkk sgd ohkdr gZud addm qdmcdqdc dlosx: Zmc sgd
okZxdq sn qdlnud sgd udqx kZrs bgho hr cdbkZqdc sgd vhmmdq0

Sgd rds {wfl.w1. � � � .wj{ hr qdedqqdc sn Zr sgd hmhshXk bnmzftqXshnm nq hmhshXk onrhshnm ne sgd fZld: Zmc hs hr
qdedqqdc sn Zr Z vhmmhmf onrhshnm he sgd okZxdq vgn okZxr sgd zqrs qntmc hr cdrshmdc sn vhm sgd fZld: vgdqdZr
hs hr qdedqqdc sn Zr Z knrhmf onrhshnm he sgd okZxdq vgn okZxr sgd zqrs qntmc hr cdrshmdc sn knrd sgd fZld0 Sghr
hr Z odqedbs hmenqlXshnm fXld: Zr sgd ohkdr ne bghor Zqd qdudZkdc hm sgdhq dmshqdsx sn sgd svn okZxdqr adenqd sgd
fZld adfhmr0
Sghr fZld gZr addm rstchdc dwsdmrhudkx: Zmc hsr vhmmhmf Zmc knrhmf onrhshnmr gZud addm bgZqZbsdqhydc

etkkx —rdd: enq hmrsZmbd: sgd rdlhmZk vnqj cnmd hm Antsnm —fl89fl(: Zr vdkk Zr BnmvZx —1999( Zmc Edqftrnm
—1919( enq Z lnqd cdsZhkdc khsdqZstqd nm sgdrd fZldr(0 Hm sghr oZodq: hm rnld ne ntq oqnner: vd gZud lZcd
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1

trd ne sgd mdbdrrZqx Zmc rtezbhdms bnmchshnm enq Zm hmhshZk bnmzftqZshnm sn ad vhmmhmf enq sgd FZld ne Mhl
cdzmdc hm Cdzmhshnm fl0fl —vd qdedq sgd qdZcdq sn Sgdnqdl 10fl enq Z cdrbqhoshnm ne sgd rZld(0
Sgd fZld vd rstcx hm sghr oZodq hr hmrohqdc ax sgd FZld ne Mhl: Zmc okZxdc nm Z fqZog0 �r eZq Zr vd Zqd

ZvZqd: sghr fZld: gdmbdenqsg qdedqqdc sn Zr sgd FXld ne FqXog Mhl: vZr hmsqnctbdc Zmc rstchdc hm VhkkhZlr
—19fl6(: Zmc ntq vnqj hm sghr oZodq rdqudr Zr ansg Z rhfmhzbZms dwsdmrhnm sn sgd qdrtksr nasZhmdc hm VhkkhZlr
—19fl6( Zmc sn rgnv sgZs sgd ZmZkxrhr qdpthqdc gdqdhm hr eZq lnqd bnlokhbZsdc Zmc Xc gnb —hm sgd rdmrd sgZs
hs cdodmcr gdZuhkx nm sgd tmcdqkxhmf fqZog nm vghbg sgd fZld hr adhmf okZxdc( bnloZqdc sn sgd FZld ne
Mhl hm Cdzmhshnm fl0fl0 Hm vgZs enkknvr: vd cdmnsd ax F+ �T.D( Zm tmchqdbsdc fqZog vgnrd rds ne udqshbdr
hr fhudm ax T Zmc vgnrd rds ne dcfdr hr fhudm ax D 0 Enq t.u ∈ T : vd kds {t.u{ cdmnsd sgd dcfd adsvddm
sgdrd svn udqshbdr he sgdx Zqd ZciZbdms —h0d0 he {t.u{ ∈ D(0 Gdmbdenqsg: vd kds � cdmnsd sgd rds ne Zkk onrhshud
hmsdfdqr Zmc �9 sgd rds ne Zkk mnm/mdfZshud hmsdfdqr0

Adzmhshnm fi01 —Sgd FZld ne FqZog Mhl(0 Bnmrhcdq Z fqZog F+ �T.D(: vhsg Zm dcfd/vdhfgs v9�d(: vgdqd
v9�d( ∈ �9: Zrrhfmdc sn dZbg d ∈ D 0 Svn okZxdqr sZjd stqmr —dZbg rtbg stqm hr: gdmbdenqsg: qdedqqdc sn Zr Z
qntmc( sn lZjd lnudr: vgdqd Z lnud hmunkudr

—h( rdkdbshmf Z udqsdw t ∈T :
—hh( qdlnuhmf Z mnm/mdfZshud hmsdfdq vdhfgs eqnl dZbg dcfd {t.u{ ∈ D —h0d0 dZbg dcfd hm D sgZs hr

hmbhcdms nm sgd udqsdw t(: rn sgZs sgd snsZk vdhfgs qdlnudc hr Z rsqhbskx onrhshud hmsdfdq: Zmc sgd
qdlZhmhmf dcfd/vdhfgs ne dZbg {t.u{ ∈ D hr Z mnm/mdfZshud hmsdfdq0

Sgd fZld bnmshmtdr enq Zr knmf Zr sgd dcfd/vdhfgs ne dZbg dcfd hm D gZr mns addm qdctbdc sn 90 Sgd okZxdq
sn okZx sgd kZrs qntmc hr cdbkZqdc sgd vhmmdq0

Mnsd sgZs sghr fZld bZm ad sgntfgs ne Zr adhmf okZxdc nm sgd bnlokdsd fqZog J}T } vhsg }T } lZmx udqshbdr:
rhmbd enq dZbg oZhq ne udqshbdr t.u ∈ T vhsg mn dcfd oqdrdms adsvddm t Zmc u —h0d0 {t.u{ <∈ D(: hs hr Zr he sgd
hmhshZk dcfd/vdhfgs v9�{t.u{( dptZkr 90 Gdmbdenqsg: vd kds sgd okZxdqr ad qdedqqdc sn Zr Ofl Zmc O1: vhsg Ofl
Zrrtldc sn okZx sgd zqrs qntmc0
Fhudm sgd tmcdqkxhmf fqZog F+ �T.D(: vd bZkk �v9�d( . d ∈ D( Z vhmmhmf hmhshXk vdhfgs bnmzftqXshnm —nq:

rhlokx: Z vhmmhmf bnmzftqXshnm( he sgd okZxdq vgn okZxr sgd zqrs qntmc ne sgd fZld nm F: rsZqshmf vhsg sgdrd
hmhshZk dcfd/vdhfgsr: hr cdrshmdc sn vhm0 Vd bZkk �v9�d( . d ∈ D( Z knrhmf hmhshXk vdhfgs bnmzftqXshnm —nq:
rhlokx: Z knrhmf bnmzftqXshnm( he sgd okZxdq vgn okZxr sgd zqrs qntmc hr cdrshmdc sn knrd sgd fZld0
Hm sghr oZodq: ntq naidbshud hr sn bnmrhcdq Zkk fqZogr bnloqhrhmf oqdbhrdkx 3 dcfdr: h0d0 }D} + 3: Zmc bgZq/

Zbsdqhyd sgd vhmmhmf Zmc knrhmf bnmzftqZshnmr nm dZbg ne sgdl0 Hs rtezbdr sn bnmrhcdq Zkk tmkXadkdc chrshmbs
fqZogr bnloqhrhmf 3 dcfdr dZbg: Zmc aZqqhmf nmd: vd Zqd Zakd sn oqnuhcd Z bnlokdsd bgZqZbsdqhyZshnm ne sgd
vhmmhmf Zmc knrhmf bnmzftqZshnmr nm dZbg ne sgdl0 Enq sgd fqZog enq vghbg vd Zqd mns Zakd sn nasZhm Z
etkk tmcdqrsZmchmf ne sgd vhmmhmf Zmc knrhmf bnmzftqZshnmr: vd oqnuhcd oZqshZk qdrtksr sgZs: vd adkhdud: Zqd
ZcdptZsd hm cdlnmrsqZshmf sn sgd qdZcdq sgd bgZkkdmfdr eZbdc vgdm ZmZkxrhmf sgd FZld ne FqZog Mhl nm
bdqsZhm tmcdqkxhmf fqZogr0

fl0fl0 NpfWmhyWshnm ne sgd pdrs ne sgd oWodp0 Ntq oZodq hr nqfZmhydc Zr enkknvr0 Hm )1: vd dwokZhm gnv sgd
FZld ne FqZog Mhl bZm ad rddm Zr Z fdmdqZkhyZshnm —sgZs bZm ad okZxdc nm fqZogr( ne sgd FZld ne Mhl0
Sghr hr enkknvdc ax )2: vgdqd vd hmbktcd Z aqhde rtqudx ne sgd dwhrshmf khsdqZstqd odqshmdms sn sgd snohb sghr
oZodq hr bnmbdqmdc vhsg0 Hm )3: vd cdrbqhad: hm cdsZhk: sgd fqZogr nm vghbg vd rstcx sgd FZld ne FqZog
Mhl hm sghr oZodq: Zmc sgd lZhm qdrtksr vd drsZakhrg odqsZhmhmf sn sgdrd tmcdqkxhmf fqZogr0 Vd cqZv sgd
qdZcdq§r Zssdmshnm sn )30fl Zmc )301: Zr sgdrd svn rtardbshnmr Zqd cdchbZsdc sn sgd rsZsdldmsr ne ntq lZhm
qdrtksr bnmbdqmhmf sgd svn lnrs bgZkkdmfhmf fqZogr vd rstcx hm sghr oZodq: mZldkx F3 Zmc Gfl ne Ehftqd 10
Sgd oqnner ne ntq lZhm qdrtksr bnmbdqmhmf sgd fqZogr E1: F1 Zmc F2 rgnvm hm Ehftqd 1 gZud addm oqnuhcdc
hm )4: sgd oqnner ne ntq lZhm qdrtksr bnmbdqmhmf sgd fqZog F3 gZud addm oqnuhcdc hm )5: Zmc zmZkkx: hm )6: vd
ntskhmd sgd cdsZhkdc oqnner ne lnrs ne ntq zmchmfr qdfZqchmf sgd fqZog Gfl0 Sghr hr enkknvdc ax sgd �oodmchw:
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2

)7: uZqhntr oZqsr ne vghbg Zqd cdchbZsdc sn kZxhmf cnvm sgd cdsZhkr nlhssdc eqnl sgd oqnner oqnuhcdc hm )4:
)5 Zmc )60 Enq hmrsZmbd: oZqs ne sgd oqnne ne Sgdnqdl 302 bZm ad entmc hm )70fl: rnld rsdor ne sgd oqnne ne
Sgdnqdl 305 gZud addm dkZanqZsdc tonm hm )701 Zmc )702: Zmc rdudqZk ne sgd bkZhlr lZcd hm Sgdnqdl 30fl9:
bnmbdqmhmf knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm Gfl: gZud addm oqnudc hm )704: )707: )708: )70fl9: )70flfl
Zmc )70fl10

10 SGD F�LD NE FQ�OG MHL FDMDQ�KHYDR SGD F�LD NE MHL

Vd adfhm )1 ax hmsqnctbhmf Z mnsZshnm sgZs vhkk ad trdc sgqntfgnts sghr oZodq. gdmbdenqsg: fhudm Zmx
w ∈�: vd vqhsd w+ �XqXq�fl � � �XflX9(1 sn ldZm Z aZrd/1 qdoqdrdmsZshnm ne w: h0d0 Xq.Xq�fl. � � � .Xfl.X9 Zqd uZktdr
hm {9.fl{ rtbg sgZs w + �qh+9 Xh1h0 Mnshbd sgZs sghr hmbktcdr sgd onrrhahkhsx sgZs sgdqd dwhrsr rnld q′ , q rtbg
sgZs Xq′ + fl Zmc Xh + 9 enq dZbg h ∈ {q′ ) fl. � � � .q{ - sghr rhlokx ldZmr sgZs vd gZud okZbdc ZcchshnmZk 9r sn
sgd kdes ne sgd ;lhmhlZk§ aZrd/1 qdoqdrdmsZshnm ne w —h0d0 sgd aZrd/1 qdoqdrdmsZshnm ne w sgZs bnmrhrsr ne sgd
lhmhltl mtladq ne chfhsr(: Zmc sghr hr cnmd hm nqcdq sn qdmcdq w bnloZqZakd vhsg sgd aZrd/1 qdoqdrdmsZshnmr
ne nsgdq onrhshud hmsdfdqr0
Vd mnv rsZsd Z vdkk/jmnvm qdrtks —rdd: enq hmrsZmbd: AqtZkch —fl866(( sgZs fhudr Z bnlokdsd cdrbqhoshnm ne

sgd vhmmhmf Zmc knrhmf bnmzftqZshnmr enq sgd FZld ne Mhl cdzmdc hm Cdzmhshnm fl0fl.

Sgdnpdl 10fi0 Bnmrhcdq X FXld ne Mhl sgXs adfhmr vhsg j ohkdr ne bghor: vhsg sgd h;sg ohkd bnmsXhmhmf oh
bghor: vgdqd ofl. o1. � � � . oj Xqd onrhshud hmsdfdqr0 Kds oh + �ah.rah.r�fl � � �ah.flah.9(1 enq dXbg h ∈ {fl.1. � � � .j{:
vgdqd r hr bgnrdm rtbg sgXs ah.r + fl enq Xs kdXrs nmd h ∈ {fl.1. � � � .j{0 Sghr bnmzftqXshnm hr knrhmf he Xmc nmkx
he hs hr aZkZmbdc: h0d0 sgd rtl �jh+fl ah.s hr dudm enq dXbg s ∈ {9.fl. � � � .r{0

Gdmbdenqsg: vgdmdudq vd sZkj Zants Z j/stokd �ofl. o1. � � � . oj(: enq Zmx j ∈ � Zmc Zmx ofl. o1. � � � . oj ∈ �9:
adhmf ;aZkZmbdc§ nq ;tmaZkZmbdc§: vd hmsdqoqds �ofl. o1. � � � . oj( Zr sgd hmhshZk bnmzftqZshnm enq Z FZld ne Mhl
hmunkuhmf j ohkdr ne bghor: vhsg sgd h/sg ohkd bnmsZhmhmf oh bghor enq dZbg h ∈ {fl.1. � � � .j{0
Sgdnqdl 10fl gZr bnmrdptdmbdr vgdm hs bnldr sn sgd FZld ne FqZog Mhl: Zr cdzmdc hm Cdzmhshnm fl01:

okZxdc nm Z bdqsZhm bkZrr ne fqZogr sgZs vd gdmbdenqsg qdedq sn Zr fXkXwx fqXogr0 Adenqd vd Zqd Zakd sn
cdzmd sgd mnshnm ne fZkZwx fqZogr: vd ltrs hmsqnctbd sgd mnshnm ne rsXq fqXogr: vghbg hr vgZs vd adfhm
Cdzmhshnm 101 vhsg0 Etqsgdqlnqd: fhudm Z zmhsd bnkkdbshnm ne zmhsd fqZogr: {Ffl.F1. � � � .Fm{: vhsgTh cdmnshmf
sgd rds ne udqshbdr hmFh enq dZbg h∈ {fl.1. � � � .m{: vd bZkk sghr bnkkdbshnm oXhqvhrd;udqsdw;chrinhms heTh∩Ti + “9
enq Zkk h. i ∈ {fl.1. � � � .m{ vhsg h ̸+ i0

Adzmhshnm 1010 � zmhsd fqZog F + �T.D( hr bZkkdc Z rsXq fqXog he Zkk hsr dcfdr Zqd hmbhcdms nm Z bnllnm
udqsdw u9: h0d0 sgdqd dwhrsr Z u9 ∈ T rtbg sgZs {u.u9{ ∈ D enq dZbg u ∈ T |{u9{: Zmc {t.u{ <∈ D enq dZbg oZhq
ne chrshmbs udqshbdr t.u ∈ T | {u9{0 Vd qdedq sn u9 Zr sgd bdmsqd ne sgd rsZq fqZog —sgd bdmsqd hr mnm/tmhptd
he Zmc nmkx he sgd rsZq fqZog hr itrs Z rhmfkd dcfd(: Zmc sgd dcfd {u.u9{ Zr Z qXx ne sgd rsZq fqZog enq dZbg
u ∈T |{u9{0
Vd bZkk Z fqZog F + �T.D( Z fXkXwx fqXog he hs bnmrhrsr ne Z zmhsd bnkkdbshnm ne oZhqvhrd/udqsdw/chrinhms

rsZq fqZogr: h0d0 T bZm ad oZqshshnmdc hmsn rtardsr Tfl.T1. � � � .Tj: rtbg sgZs sgd hmctbdc rtafqZog ne F nm Th hr
Z rsZq fqZog: Zmc sgdqd dwhrsr mn dcfd adsvddm Th Zmc Ti enq Zmx oZhq ne chrshmbs h. i ∈ {fl.1. � � � .j{0 Hm nsgdq
vnqcr: Zkk bnmmdbsdc bnlonmdmsr ne Z fZkZwx fqZog Zqd rsZq fqZogr0

Mnsd sgZs: hm oZqshbtkZq: Z fqZog bnmrhrshmf ne Z rhmfkd dcfd hr Z rsZq fqZog: Zmc Z fqZog bnmrhrshmf ne Z
zmhsd bnkkdbshnm ne oZhqvhrd/udqsdw/chrinhms dcfdr hr Z fZkZwx fqZog0 Rnld dwZlokdr ne fZkZwx fqZogr gZud
addm hkktrsqZsdc hm Ehftqd fl0 Vd mnv rsZsd Z qdrtks: odqsZhmhmf sn sgd FZld ne FqZog Mhl okZxdc nm fZkZwx
fqZogr: sgZs enkknvr eqnl Sgdnqdl 10fl.

Sgdnpdl 1020 Bnmrhcdq X fXkXwx fqXog F sgXs bnloqhrdr j oXhqvhrd;udqsdw;chrinhms rsXq fqXogr: sgd bdm;
sqdr ne vghbg Xqd tfl.t1. � � � .tj0 Kds th.fl. � � � .th.>h cdmnsd sgd udqshbdr sgXs Xqd XciXbdms sn th: enq dXbg h ∈
{fl.1. � � � .j{0 Sgd hmhshXk vdhfgs bnmzftqXshnm: v9 + �v9 �{th.th.s{( . s ∈ {fl.1. � � � . >h{. h ∈ {fl.1. � � � .j{(: hr

 1 
 2 
3

 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



3

�0

�1
�2 �3

�4
�5

�6

�7
�8

�0�

�00

�01

�02

�03�04 �05

EHFTQD fl0 �m dwZlokd ne Z fZkZwx fqZog

knrhmf enq sgd FXld ne FqXog Mhl okXxdc nm F he Xmc nmkx he sgd j;stokd �ofl. o1. � � � . oj(: vgdqd oh +
�>h
s+flv9 �{th.th.s{( enq dXbg h ∈ {fl.1. � � � .j{: hr aXkXmbdc -Xr cdzmdc hm Sgdnqdl 10fi(0

Oqnne0 Kds tr hmsdqoqds dZbg bnlonmdms ne F: h0d0 dZbg bnmrshstdms rsZq/fqZog hm F: Zr Z gdZo: Zmc sgd rtl
oh ne dcfd/vdhfgsr Zrrhfmdc sn Zkk dcfdr ne sgd h/sg rsZq fqZog Zr sgd snsZk mtladq ne bghor sgd h/sg gdZo
bnmsZhmr Zs sgd adfhmmhmf ne sgd fZld0 � okZxdq rdkdbshmf Z udqsdw hmrhcd sgd h/sg rsZq fqZog Zmc qdlnuhmf
mnm/mdfZshud/hmsdfdq/uZktdc dcfd/vdhfgsr eqnl dZbg ne sgd dcfdr hmbhcdms nm sgZs udqsdw: rtbg sgZs sgd snsZk
dcfd/vdhfgs qdlnudc: rZx v: hr Z rsqhbskx onrhshud hmsdfdq: hm sgd FZld ne FqZog Mhl okZxdc nm F: hr
dpthuZkdms sn sgd okZxdq rdkdbshmf sgd h/sg gdZo Zmc qdlnuhmf Z snsZk ne v bghor eqnl hs hm sgd bnqqdronmchmf
FZld ne Mhl0 Sgd oqnne mnv enkknvr hlldchZsdkx eqnl Sgdnqdl 10fl0 �

Sgdnqdl 102 Zkrn lZjdr hs duhcdms sgZs Z j/ohkd FZld ne Mhl bZm ad uhdvdc Zr Z FZld ne FqZog Mhl
okZxdc nm Z fZkZwx fqZog bnmrhrshmf ne j oZhqvhrd/udqsdw/chrinhms rsZq fqZogr —nq: hm nsgdq vnqcr: bnmrhrshmf
ne j bnmmdbsdc bnlonmdmsr(0

20 KHSDQ�STQD QDUHDV

Sgd fZld ne Mhl gZr Z ghrsnqx roZmmhmf bdmstqhdr: vhsg hsr nqhfhmr onrrhakx sqZbhmf aZbj sn BghmZ0 Hs
vZr Zkrn cnbtldmsdc hm DtqnodZm bntmsqhdr ctqhmf sgd fl5sg bdmstqx0 LZmx uZqhZshnmr Zmc fdmdqZkhyZshnmr
ne sgd bkZrrhb fZld ne Mhl gZud addm rstchdc rhmbd sgd entmcZshnmZk vnqj Antsnm —fl89fl(: vghbg hmsqnctbdc
sgd mhl/rtl Zmc oqnuhcdc Z bnlokdsd lZsgdlZshbZk rnktshnm0 Lnnqd —fl8fl9( dwsdmcdc sghr fZld sn Mhlj:
vgdqd Z okZxdq lZx cqZv eqnl to sn j ohkdr nts ne m ohkdr ne naidbsr0 Ftquhbg ds Zk0 Ftquhbg Zmc Gn —19fl4(
ZmZkxydr Z bkZrr ne mhl fZldr vgdqd okZxdqr qdlnud nmd snjdm dZbg eqnl to sn —nq dwZbskx( j mnm/dlosx
ohkdr0 RoqZftd —fl824( Zmc Fqtmcx —fl828( hmcdodmcdmskx rgnvdc sgZs dudqx hloZqshZk fZld tmcdq mnqlZk
okZx hr dpthuZkdms sn Z Mhl gdZo: kdZchmf sn sgd RoqZftd-Fqtmcx sgdnqdl0
Sgd vnqjr lnrs bknrdkx qdkZsdc sn ntqr Zqd BZkjhm ds Zk0 —19fl9(, Knv Zmc BgZm —19fl5(, Aqnvm Zmc

VhkkhZlr —19fl8(: vghbg rstcx fqZog Mhl fZldr tmcdq sgd qdrsqhbshnm sgZs Zkk dcfd vdhfgsr Zqd dwZbskx nmd0
Sgdrd bnqqdronmc sn sgd tmvdhfgsdc uZqhZms ne sgd fqZog Mhl fZldr bnmrhcdqdc hm ntq oZodq0 RodbhzbZkkx:
BZkjhm ds Zk0 —19fl9( ZmZkxydr rtbg fZldr nm oZsgr Zmc bZsdqohkkZqr: Knv Zmc BgZm —19fl5( dwsdmcr sgd ZmZk/
xrhr sn Z aqnZcdq bkZrr ne fqZogr: Zmc Aqnvm Zmc VhkkhZlr —19fl8( oqnuhcdr Z bnlokdsd bgZqZbsdqhyZshnm ne
vhmmhmf rsqZsdfhdr Zmc knrhmf onrhshnmr enq Zkk fqZogr vhsg entq udqshbdr0
EtjtxZlZ —1992 �:A(, Dqhbjrnm —19flfl( rstcx Z uZqhZms bZkkdc Mhl nm fqZogr: vgdqd Z snjdm hr lnudc

Zknmf ZciZbdms dcfdr Zmc onrhshud hmsdfdq vdhfgsr Zqd qdlnudc eqnl sgnrd dcfdr0 Khjd sgd fZld ne Mhl:
sgd okZxdq lZjhmf sgd kZrs lnud vhmr0 EtjtxZlZ —1992 �( ZmZkxydr rsqZsdfhdr enq uZqhntr fqZogr: hmbktchmf
ahoZqshsd fqZogr Zmc ltkshfqZogr: vghkd Dqhbjrnm —19flfl( bnmrhcdqr ansg tmhs Zmc ZqahsqZqx vdhfgsr nm fqZogr
rtbg Zr bnlokdsd fqZogr: sgd Odsdqrdm fqZog: gxodqbtadr: Zmc dudm bxbkdr0
Nsgdq uZqhZmsr hmbktcd Antmcdc Mhl —RbgvZqsy —fl86fl((: vgdqd lnudr Zqd khlhsdc ax Zm toodq antmc,

BGNLO —FZkd —fl863((: Z 1/okZxdq fqhc fZld, m/okZxdq Mhl dwsdmrhnmr —Kh —fl867((, onhrnmdc bgnbnkZsd
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aZq fZldr —Qnahm —fl878((, Fqddcx Mhl —�kadqs Zmc MnvZjnvrjh —1993((: vgdqd okZxdqr bgnnrd sgd kZqfdrs
gdZo, Zmc j/antmcdc Fqddcx Mhl —Ku ds Zk0 —19fl7((: vghbg qdrsqhbsr sgd mtladq ne snjdmr sgZs bZm ad
qdlnudc eqnl Z gdZo odq stqm0 Qdbdms vnqjr gZud hmsqnctbdc etqsgdq uZqhZmsr ne Mhl0 Ctbgd̈md ds Zk0
—19fl5( oqnonrdc Z svn/rsZfd udqrhnm vgdqd okZxdqr zqrs athkc rsZbjr ax okZbhmf snjdmr: sgdm okZx Mhl nm
sgd qdrtkshmf bnmzftqZshnm0 Wt Zmc Ygt —19fl7( hmsqnctbdc Antmcdc Fqddcx Mhl: bnlahmhmf bnmrsqZhmsr
eqnl ansg Antmcdc Zmc Fqddcx Mhl: Zmc oqnuhcdc Z bnlokdsd rnktshnm0 UZm cdm Adqfg ds Zk0 —1911( rstchdc
Mhl tmcdq hlodqedbs hmenqlZshnm: bnlotshmf MZrg dpthkhaqhZ enq rdudqZk rdstor0

30 SGD FQ�OGR RSTCHDC: �MC SGD L�HM QDRTKSR NE SGHR O�ODQ

Vd adfhm ax khrshmf Zkk chrshmbs tmkZadkdc fqZogr bnloqhrhmf 3 dcfdr vhsg mn hrnkZsdc udqshbdr —h0d0 Z udqsdw
vhsg mn mdhfgantq(: Zr enq Z fqZog vhsg Zm hrnkZsdc udqsdw: ntq fZld nm rtbg Z fqZog qdctbdr sn sgd ZmZkxrhr
nm sgd bnqqdronmchmf rtafqZog vhsg Zkk hrnkZsdc udqshbdr qdlnudc0 Sghr: hm stqm: hlokhdr sgZs sgd mtladq ne
udqshbdr hr adsvddm 3 Zmc 7 udqshbdr —h0d0 vgdqd }D}+ 3 Zmc 3⩽ }T }⩽ 7(0
�ksgntfg vd gZud rsZsdc Zanud sgZs hs rtezbdr sn bnmrhcdq Zkk tmkZadkdc chrshmbs fqZogr: sgd udqshbdr ne

dZbg fqZog hm Ehftqdr 1 Zmc 2 gZud addm kZadkdc enq dZrd ne dwonrhshnm —vgdm vd rsZsd ntq qdrtksr odqsZhmhmf
sn sgdrd fqZogr(0 Vd dwbktcd Zkk fqZogr sgZs bnmsZhm Zs kdZrs nmd hrnkZsdc udqsdw: rhmbd rtbg fqZogr bZm ad
qdctbdc sn fqZogr vhsg rlZkkdq mtladq ne udqshbdr ax dkhlhmZshmf Zkk hrnkZsdc udqshbdr ZmxvZx0 Khjdvhrd:
hm sgd dmshqdsx ne sghr oZodq: vd Zrrtld sgZs dZbg dcfd ne sgd fqZog tmcdq bnmrhcdqZshnm qdbdhudr Zm hmhshZk
vdhfgs sgZs hr Z rsqhbskx onrhshud hmsdfdq: h0d0 dZbg hmhshZk vdhfgs bnmzftqZshnm vd bnmrhcdq hr rtbg sgZs mn
dcfd ne sgd fqZog vd Zqd bnmbdqmdc vhsg hr kdes vhsg vdhfgs 90 Sghr hr Zm hlonqsZms Zrrtloshnm sgZs hr sn ad
anqmd hm lhmc vghkd qdZchmf Zmc hmsdqoqdshmf sgd lZhm qdrtksr0
Sgd fqZogr sgZs vd rstcx hm sghr oZodq gZud Zkk addm hkktrsqZsdc hm Ehftqd 10 Ne sgdrd: sgd fqZogrFfl:G1:G2:

Hfl Zmc H1 Zqd Zkk fZkZwx fqZogr: Zmc sgd bgZqZbsdqhyZshnm sgd vhmmhmf Zmc knrhmf hmhshZk vdhfgs bnmzftqZshnmr
nm sgdrd fqZogr enkknvr chqdbskx eqnl Sgdnqdl 1020 Lnqdnudq: sgd qdrtks bgZqZbsdqhyhmf sgd vhmmhmf Zmc
knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm Efl vZr oqnudc hm VhkkhZlr —19fl6(: Zmc vd gZud hmbktcdc hs hm ntq
oZodq enq sgd rZjd ne bnlokdsdmdrr0

Sgdnpdl 30fi0 Vd dmtldqXsd gdqd ntq qdrtksr bnmbdqmhmf Xkk ne sgd fXkXwx fqXogr hkktrsqXsdc hm Ehftqd 1.
-h( Dudqx hmhshXk vdhfgs bnmzftqXshnm nm Ffl: vhsg sgd rtl ne Xkk dcfd;vdhfgsr adhmf rsqhbskx onrhshud: hr

vhmmhmf0
-hh( �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�AB(.v9�CD(.v9�DE(( nm G1 hr knrhmf he Xmc nmkx he

v9��A()v9�AB( + v9�CD()v9�DE(0
-hhh( �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9��B(.v9��C(.v9�DE(( nm G2 hr knrhmf he Xmc nmkx he

v9��A()v9��B()v9��C( + v9�DE(0
-hu( �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�AB(.v9�CD(.v9�EF(( nm Hfl hr knrhmf he Xmc nmkx he

sgd sqhokd �v9��A()v9�AB(.v9�CD(.v9�EF(( hr aXkXmbdc0
-u( �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�BC(.v9�DE(.v9�FG(( nm H1 hr knrhmf he Xmc nmkx he

sgd stokd �v9��A(.v9�BC(.v9�DE(.v9�FG(( hr aXkXmbdc0

Sgdnpdl 301 —Sgdnqdl 1 neVhkkhZlr —19fl6((0 �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�AB(.v9�BC(.v9�C�((
nm sgd fqXog Efl: hkktrsqXsdc hm Ehftqd 1: hr knrhmf he Xmc nmkx he v9��A( + v9�BC( Xmc v9�AB( + v9�C�(0

GZuhmf rsZsdc Sgdnqdl 30fl Zmc Sgdnqdl 301: vd mnv bnld sn sgd rsZsdldmsr ne sgd lZhm qdrtksr ne sghr
oZodq: lnrs ne vghbg mdbdrrhsZsd eZq lnqd hmunkudc oqnner0 Adenqd vd rsZsd sgdrd: vd hmbktcd gdqd Ehftqd 2:
vghbg hkktrsqZsd: enq sgd qdZcdq§r bnmudmhdmbd: nmkx sgnrd fqZogr —mZldkx: E1: F1: F2: F3 Zmc Gfl( vhsg 3
dcfdr: Zmc to sn 7 udqshbdr: sgZs Zqd mdhsgdq fZkZwx fqZogr mnq sgnrd ZkqdZcx dwoknqdc hm VhkkhZlr —19fl6(0
Vd bnmshmtd ax zqrs rsZshmf ntq qdrtksr odqsZhmhmf sn sgd fqZogr E1: F1 Zmc F2: Zr enkknvr.
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Sgdnpdl 3020 �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�AB(.v9�BC(.v9�CA(( nm sgd fqXog E1: hkktr;
sqXsdc hm Ehftqd 2: hr knrhmf he Xmc nmkx he v9�AB( + v9�CA( Xmc v9�BC( + v9��A()v9�AB(0

Sgdnpdl 3030 Dudqx hmhshXk vdhfgs bnmzftqXshnm nm dXbg ne sgd fqXogr F1 Xmc F2: hkktrsqXsdc hm Ehftqd 2:
hr vhmmhmf0

Sgd svn fqZogr sgZs oqnud sn ad sgd lnrs bgZkkdmfhmf vgdm hs bnldr sn sgd sZrj ne bgZqZbsdqhyhmf sgd
vhmmhmf Zmc knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm sgdl: Zqd F3 Zmc Gfl0 Vd cdchbZsd )30fl sn sgd rsZsdldmsr
ne Zkk ne ntq qdrtksr odqsZhmhmf sn sgd fqZog F3: Zmc vd cdchbZsd )301 sn sgd rsZsdldmsr ne Zkk ne ntq qdrtksr
odqsZhmhmf sn sgd fqZog Gfl0 Vghkd vd gZud addm Zakd sn oqnuhcd Z bnlokdsd bgZqZbsdqhyZshnm ne sgd vhmmhmf
Zmc knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm F3: ntq zmchmfr qdfZqchmf Gfl oqnuhcd Z oZqshZk cdrbqhoshnm ne sgd
vhmmhmf Zmc knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm Gfl0

30fl0 � bnlokdsd bgWpWbsdphyWshnm ne sgd vhmmhmf Wmc knrhmf bnmzftpWshnmr nm F30 Vd adfhm )30fl vhsg
rnld chrbtrrhnmr nm Z bntokd ne mnshnmr: Zr sgdrd Zqd fnhmf sn Zhc tr hm rsZshmf ntq qdrtksr odqsZhmhmf sn sgd
fqZog F3 hm Z lnqd bnmbhrd lZmmdq sgZm nsgdqvhrd onrrhakd0 Vd qdbZkk enq sgd qdZcdq sgZs ax Z ltkshrds:
vd ldZm Zm tmnqcdqdc bnkkdbshnm ne dkdldmsr vhsg qdodshshnmr Zkknvdc —hm nsgdq vnqcr: Z ltkshrds vntkc ad
qdctbdc sn Z rds he oqdbhrdkx nmd bnox ne dZbg chrshmbs dkdldms hr qdsZhmdc(0 Vhsg Z rkhfgs Zatrd ne mnsZshnm:
vghbg hr mnmdsgdkdrr pthsd bnllnm hm sgd khsdqZstqd: vd dwoqdrr Z ltkshrds hm sgd rZld lZmmdq Zr Z rds. ax
khrshmf hsr —mns mdbdrrZqhkx chrshmbs( dkdldmsr vhsghm btqkx aqZbjdsr0 Enq dwZlokd: {X.X.X.a.a.b{ qdoqdrdmsr
Z ltkshrds hm vghbg sgd dkdldms X ZoodZqr sgqdd shldr: sgd dkdldms a ZoodZqr svhbd: Zmc sgd dkdldms b
ZoodZqr nmbd0 Fhudm Zmx dkdldms adknmfhmf sn Z ltkshrds: sgd mtladq ne bnohdr ne sghr dkdldms sgZs ZoodZq
hm sgZs ltkshrds hr qdedqqdc sn Zr hsr qdodshshnm mtladq0 Sgtr: sgd qdodshshnm mtladq ne X hm sgd ltkshrds
{X.X.X.a.a.b{ dptZkr 2: sgZs ne a dptZkr 1 Zmc sgZs ne b dptZkr fl0 Vd dlogZrhyd gdqd sgZs sgd nqcdqhmf ne
sgd dkdldmsr hm Z ltkshrds hr hqqdkduZms. enq hmrsZmbd: bnmshmthmf vhsg sgd rZld dwZlokd Zr hm sgd oqduhntr
rdmsdmbd: {X.X.X.a.a.b{ Zmc {b.X.a.X.a.X{ qdoqdrdms sgd rZld ltkshrds0 Sgd rds nasXhmdc eqnl X ltkshrds hr
rhlokx sgd —tmnqcdqdc( bnkkdbshnm ne Zkk chrshmbs dkdldmsr ZoodZqhmf hm sgZs ltkshrds - sgtr: sgd rds nasZhmdc
eqnl sgd ltkshrds {X.X.X.a.a.b{ hr: rhlokx: {X.a.b{0 Svn ltkshrdsr Zqd cdzmdc sn ad dptZk he Zmc nmkx he

—h( sgd rdsr nasZhmdc eqnl sgdrd svn ltkshrdsr Zqd sgd rZld:
—hh( enq dZbg chrshmbs dkdldms: hsr qdodshshnm mtladq hm nmd ltkshrds dptZkr hsr qdodshshnm mtladq hm sgd

nsgdq0
Mdws: vd hmsqnctbd sgd enkknvhmf cdzmhshnm.

Adzmhshnm 3040 Fhudm j.l. h ∈ � Zmc > ∈ �9 rtbg sgZs

h ∈ {fl.1. � � � .l)fl{ Zmc
l�l)fl(

1
⩽ j ⩽

l�l)2(
1

. —30fl(

vd rZx sgZs Z ltkshrds R: bnmrhrshmf ne 2 dkdldmsr hm snsZk: hr �j. >.l. h(;rodbhXk he R: Zr Z ltkshrds: dptZkr
{j) fl)�l) fl(>.j) h)�l) fl(>.j)l) 1� h)�l) fl(>{0 Vd bZkk Z ltkshrds R rhlokx rodbhXk he R hr
�j. >.l. h(/rodbhZk enq rnld j.l. h ∈ � Zmc > ∈ �9 rZshrexhmf —30fl(0

Rnld dwZlokdr lZx gdko dktbhcZsd sghr cdzmhshnm etqsgdq0 He l hr dudm: Zmc h ∈ {1. � � � .l<1.l<1)
1. � � � .l) fl{: sgdm sgd dkdldmsr j) fl) �l) fl(>: j) h) �l) fl(> Zmc j)l) 1� h) �l) fl(> Zqd Zkk
chrshmbs: Zmc sgd ltkshrds R bnmsZhmhmf sgdrd dkdldmsr adbnldr rhlokx Z rds, nm sgd nsgdq gZmc: enq l dudm:
vd gZud j)fl)�l)fl(> + j) h)�l)fl(> he h+ fl Zmc vd gZud j) h)�l)fl(> + j)l)1� h)�l)fl(> he
h+l<1)fl: rn sgZs sgd ltkshrds R dhsgdq adbnldr {j)fl)�l)fl(>.j)fl)�l)fl(>.j)l)fl)�l)fl(>{:
nq hs adbnldr {j) fl)�l) fl(>.j)l) fl)�l) fl(>.j)l) fl)�l) fl(>{0 He l hr ncc: Zmc h / fl: nmbd
ZfZhm sgd ltkshrds R adbnldr rhlokx Z rds: vgdqdZr he h + fl: sgd ltkshrds R adbnldr {j) fl)�l) fl(>.j)
fl)�l)fl(>.j)l)fl)�l)fl(>{0
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Hs hr vnqsgvghkd sn mnsd gdqd sgZs: rhmbd �l) fl(�l) 1(<1� fl + l�l) 2(<1 enq dZbg l ∈ �: enq dZbg
j ∈ �: sgdqd dwhrsr Z tmhptd l ∈ � rtbg sgZs —30fl( gnkcr: Zmc sgd rdsr {j ∈ � . l�l)fl( ⩽ 1j ⩽ l�l)2({:
enq Zkk l ∈ �: xhdkcr Z oXqshshnm ne sgd rds �0
Ntq qdrtks: bgZqZbsdqhyhmf etkkx sgd vhmmhmf Zmc knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm F3: hr Zr enkknvr.

Sgdnpdl 3050 �m hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�AB(.v9�B�(.v9�CD(( nm F3 hr knrhmf he Xmc
nmkx he oqdbhrdkx nmd ne sgd enkknvhmf svn bnmchshnmr gnkcr.

-�fi( kdsshmf v9�CD( + j: sgdqd dwhrs l. h ∈ � Xmc > ∈ �9 rtbg sgXs —30fl( hr rXshrzdc Xmc
{v9��A(.v9�AB(.v9�B�({: Xr X ltkshrds: hr �j. >.l. h(;rodbhXk,

-�1( v9�CD( + v9��A()v9�AB()v9�B�(: sgd dcfd;vdhfgsr v9��A(: v9�AB( Xmc v9�B�( Xqd mns Xkk
dptXk: Xmc sgd ltkshrds {v9��A(.v9�AB(.v9�B�({ hr mns rodbhXk0

3010 � oWpshWk bgWpWbsdphyWshnm ne sgd vhmmhmf Wmc knrhmf bnmzftpWshnmr nmGfl0 Sgd lnrs bgZkkdmfhmf ne
Zkk sgd fqZogr vd gZud cdZks vhsg hm sghr oZodq hr Gfl: Zmc vd Zqd Zakd sn nasZhm nmkx Z oZqshZk bgZqZbsdqhyZshnm
ne sgd vhmmhmf Zmc knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm Gfl0 Sgd mZstqd ne ntq zmchmfr hsrdke rodZjr enq
sgd chezbtksx sgZs nmd eZbdr Zr nmd Zssdlosr sn fdmdqZkhyd sgd oZssdqmr vd gZud nardqudc rn eZq: Zmc vd
hmbktcd Z aqhde chrbtrrhnm enkknvhmf Sgdnqdl 30fl9 sn etqsgdq qdhmenqbd ntq adkhde sgZs Z etkk bgZqZbsdqhyZshnm
ne sgd vhmmhmf Zmc knrhmf bnmzftqZshnmr nm Gfl vntkc ad Z bnlldmcZakd: Zmc onrrhakx pthsd Zqctntrkx
Zbbnlokhrgdc: edZs0 Rhmbd ntq zmchmfr dmbnloZrr rdudqXk cheedqdms onrrhakd rbdmZqhnr: vd gZud hmbktcdc:
enq sgd bnmudmhdmbd ne sgd qdZcdq: Z finvbgZqs sgZs rtllZqhydr sgdrd zmchmfr: hm Ehftqd 3 Zs sgd dmc ne )3010
Vd adfhm ax dmtldqZshmf Z edv qdrtksr odqsZhmhmf sn sgd vhmmhmf hmhshZk vdhfgs bnmzftqZshnmr nm Gfl.

IdllW 3060 �m hmhshXk vdhfgs bnmzftqXshnm nm Gfl hr vhmmhmf vgdmdudq hs rXshrzdr Xs kdXrs nmd ne

v9��A( ⩽ v9�DE( ⩽ v9��A()v9�AB(. —301(

v9�BC( ⩽ v9�DE( ⩽ v9�AB()v9�BC(� —302(

� kdrr nauhntr bqhsdqhnm sgZs ftZqZmsddr sgZs Z vdhfgs bnmzftqZshnm nm Gfl hr vhmmhmf hr bZostqdc ax ntq
mdws qdrtks0 Adenqd vd rsZsd hs: vd qdbZkk: enq sgd qdZcdq: sgZs Zmx aZrd/1 qdoqdrdmsZshnm ne w ∈ � hr vqhssdm
Zr w + �XqXq�fl � � �XflX9(1: rn sgZs w + �qh+9 Xh1h: Zmc vgdqdudq mddcdc: vd Zkknv enq Xq sn ad dptZk sn 9 —enq
hmrsZmbd: 6+ �flflfl(1: ats he mddcdc: vd lZx Zkrn vqhsd 6+ �9flflfl(1(0

Sgdnpdl 3070 Kds v9�DE(+ �XrXr�fl � � �XflX9(1: v9��A(+ �arar�fl � � �afla9(1 Xmc v9�BC(+ �brbr�fl � � �bflb9(1:
vgdqd r hr bgnrdm rtbg sgXs Xs kdXrs nmd ne Xr: ar Xmc br dptXkr fl0 Vd cdzmd H sn ad sgd lXwhltl dkdldms
ne sgd rds R: vgdqd R + {h ∈ {9.fl. � � � .r{ . Xh) ah) bh hr ncc{: oqnuhcdc R hr mnm;dlosx0 Sgd hmhshXk vdhfgs
bnmzftqXshnm �v9��A(.v9�AB(.v9�BC(.v9�DE(( hr vhmmhmf vgdmdudq

-Afi( v9�AB( ⩾ fl Xmc R hr dlosx:
-A1( nq v9�AB( ⩾ 9 Xmc R hr mnm;dlosx Xmc Xs kdXrs nmd ne aH Xmc bH dptXkr fl0

Adenqd vd oqnbddc vhsg ntq mdws qdrtksr: vd rds cnvm sgd enkknvhmf mnsZshnm vghbg vhkk ad trdc qdodZsdckx
hm sgd rdptdk. fhudm j ∈ �: vd kds e �j( cdmnsd sgd tmhptd mnm/mdfZshud hmsdfdq sgZs rZshrzdr sgd hmdptZkhshdr
1 e �j( ⩽ j , 1 e �j()fl0

IdllW 3080 �mx hmhshXk vdhfgs bnmzftqXshnm �v9��A(.v9�AB(.v9�BC(.v9�DE(( nm Gfl hr vhmmhmf Xr knmf
Xr v9�DE( + j: v9��A( + 1 e �j()fllfl) >fl Xmc v9�BC( + 1 e �j()fll1) >1: enq Xmx j ∈ �: Xmx lfl.l1 ∈ �9:
Xmc Xmx >fl. >1 ∈ {9.fl. � � � .1 e �j()fl�fl{: rtbg sgXs -h( dhsgdq lfl ̸+l1 -hh( nqlhm{>fl. >1{⩾ j -hhh( nq j ∈ {>fl. >1{
Xmc dhsgdq lhm{>fl. >1{/ 9 nq v9�AB( + 90

Rn eZq: vd gZud nmkx dmtldqZsdc qdrtksr odqsZhmhmf sn vhmmhmf bnmzftqZshnmr nm Gfl0 Ntq mdws qdrtks hr Z
kdmfsgx nmd: rtllZqhyhmf sgd uZqhntr knrhmf bnmzftqZshnmr nm Gfl sgZs vd gZud: rn eZq: addm Zakd sn hcdmshex.
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8

Sgdnpdl 30fi90 Hm vgXs enkknvr: vd rds v9�DE( + j enq rnld j ∈ �: Xmc vd kds l ∈ �9 -lXjhmf rtqd sgXs
mnmd ne sgd hmhshXk dcfd;vdhfgsr dptXkr 9(0 DXbg ne sgd enkknvhmf hr sqtd.

-h( �mx hmhshXk vdhfgs bnmzftqXshnm nm Gfl sgXs hr ne sgd enql

{v9��A(.v9�BC({+ {1 e �j()fll) q.1 e �j()fll) j� q� r{ Xmc v9�AB( + r. —303(

enq q ∈ {9.fl.2{ Xmc r ∈ {fl.1. � � � .j�1q{: hr knrhmf nm Gfl0
-hh( �mx hmhshXk vdhfgs bnmzftqXshnm nm Gfl sgXs hr ne sgd enql

{v9��A(.v9�BC({+ {1 e �j()fll) q.1 e �j()fll) j) q� r{ Xmc v9�AB( + r. —304(

vhsg q ∈ {1.3{: r ∈ {fl. � � � .q�fl{ Xmc j≡ i lnc 1 e �q()fl enq rnld i ∈ {r.r)fl. � � � .q�fl{: hr knrhmf
nm Gfl0

-hhh( �mx hmhshXk vdhfgs bnmzftqXshnm nm Gfl sgXs hr ne sgd enql

{v9��A(.v9�BC({+ {1 e �j()fll) q.1 e �j()fll) j� q� r{ Xmc v9�AB( + r. —305(

vhsg q ∈ {1.3{: r ∈ {fl. � � � .q � fl{ Xmc j ⩾ 2q vhsg j ≡ i lnc 1 e �q()fl enq rnld i ∈
9.fl. � � � .1 e �q()fl�fl


|{r.r)fl. � � � .q�fl{: hr knrhmf nm Gfl0

-hu( �mx hmhshXk vdhfgs bnmzftqXshnm nm Gfl sgXs hr ne sgd enql

{v9��A(.v9�BC({+ {1 e �j()fll) q.1 e �j()fll) j� q� r{ Xmc v9�AB( + r. —306(

vhsg q ∈ {1.3{: r ∈ {q.q)fl. � � � .j�1q{ Xmc j ⩾ 2q: hr knrhmf nm Gfl0

Sgdnqdl 30fl9 cndr rddl sn qdudZk Z oZssdqm - gnvdudq: sghr oZssdqm cndr mns rddl sn dwsdmc Zmx etqsgdq0
Enq hmrsZmbd: Zr vd dwoknqdc bnmzftqZshnmr nm Gfl sgZs Zqd ne sgd enql

v9��A( + 1 e �j()fll)4. v9�AB( + r. v9�BC( + 1 e �j()fll) s. v9�DE( + j.

enq s ⩾ 4 Zmc r⩾ fl: vd entmc sgZs rdsshmf r+ fl: s + 5 Zmc j + flfl xhdkcr Z knrhmf bnmzftqZshnm: dudm sgntfg
sghr cndr mns bnmenql sn sgd oZssdqmr rtffdrsdc ax Sgdnqdl 30fl90 Cdrohsd qdodZsdc Zssdlosr: vd gZud mns
addm Zakd sn dwsdmc Sgdnqdl 30fl9 sn dmbnloZrr Z aqnZcdq bkZrr ne knrhmf bnmzftqZshnmr nm Gfl0
Vd hmbktcd gdqd svn rlZkk qdrtksr: ne vghbg KdllZ 30flfl hr Z bnqnkkZqx ne ntq bkZhl: rsZsdc hm Sgdn/

qdl 30fl9: sgZs Zmx bnmzftqZshnm nmGfl ne sgd enql fhudm ax —303(: vhsg q+ 9: hr knrhmf: vgdqdZr KdllZ 30fl2
hr Z bnqnkkZqx ne Sgdnqdl 10fl Zmc Sgdnqdl 102 - sgd lnshuZshnm enq rsZshmf sgdrd khdr hm adhmf Zakd sn chqdbskx
trd sgdhq bnmbktrhnmr hm uZqhntr rsdor ne sgd oqnne ne Sgdnqdl 30fl90

IdllW 30fifi0 �m hmhshXk vdhfgs bnmzftqXshnm nm Gfl hr vhmmhmf vgdmdudq vd gXud v9�DE( + j: v9��A( +

1 e �j()fllfl) >fl: v9�BC( + 1 e �j()fll1) >1 Xmc v9�AB( / j�lhm{>fl. >1{: enq Xmx j ∈ �: Xmx lfl.l1 ∈ �9:
Xmc Xmx >fl. >1 ∈ {9.fl. � � � .1 e �j()fl� fl{ vhsg lhm{>fl. >1{ , j0 Lnqdnudq: Xmx hmhshXk vdhfgs bnmzftqXshnm nm
Gfl vhsg v9�AB( / v9�DE( hr Xkrn vhmmhmf0

PdlWpi 30fi10 He v9�DE( + 9: sgdm sgd bnqqdronmchmf hmhshZk vdhfgs bnmzftqZshnm nm Gfl hr vhmmhmf0 Sghr
bZm ad Zqftdc Zr enkknvr. Zrrtlhmf: vhsgnts knrr ne fdmdqZkhsx: sgZs v9��A( ⩾ v9�BC(: Ofl qdlnudr: hm sgd
zqrs qntmc: vdhfgs v9�BC(�v9��A( eqnl sgd dcfd BC: Zmc sgd dmshqd dcfd AB: kdZuhmf O1 vhsg Z fZkZwx
fqZog bnmrhrshmf ne sgd dcfdr �A ZmcBC: vhsg vfl��A( + vfl�BC(0 Bnmrdptdmskx: O1 knrdr ax Sgdnqdl 1020

AdbZtrd ne sgd kZrs Zrrdqshnm lZcd hm QdlZqj 30fl1: vd mddc mns bnmrhcdq: hm sgd oqnne ne Sgdnqdl 30fl9:
sgd rbdmZqhn vgdqd Ofl: hm sgd zqrs qntmc: qdlnudr sgd dmshqd dcfd DE —rhmbd: hm rtbg bZrdr: vd ZkqdZcx jmnv
sgZs O1 vntkc vhm(0

IdllW 30fi20 Bnmrhcdq X fXkXwx fqXog bnmrhrshmf ne sgqdd oXhqvhrd;udqsdw;chrinhms rsXq fqXogr: vhsg sgd rtl
ne sgd hmhshXk dcfd;vdhfgsr Xrrhfmdc sn sgd dcfdr ne sgd h;sg rsXq fqXog adhmf dptXk sn vh: enq h ∈ {fl.1.2{0 He
v2 + j enq rnld j ∈ �: Xmc vh + 1 e �j()fll) >h enq rnld l ∈ �9 Xmc >h ∈


9.fl. � � � .1 e �j()fl�fl


enq dXbg

h ∈ {fl.1{: sgdm sghr bnmzftqXshnm hr vhmmhmf vgdmdudq >fl) >1 , j0
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fl9

�r ldmshnmdc Zs sgd rsZqs ne )301: enq Z pthbj rtllZqx ne ntq lZhm qdrtksr qdfZqchmf sgd vhmmhmf Zmc
knrhmf hmhshZk vdhfgs bnmzftqZshnmr nm sgd fqZog Gfl: vd tqfd sgd qdZcdq sn uhcd Ehftqd 30

40 OQNNE NE NTQ QDRTKSR QDF�QCHMF SGD FQ�OGR E1: F1 �MC F2

Adenqd vd adfhm vhsg sgd oqnner ne ntq qdrtksr: vd rsZsd gdqd Z qdrtks eqnl VhkkhZlr —19fl6( sgZs hr fnhmf
sn ad ne trd sn tr hm sgd rdptdk.

Sgdnpdl 40fi —OZfd fl2 ne VhkkhZlr —19fl6((0 Vgdm F hr X sqhXmfkd -h0d0 }T }+ 2 Xmc }D}+ 2(: Xm hmhshXk vdhfgs
bnmzftqXshnm nm F hr knrhmf he Xmc nmkx he sgd dcfd;vdhfgs Xrrhfmdc sn dXbg ne sgd sgqdd dcfdr hm F hr sgd
rXld0

Ctqhmf sgd ZmZkxrhr ne Z FZld ne FqZog Mhl okZxdc nm Z fhudm fqZog F+ �T.D(: vd cdmnsd ax vh�d(: enq
dZbg d ∈ D : sgd dcfd/vdhfgs qdlZhmhmf nm sgd dcfd d Xesdq sgd h/sg qntmc ne sgd fZld gZr addm bnlokdsdc:
enq dZbg h ∈ �0

Oqnne ne Sgdnqdl 3020 Hm nqcdq sn drsZakhrg Sgdnqdl 302: vd adfhm ax rgnvhmf sgZs vgdmdudq Zm hmhshZk
vdhfgs bnmzftqZshnm �v9��A(.v9�AB(.v9�BC(.v9�CA((: nm E1: rZshrzdr sgd bqhsdqhZ.

v9�AB( + v9�CA( Zmc v9�BC( + v9��A()v9�AB(. —40fl(

hs hr knrhmf0 Sgd oqnne ne sghr bkZhl gZoodmr uhZ hmctbshnm nm v9�BC(: sgd aZrd bZrd enq vghbg gZr addm
Zccqdrrdc hm )70fl ne )70
Rtoonrd vd gZud rgnvm: enq rnld J ∈� vhsg J ⩾ 1: sgZs vgdmdudq �v9��A(.v9�AB(.v9�BC(.v9�CA((

rZshrzdr —40fl( Zknmf vhsg sgd bnmrsqZhms sgZs v9�BC( + j enq rnld j ⩽ J: hs hr Z knrhmf bnmzftqZshnm0 Vd
mnv bnmrhcdq sgd bnmzftqZshnm

v9�AB( + v9�CA( + h. v9��A( + �J)fl� h( Zmc v9�BC( + �J)fl(. —401(

enq Xmx h ∈ � vhsg h⩽ J0 Sgd zqrs qntmc ne sgd FZld ne FqZog Mhl okZxdc nm sghr hmhshZk bnmzftqZshnm bZm
tmenkc hm nmd ne sgd enkknvhmf vZxr.

—h( Rtoonrd Ofl rdkdbsr Z udqsdw rtbg sgZs sgd dcfd/vdhfgsr ne sgd dcfdr adknmfhmf sn rnld rtards ne
{�A.CA.AB{ Zqd lnchzdc: vghkd Zkk dkrd qdlZhm hmsZbs0 Vd sgdm gZud

vfl�AB( + ifl. vfl�CA( + i1 Zmc vfl��A( + i2.

vgdqd lZw{ ifl. i1{⩽ h Zmc i2 ⩽ �J)fl� h(: vhsg Zs kdZrs nmd ne sgdrd sgqdd hmdptZkhshdr adhmf rsqhbs:
nq dpthuZkdmskx: dhsgdq ifl) i2⩽J nq i1) i2⩽J0 Vhsgnts knrr ne fdmdqZkhsx: vd Zrrtld sgZs ifl⩽ i1
- vghbg: hm stqm: dmrtqdr sgZs vd ltrs gZud ifl) i2 ⩽ J0 Sgdm O1 bgnnrdr sgd udqsdw C Zmc qdlnudr
vdhfgs � i1� ifl( eqnl CA Zmc vdhfgs �J)fl(� � ifl) i2( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl
vhsg

v1�AB( + v1�CA( + ifl. v1��A( + i2 Zmc v1�BC( + ifl) i2.

Zmc Zr ifl) i2 ⩽ J: vd jmnv sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
—hh( Rtoonrd Ofl bgnnrdr Z udqsdw rtbg sgZs sgd dcfd/vdhfgsr ne BC Zmc AB —ZmZknfntrkx: BC Zmc CA(

Zqd lnchzdc: vghkd Zkk dkrd qdlZhm hmsZbs0 Vd sgdm gZud

vfl�AB( + i. vfl�CA( + h. vfl��A( + �J)fl� h( Zmc vfl�BC( + j.

enq rnld i ⩽ h Zmc rnld j ⩽ J —hs rtezbdr sn bnmrhcdq sgd bZrd vgdqd j ⩽ J: rhmbd sgd bZrd ne
j + �J) fl( hr ZkqdZcx bnmsZhmdc hm sgd oqduhntr rbdmZqhn(0 Sgdqd Zqd Z edv rtabZrdr sn bnmrhcdq
gdqd.
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flfl

1c�j()0k0 ) S0 r 1c�j()0k1 ) S1

j
/ A B C

D E

=rrtld S0 ≤ S1

uhmmhmfxdrs+�/A( ≤ s+�DE ( ≤ s+�/A( ) s+�AB(

s+�BC( ≤ s+�DE ( ≤ s+�BC( ) s+�AB( xdr
uhmmhmf

s+�DE ( : �arar�0 � � � a0a+(1
s+�/A( : �arar�0 � � � a0a+(1
s+�BC( : �brbr�0 � � � b0b+(1
I : {f ∈ {,. 0. � � � . r{ 4 af ) af ) bf naa{
Ahsgdo s+�AB( ≥ 0 Oma I : ∅
Eo I ̸: ∅ Oma dhsgdo aF : 0 no bF : 0
ugdod F : lOw{f 4 f ∈ I{

xdr
uhmmhmf

mn

mn

S0 ∈ {,. 0. 2{+ r ∈ {0. 1. � � � . j � 1m{
Oma S1 : j � S0 � r

xdr
inrhmf

mn

S0 ∈ {1. 3{+ j ≡ i lna 1c�S�()0 eno rnld
i ∈ {r. r ) 0. � � � . S0 � 0{+ r ∈ {0. � � � . S0 � 0{
Oma S1 : j ) S0 � r

xdr
inrhmf

S0 ∈ {1. 3{+ j ≥ 2S0 uhsg j ≡ i lna 1c�S�()0 eno
rnld i ,∈ {r. r ) 0. � � � . S0 � 0{+ r ∈ {0. � � � . S0 � 0{
Oma S1 : j � S0 � r

inrhmf
xdr

mn

mn

S0 ∈ {1. 3{+ j ≥ 2S0+ r ∈ {S0. S0 ) 0. � � � . j � 1S0{
Oma S1 : j � S0 � r

xdr
inrhmf

mn

EHFTQD 30 � finvbgZqs rtllZqhyhmf ntq zmchmfr qdfZqchmf Gfl
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fl1

—Z( Vgdm �J) fl(� j ⩾ h� i: sgdm O1 rdkdbsr sgd udqsdw A Zmc qdlnudr vdhfgs �h� i( eqnl CA
Zmc �J)fl� h(� �j� i( eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1�AB( + v1�CA( + i. v1��A( + j� i Zmc v1�BC( + j.

Zmc Zr j ⩽ J: vd jmnv sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
—a( Vgdm �J) fl(� j , h� i: sgdm O1 rdkdbsr sgd udqsdw C Zmc qdlnudr vdhfgs �h� i( eqnl CA

Zmc vdhfgs j� ={�J)fl(� h{) i[ eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1�AB( + v1�CA( + i. v1��A( + �J)fl(� h Zmc v1�BC( + �J)fl(� h) i.

Zmc rhmbd �J)fl(� h) i , j ⩽ J: vd jmnv sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd hmhshZk bnmzftqZshnm hm —401( hr knrhmf: Zmc sgdqdax bnlokdsdr

sgd hmctbshud oqnne ne ntq bkZhl sgZs sgd hmhshZk bnmzftqZshnm hm —40fl( hr knrhmf0 Vd Zqd mnv kdes sn rgnv sgZs
Zmx hmhshZk bnmzftqZshnm nm E1 sgZs cndr mns rZshrex —40fl( hr vhmmhmf: vghbg vd Zqftd Zr enkknvr0
�mx hmhshZk bnmzftqZshnm �v9��A(.v9�AB(.v9�BC(.v9�CA(( nm E1 mns rZshrexhmf —40fl( ltrs dhsgdq ad

rtbg sgZs v9�AB( ̸+ v9�CA( nq v9�BC( ̸+ v9�AB( )v9��A(0 Vd bZm: sgtr: bnmrhcdq sgd enkknvhmf svn
onrrhahkhshdr.

—h( Rtoonrd v9�AB( ̸+v9�CA(: Zmc vhsgnts knrr ne fdmdqZkhsx: vd Zrrtld sgZs v9�AB( /v9�CA(0 Kds
tr rds

v9�CA( + h. v9�AB( + i. v9�BC( + j Zmc v9��A( + >�

He j ⩾ h) >: sgdm Ofl rdkdbsr sgd udqsdwB Zmc qdlnudr vdhfgs � i� h( eqnl AB Zmc vdhfgs j� �h) >(
eqnl BC hm sgd zqrs qntmc: kdZuhmf O1 vhsg

vfl�CA( + vfl�AB( + h. vfl��A( + > Zmc vfl�BC( + h) >.

vghbg hr ne sgd enql fhudm ax —40fl(: rn sgZs O1 knrdr0 He: nm sgd nsgdq gZmc: j , h) >: sgdm Ofl rdkdbsr
sgd udqsdw A Zmc qdlnudr vdhfgs � i� h( eqnl AB Zmc vdhfgs >� �j� h( eqnl �A hm sgd zqrs qntmc:
kdZuhmf O1 vhsg

vfl�CA( + vfl�AB( + h. vfl��A( + j� h Zmc vfl�BC( + j.

vghbg hr: nmbd ZfZhm: ne sgd enql fhudm ax —40fl(: rn sgZs O1 knrdr0
—hh( Rtoonrd: mnv: sgZs v9�AB( + v9�CA(: ats v9��A()v9�AB( ̸+ v9�BC(0 Nmbd ZfZhm: kdsshmf

v9�CA( + v9�AB( + h. v9�BC( + j Zmc v9��A( + >.

vd bnmrhcdq svn rtabZrdr. —Z( vgdm j / h) >: Ofl qdlnudr vdhfgs j� �h) >( eqnl BC hm sgd zqrs
qntmc: —a( vgdqdZr vgdm j, h)>: Ofl qdlnudr vdhfgs >� �j� h( eqnl �A hm sgd zqrs qntmc: rn sgZs:
hm dhsgdq rbdmZqhn: O1 hr kdes vhsg Z bnmzftqZshnm ne sgd enql fhudm ax —40fl(: kdZchmf sn gdq cdedZs0

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs Zmx hmhshZk vdhfgs bnmzftqZshnm nm E1 sgZs cndr mns rZshrex —40fl(
hr vhmmhmf0 Sghr Zkrn bnmbktcdr sgd oqnne ne Sgdnqdl 3020 �

Oqnne ne Sgdnqdl 3030 Hm nqcdq sn drsZakhrg ntq bkZhl qdfZqchmf sgd fqZog F1: vd bnmrhcdq sgd enkknvhmf
bZrdr.

—h( He v9�AD( ⩾ v9��B( )v9��C(: sgdm Ofl rdkdbsr sgd udqsdw A: qdlnudr sgd dmshqd dcfd �A: Zmc
qdlnudr vdhfgs v9�AD(�{v9��B()v9��C({ eqnl sgd dcfd AD : rn sgZs O1 hr kdes vhsg sgd fZkZwx
fqZog bnmrhrshmf ne sgd dcfdr AD : �B Zmc �C: vhsg vfl�AD( + vfl��B( )vfl��C( + v9��B( )
v9��C(0 Sgdqdenqd: O1 knrdr ax Sgdnqdl 1020

—hh( He v9�AD( , v9��B( )v9��C(: sgdm Ofl rdkdbsr sgd udqsdw �: qdlnudr sgd dmshqd dcfd �A: Zmc
qdlnudr eqnl Zs kdZrs nmd ne �B Zmc �C rtezbhdms vdhfgs rtbg sgZs vfl��B()vfl��C( + v9�AD( +
vfl�AD( —sgd bgnhbd ne vdhfgsr sn ad qdlnudc eqnl �B Zmc “ nq �C enq sghr dptZkhsx sn gnkc mddc
mns ad tmhptd(: rn sgZs: nmbd ZfZhm: O1 knrdr ax Sgdnqdl 1020
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fl2

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs Xkk hmhshZk vdhfgs bnmzftqZshnmr nm F1 Zqd vhmmhmf0 Vd mnv
bnld sn sgd fqZog F2: Zmc vd bnmrhcdq sgd enkknvhmf bZrdr.

—h( Rtoonrdv9�CD(⩾v9��A()v9�AB( —Zm ZmZknfntr rhstZshnm vntkc ad vgdqdv9��A(⩾v9�BC()
v9�CD((0 Hm sghr bZrd: Ofl rdkdbsr sgd udqsdw C: qdlnudr sgd dmshqd dcfd BC: Zmc qdlnudr vdhfgs
v9�CD(�{v9��A()v9�AB({ eqnl sgd dcfd CD hm sgd zqrs qntmc: kdZuhmf O1 vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A: AB Zmc CD : vgdqd vfl�CD( + v9��A()v9�AB( + vfl��A()vfl�AB(0
Sgdqdenqd: O1 knrdr ax Sgdnqdl 1020

—hh( Rtoonrdv9��A()v9�AB( /v9�CD(⩾v9��A( —Zm ZmZknfntr rhstZshnm vntkc ad vgdqdv9�BC()
v9�CD( / v9��A( ⩾ v9�CD((0 Hm sghr bZrd: Ofl rdkdbsr sgd udqsdw B: qdlnudr sgd dmshqd dcfd BC:
Zmc qdlnudr vdhfgsv9��A()v9�AB(�v9�CD( eqnl sgd dcfd AB0 Mnsd: gdqd: sgZs sgd hmdptZkhshdr
v9��A()v9�AB( /v9�CD(⩾v9��A( dmrtqdr sgZs sgd vdhfgs qdlnudc eqnl AB hr rsqhbskx onrhshud
Zmc antmcdc Zanud ax v9�AB(0 Sghr kdZudr O1 vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:
AB Zmc CD : vgdqd vfl�AB( + v9�AB(� {v9��A()v9�AB(�v9�CD({ + v9�CD(�v9��A( +
vfl�CD(�vfl��A(: Zmc O1 knrdr ax Sgdnqdl 1020

—hhh( Sgd kZrs qdlZhmhmf bZrd sn bnmrhcdq hr vgdqd v9��A()v9�AB( / v9��A( / v9�CD(0 Ats gdqd: he
v9��A( ⩾ v9�BC()v9�CD(: sgdm sghr adbnldr ZmZknfntr sn sgd zqrs rbdmZqhn bnmrhcdqdc Zanud:
Zmc he v9��A( ,v9�BC()v9�CD(: sgdm sghr adbnldr ZmZknfntr sn sgd rdbnmc rbdmZqhn bnmrhcdqdc
Zanud0 Dhsgdq vZx: Ofl vhmr0

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs Xkk hmhshZk vdhfgs bnmzftqZshnmr nm F2 Zqd vhmmhmf0 �

50 OQNNER NE NTQ QDRTKSR ODQS�HMHMF SN SGD FQ�OG F3

Vd drsZakhrg Sgdnqdl 305 uhZ sgd oqnner ne rdudqZk qdrtksr sgZs gZud addm dmtldqZsdc adknv Zr Z khrs enq
sgd qdZcdq§r bnmudmhdmbd.
—Cfl( �m hmhshZk vdhfgs bnmzftqZshnm �v9��A(.v9�AB(.v9�B�(.v9�CD(( nm F3 hr vhmmhmf vgdmdudq hs

rZshrzdr sgd hmdptZkhshdr lhm{v9��A(.v9�AB(.v9�B�({⩽v9�CD(⩽v9��A()v9�AB()v9�B�(�
lhm{v9��A(.v9�AB(.v9�B�({0

—C1( �m hmhshZk vdhfgs bnmzftqZshnm �v9��A(.v9�AB(.v9�B�(.v9�CD(( nm sgd fqZogF3 hr knrhmf vgdm/
dudq sgd bqhsdqhnm rsZsdc hm —�fl( hr rZshrzdc0

—C2( He 9, v9�CD( ,lhm{v9��A(.v9�AB(.v9�B�({ ats sgd vdhfgs bnmzftqZshnm cndr mns rZshrex sgd
bqhsdqhnm rsZsdc hm oZqs —�fl( ne Sgdnqdl 305: sgdm Ofl vhmr0

—C3( �mx hmhshZk vdhfgs bnmzftqZshnm �v9��A(.v9�AB(.v9�B�(.v9�CD(( nm sgd fqZog F3: sgZs rZshrzdr
sgd bqhsdqhnm rsZsdc hm oZqs —�1( ne Sgdnqdl 305: hr knrhmf0

—C4( He v9�CD( / v9��A( ) v9�AB( ) v9�B�( � lhm{v9��A(.v9�AB(.v9�B�({: ats v9�CD( ̸+
v9��A()v9�AB()v9�B�(: Zmc sgd ltkshrds {v9��A(.v9�AB(.v9�B�({ hr mns rodbhZk: sgd hmh/
shZk vdhfgs bnmzftqZshnm �v9��A(.v9�AB(.v9�B�(.v9�CD(( hr vhmmhmf nm F30

Hs hr eZhqkx rsqZhfgsenqvZqc sn rdd sgZs: nmbd dZbg ne —Cfl(: —C1(: —C2(: —C3( Zmc —C4( gZr addm oqnudc: sgd
oqnne ne Sgdnqdl 305 vntkc ad bnlokdsd0

50fl0 Opnne ne Rsdo Afi enp opnuhmf Sgdnpdl 3050 Vhsgnts knrr ne fdmdqZkhsx —rhmbd sgd dcfdr �A: AB Zmc
B� okZx rxlldsqhb qnkdr hm sgd fqZog F3(: kds tr Zrrtld sgZs v9��A( ⩽ v9�AB( ⩽ v9�B�(: rn sgZs sgd
hmdptZkhshdr rsZsdc hm sgd gxonsgdrhr ne —Cfl( anhk cnvm sn. v9��A(⩽ v9�CD(⩽ v9�AB()v9�B�(0 Vd rokhs
sgd ZmZkxrhr hmsn svn bZrdr0
He v9��A( ⩽ v9�CD( ⩽ v9��A( )v9�B�(: sgdm Ofl rdkdbsr sgd udqsdw B: qdlnudr sgd dmshqd dcfd AB:

Zmc qdlnudr vdhfgs v9��A()v9�B�(�v9�CD( eqnl sgd dcfd B�0 Sghr kdZudr O1 vhsg Z fZkZwx fqZog
bnloqhrhmf svn bnlonmdmsr. sgd zqrs ne vghbg bnmrhrsr ne sgd dcfdr �A Zmc B�: sgd rdbnmc ne vghbg bnm/
rhrsr ne nmkx sgd dcfd CD : Zmc vfl�B�( + v9�B�(�{v9��A()v9�B�(�v9�CD({+ v9�CD(�v9��A( +
vfl�CD(�vfl��A(0 Bnmrdptdmskx: O1 knrdr ax Sgdnqdl 1020
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fl3

Hev9��A()v9�B�( ,v9�CD(⩽v9�AB()v9�B�(: sgdm Ofl qdlnudr vdhfgsv9�AB()v9�B�(�v9�CD(
eqnl sgd dcfd AB: Zmc sgd dmshqd dcfd �A: hm sgd zqrs qntmc: kdZuhmf O1 vhsg Z fZkZwx fqZog bnloqhrhmf svn
bnlonmdmsr. nmd hr Z rsZq fqZog vhsg sgd dcfdr AB Zmc B�: sgd nsgdq hr sgd rhmfkd dcfd CD : rtbg sgZs
vfl�AB()vfl�B�( + v9�CD( + vfl�CD(0 Nmbd ZfZhm: O1 knrdr ax Sgdnqdl 1020 �

5010 Opnne ne Rsdo A1 enp opnuhmf Sgdnpdl 3050 Sgd oqnne ne Rsdo —C1( hr Zbbnlokhrgdc uhZ hmctbshnm:
vghbg gZoodmr vhsg qdrodbs sn sgd oZqZldsdqr l: j Zmc > hmunkudc hm sgd rsZsdldms ne —�fl(0 Sgd aZrd bZrd:
bnqqdronmchmf sn l + j + fl Zmc Zkk > ∈ �9: gZr addm oqnudc hm )701 ne )70 Rtoonrd: mnv: sgZs enq rnld
L ∈ �: rnld J ∈ � rZshrexhmf sgd hmdptZkhshdr

�L)fl(�L)1(
1

⩽ J ⩽
�L)fl(�L)3(

1
. —50fl(

Zmc rnld K ∈ �9: vd gZud ZkqdZcx rgnvm sgZs
—Hfl( dZbg bnmzftqZshnm rZshrexhmf sgd gxonsgdrhr ne —�fl(: vhsg l⩽L Zmc l: j Zmc h rZshrexhmf —30fl(: hr

knrhmf,
—H1( dZbg bnmzftqZshnm rZshrexhmf sgd gxonsgdrhr ne —�fl(: vhsg l + L) fl: Zkk j ∈ � rtbg sgZs �L)

fl(�L)1(<1⩽ j , J: Zkk h ∈ {fl.1. � � � .L)1{: Zmc Zkk > ∈ �9: hr knrhmf,
—H2( sgd bnmzftqZshnm rZshrexhmf sgd gxonsgdrhr ne —�fl(: vhsg j+J: l+L)fl: Zkk h∈ {fl.1. � � � .l)fl{:

Zmc Zkk > ∈ �9 vhsg > , K: hr knrhmf0

Mnsd sgZs sgd hmctbshnm gxonsgdrhr rsZsdc hm —H2( adbnldr uZbtntr —h0d0 mn knmfdq mddcr sn ad bnmrhcdqdc(
vgdm K + 90 Hm sgd oqnne sgZs enkknvr —ne rgnvhmf sgZs sgd bnmzftqZshnm fhudm ax —501( hr knrhmf(: vd
hmbnqonqZsd sgd onrrhahkhsx ne K + 90 Hm nsgdq vnqcr: vd cn mns rdoZqZsdkx oqnud sgZs —501( hr knrhmf enq
K + 9 - qZsgdq: vd rgnv sgZs sgd oqnne enq K + 9 hr Z rtards ne sgd oqnne enq K ∈ �: nasZhmdc ax rhlokx mns
bnmrhcdqhmf sgd bZrd vgdqd Ofl qdlnudr vdhfgsr eqnl Zs lnrs svn ne �A: AB Zmc B� hm sgd zqrs qntmc rtbg
sgZs J)fl)�L)1(K /lhm{vfl��A(.vfl�AB(.vfl�B�({/ J0
Khjdvhrd: sgd hmctbshnm gxonsgdrhr hm —H1( adbnldr uZbtntr vgdm J + �L)fl(�L)1(<1 - sghr: snn: gZr

addm sZjdm hmsn Zbbntms hm sgd oqnne sgZs enkknvr: Zmc gZr mns addm sqdZsdc rdoZqZsdkx0 RodbhzbZkkx: hm sghr
bZrd: he: Zesdq sgd rdbnmc qntmc: sgd dcfd/vdhfgs ne CD cdbqdZrdr rsqhbskx eqnl vgZs hs vZr Zs sgd adfhmmhmf:
h0d0 v1�CD( + j enq rnld j , J: vd gZud j ⩽ �L) fl(�L) 1(<1� fl + L�L) 2(<10 Bnmrdptdmskx: j
rZshrzdr —30fl( enq rnld l⩽L: Zmc gdmbd: sgd hmctbshnm gxonsgdrhr hm —Hfl( bZm ad Zookhdc0
Vd mnv bnld sn sgd hmctbshud rsdo ne ntq oqnne: Zmc enbtr nm sgd hmhshZk vdhfgs bnmzftqZshnm

v9��A( + J)fl)�L)1(K. v9�AB( + J) h)�L)1(K.

v9�B�( + J)L)2� h)�L)1(K. v9�CD( + J. —501(

vgdqd h∈ {fl.1. � � � .L)1{0 Gdqd: vd gZud Zrrtldc: vhsgnts Zmx knrr ne fdmdqZkhsx: sgZs v9��A(⩽v9�AB(⩽
v9�B�(: vghbg xhdkcr 1h⩽ �L)2(0 Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm.

—h( Rtoonrd Ofl qdlnudr rnld vdhfgs eqnl Zs lnrs svn ne sgd dcfdr �A: AB Zmc B� hm sgd zqrs qntmc:
rtbg sgZs lhm{vfl��A(.vfl�AB(.vfl�B�({+ J)fl)�L)1(K0 Sghr gZoodmr he Zmc nmkx he Ofl jddor
sgd vdhfgs ne �A tmbgZmfdc: vghkd rgd qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl Zs kdZrs nmd ne AB
ZmcB�0 Bnmrdptdmskx: vd bZm vqhsdvfl�AB(+J) ifl)�L)1(K Zmcvfl�B�(+J) i1)�L)1(K:
enq rnld fl ⩽ ifl ⩽ h Zmc fl ⩽ i1 ⩽ L) 2� h vhsg ifl) i1 ⩽ L) 10 Cdzmhmf l + ifl) i1� 1: vd
sgtr gZud l⩽L0 Lnqdnudq: sgd knvdq antmcr ne ifl ⩾ fl Zmc i1 ⩾ fl: Zknmf vhsg ifl) i1 + �l)1(:
hlokhdr sgZs dZbg ne ifl Zmc i1 hr antmcdc Zanud ax �l) fl(0 Kds j ad sgd tmhptd onrhshud hmsdfdq
rtbg sgZs

l�l)fl(
1

⩽ j ⩽
l�l)2(

1
Zmc J)�L)1(K≡ j lnc �l)fl(� —502(
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fl4

Trhmf sgd Zanud/ldmshnmdc Zrrdqshnm sgZs l⩽L: sgd enqldq ne sgd svn bqhsdqhZ rsZsdc hm —502(: Zmc
—50fl(: vd bnmbktcd sgZs

j ⩽
l�l)2(

1
⩽
L�L)2(

1
,

�L)fl(�L)1(
1

⩽ J�

Sgd rdbnmc bqhsdqhnm ne —502( hlokhdr sgd dwhrsdmbd ne rnld > ∈ �9 rtbg sgZs J ) �L ) 1(K +
j)�l) fl(>0 Hm sgd rdbnmc qntmc: O1 qdlnudr sgd rsqhbskx onrhshud dcfd/vdhfgs �J� j( eqnl sgd
dcfd CD : kdZuhmf Ofl vhsg Z bnmzftqZshnm vgdqd v1�CD( + j Zmc

v1��A( + J)fl)�L)1(K+ j)fl)�l)fl(>.

v1�AB( + J) ifl)�L)1(K+ j) ifl)�l)fl(>.

v1�B�( + J) i1)�L)1(K+ j) i1)�l)fl(> + j)l)1� ifl)�l)fl(>.

vghbg rZshrzdr sgd gxonsgdrhr ne —�fl( —vhsg —30fl( dmrtqdc ax sgd zqrs bnmchshnm rsZsdc hm —502((0 �r
l⩽L: gdmbd Ofl knrdr ax ntq hmctbshnm gxonsgdrhr hm —Hfl(0

—hh( Sgd rdbnmc rbdmZqhn: vghbg mddcr sn ad bnmrhcdqdc nmkx vgdm K hr Z onrhshud hmsdfdq: hr Zr enkknvr.
rtoonrd Ofl qdlnudr rnld vdhfgs eqnl Zs lnrs svn ne sgd dcfdr �A: AB Zmc B� hm sgd zqrs qntmc:
rtbg sgZs

J)fl)�L)1(K /lhm{vfl��A(.vfl�AB(.vfl�B�({/ J� —503(
Kds q ad sgd tmhptd dkdldms hm {fl.1. � � � .L ) 1{ rtbg sgZs lhm{vfl��A(.vfl�AB(.vfl�B�({ �
J ≡ q lnc �L ) 1(: vghbg hlokhdr sgd dwhrsdmbd ne rnld > ∈ �9 rtbg sgZs
lhm{vfl��A(.vfl�AB(.vfl�B�({+ J) q)�L)1(>0 Mnsd: trhmf sgd zqrs hmdptZkhsx ne —503(: sgZs

J)fl)�L)1(K / J) q)�L)1(> Zmc q ⩾ fl +⇒ > ⩽ �K�fl(� —504(

Sghr: hm stqm: rgnvr sgZs

J)L)2� q)�L)1(> ⩽ J)L)2� q)�L)1(�K�fl( + J)fl� q)�L)1(K

, J)fl)�L)1(K+lhm{v9��A(.v9�AB(.v9�B�({� —505(

Enq dZrd ne dwonrhshnm: kds tr cdmnsd ax dfl sgd dcfd nts ne �A: AB Zmc B� vgnrd dcfd/vdhfgs
dptZkr lhm{vfl��A(.vfl�AB(.vfl�B�({ - hs hr duhcdms eqnl sgd zqrs hmdptZkhsx ne —503( —Zmc eqnl sgd
nardquZshnm sgZs lhm{v9��A(.v9�AB(.v9�B�({+ J)fl)�L)1(K( sgZs vfl�dfl( , v9�dfl(0 Kds tr
cdmnsd ax d1 Zmc d2 sgd qdlZhmhmf svn dcfdr nts ne �A: AB Zmc B�0 Rhmbd Ofl bntkc gZud lnchzdc
sgd dcfd/vdhfgsr ne Zs lnrs svn dcfdr nts ne �A: AB Zmc B� hm sgd zqrs qntmc: vd lZx Zrrtld:
vhsgnts knrr ne fdmdqZkhsx: sgZs v9�d2( + vfl�d2(0 Mnsd sgZs: rhmbd q ⩾ fl: vd gZud

J)fl)�L)1(> ⩽ J) q)�L)1(> +lhm{vfl��A(.vfl�AB(.vfl�B�({⩽ vfl�d1(.

Zmc eqnl —505(: vd jmnv sgZs J)L)2� q)�L)1(> , v9�d2( + vfl�d2(0 Gdmbd: hm sgd rdbnmc
qntmc: O1 rdkdbsr sgd udqsdw sgZs hr hm bnllnm adsvddm d1 Zmc d2: qdlnudr vdhfgs vfl�d1(� {J)
fl)�L) 1(>{ eqnl sgd dcfd d1: Zmc qdlnudr vdhfgs vfl�d2(� {J)L) 2� q)�L) 1(>{ eqnl
sgd dcfd d2: kdZuhmf Ofl vhsg Z bnmzftqZshnm vgdqd v1�CD( + J: Zmc

v1�dfl( + J) q)�L)1(>. v1�d1( + J)fl)�L)1(>. v1�d2( + J)L)2� q)�L)1(>�

Sghr bnmzftqZshnm rZshrzdr sgd gxonsgdrhr ne —�fl(0 �r > ⩽ �K� fl( —Zr itrshzdc hm —504((: gdmbd Ofl
knrdr ax ntq hmctbshnm gxonsgdrhr hm —H2( —nmbd ZfZhm: vd dlogZrhyd sgZs sghr dmshqd bZrd mddc mns
ad bnmrhcdqdc Zs Zkk vgdm K+ 9(0

—hhh( Rtoonrd Ofl qdlnudr rnld vdhfgs eqnl Zs lnrs svn ne sgd dcfdr �A: AB Zmc B� hm sgd zqrs qntmc:
rtbg sgZs lhm{vfl��A(.vfl�AB(.vfl�B�({ ⩽ J0 Kds: nmbd ZfZhm: dfl cdmnsd sgd dcfd: nts ne �A: AB
Zmc B�: vgnrd dcfd/vdhfgs ZssZhmr sghr lhmhltl: Zmc kds d1 Zmc d2 ad sgd qdlZhmhmf svn dcfdr:
vhsg vfl�d2( + v9�d2( rhmbd Ofl bZmmns Zksdq sgd dcfd/vdhfgsr ne Zkk sgqdd ne sgdrd dcfdr hm Z rhmfkd
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fl5

qntmc0 Hm sgd rdbnmc qntmc: O1 rdkdbsr sgd udqsdw sgZs hr hm bnllnm adsvddm d1 Zmc d2: qdlnudr
eqnl d2 sgd vdhfgs vfl�d2(� {J�vfl�dfl({ —mnsd sgZs vfl�d2( + v9�d2( ⩾ J) fl(: Zmc qdlnudr sgd
dmshqd dcfd d10 Sghr kdZudr Ofl vhsg Z fZkZwx fqZog: vhsg nmd bnlonmdms bnmrhrshmf ne sgd dcfdr dfl
Zmc d2: sgd nsgdq bnloqhrhmf sgd dcfd CD : Zmc v1�dfl()v1�d2( + J + v1�CD(0 Bnmrdptdmskx: Ofl
knrdr ax Sgdnqdl 1020

—hu( Sgd zmZk onrrhahkhsx hr vgdqd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl CD hm sgd zqrs qntmc: rn
sgZs vfl�CD( + j,J0 He j+ 9: sgdm O1 hr kdes vhsg sgd dcfdr �A: AB ZmcB� ne Z sqhZmfkd: vhsg sgdhq
dcfd/vdhfgsr mns Zkk dptZk: Zmc rgd vhmr ax Sgdnqdl 40fl0 Sgdqdenqd: hm vgZs enkknvr: hs rtezbdr sn
Zrrtld sgZs vfl�CD( + j vhsg j / 90
�r ldmshnmdc qhfgs Zesdq —501(: vd Zrrtld: vhsgnts knrr ne fdmdqZkhsx: sgZs v9��A( ⩽ v9�AB( ⩽

v9�B�(: rn sgZs 1h ⩽ �L) 2(0 Mnv: kds l ad sgd tmhptd onrhshud hmsdfdq rtbg sgZs l�l) fl( ⩽
1j ⩽ l�l) 2(: Zmc kds q ad sgd tmhptd dkdldms hm {9.fl. � � � .l{ rtbg sgZs J ) �L) 1(K� j ≡
q lnc �l)fl(0 Sgtr: sgdqd dwhrsr rnld > ∈ �9 rtbg sgZs J)�L)1(K+ j) q)�l)fl(>: rn sgZs

vfl��A( + v9��A( + J)fl)�L)1(K+ j) q)fl)�l)fl(>.

vfl�AB( + v9�AB( + J) h)�L)1(K+ j) q) h)�l)fl(>.

vfl�B�( + v9�B�( + J)L)2� h)�L)1(K+ j)L)2� h) q)�l)fl(>�

Sgdqd Zqd svn rtabZrdr sn bnmrhcdq0 Sgd zqrs hr vgdqd 1�q) fl( / l) h�L: hm vghbg bZrd O1
qdlnudr vdhfgs �q) h�fl( eqnl sgd dcfd AB Zmc vdhfgs {1�fl) q()L� h�l{ —vghbg hr rsqhbskx
onrhshud( eqnl sgd dcfd B� hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + j)�q)fl()�l)fl(>. v1�AB( + j)fl)�l)fl(>.

v1�B�( + j)l)1� �q)fl()�l)fl(>. v1�CD( + j�

Sghr bnmzftqZshnm rZshrzdr sgd gxonsgdrhr ne —�fl(: Zmc rhmbd j , J: Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr hm —H1( vgdm �L) fl(�L) 1(<1 ⩽ j: Zmc ax ntq hmctbshnm gxonsgdrhr hm —Hfl( vgdm
j ⩽ L�L) 2(<1 —vghbg: hm stqm: hlokhdr sgZs l ⩽ L(0 Nmbd ZfZhm: vd qdbZkk enq sgd qdZcdq nmd
ne sgd qdlZqjr lZcd qhfgs adenqd —501(. vgdm J + �L) fl(�L) 1(<1: vd gZud j , J +⇒ j ⩽
L�L) 2(<1: vghbg hm stqm hlokhdr sgZs j rZshrzdr sgd rdbnmc bqhsdqhnm ne —30fl( enq rnld l ⩽ L:
Zmc gdmbd: ntq hmctbshnm gxonsgdrhr hm —Hfl( adbnldr ZookhbZakd0
Sgd rdbnmc rtabZrd hr vgdqd

1�q)fl( ⩽ l) h�L. —506(

vghbg: Zknmf vhsg sgd hmdptZkhsx 1h ⩽ L) 2 —Zr ldmshnmdc hm sgd zqrs rdmsdmbd ne sgd oqduhntr
oZqZfqZog(: xhdkcr.

l) h�L ⩾ 1�q)fl( ⩾ 1 +⇒ l)
L)2
1

�L ⩾ 1 +⇒ l� L
1

⩾
fl
1

+⇒ l⩾
L)fl
1

� —507(

RsZqshmf vhsg —506( Zmc Zookxhmf sgd hmdptZkhsx 1h ⩽ L) 2: Zr vdkk Zr sgd hmdptZkhsx cdctbdc hm
—507(: vd nasZhm.

�q) h( ,
l) h�L

1
) h�fl+

l�L
1

)
2h
1
�fl

⩽
l�L
1

)
2�L)2(

3
�fl+

l
1

)
L)fl
3

)fl⩽ l)fl.

vghbg hr vgZs vd mddc enq sgd qdlZhmhmf Zqftldms0 Hm sgd rdbnmc qntmc: O1 qdlnudr vdhfgs q eqnl
sgd dcfd �A Zmc vdhfgs �L�l)fl)1q( —vghbg hr rsqhbskx onrhshud( eqnl sgd dcfd B�: kdZuhmf Ofl
vhsg

v1��A( + j)fl)�l)fl(>. v1�AB( + j)�q) h()�l)fl(>.
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fl6

v1�B�( + j)l)1� �q) h()�l)fl(>. v1�CD( + j�

Sghr bnmzftqZshnm rZshrzdr sgd gxonsgdrhr ne —�fl(: Zmc rhmbd j , J: nmbd ZfZhm: Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr hm —H1( vgdm �L) fl(�L) 1(<1 ⩽ j: Zmc ax ntq hmctbshnm gxonsgdrhr hm —Hfl(
vgdm j ⩽L�L) 2(<1 —Zr adenqd: vd mddc nmkx Zookx sgd hmctbshnm gxonsgdrhr ne —Hfl( vgdm J +
�L)fl(�L)1(<1(0

Sghr bnlokdsdr sgd oqnne ne sgd eZbs sgZs sgd bnmzftqZshnm hm —501( hr knrhmf0 Sghr Zkrn bnmbktcdr sgd
hmctbshud oqnne ne Rsdo —C1( hm sgd oqnne ne Sgdnqdl 30fl90 �

5020 Opnne ne Rsdo —C2( enp opnuhmf Sgdnpdl 3050 Vd Zrrtld: vhsgnts knrr ne fdmdqZkhsx: sgZs v9��A( ⩽
v9�AB( ⩽ v9�B�(0 Kdsshmf v9�CD( + j enq rnld j ∈ �: kds l ad sgd tmhptd onrhshud hmsdfdq enq vghbg j
rZshrzdr sgd rdbnmc bqhsdqhnm ne —30fl(0 He v9��A(� j ≡ qfl lnc �l) fl(: v9�AB(� j ≡ q1 lnc �l) fl( Zmc
v9�B�(�j≡ q2 lnc �l)fl(: vgdqd qfl.q1.q2 ∈ {fl.1. � � � .l)fl{: sgdm enq rnld >fl: >1 Zmc >2 hm �9: vd gZud

v9��A( + j) qfl)�l)fl(>fl. v9�AB( + j) q1)�l)fl(>1. v9�B�( + j) q2)�l)fl(>2� —508(

Sgd zqrs bZrd sn bnmrhcdq hr vgdqd >fl + >1 + >2 + >0 Hm sghr bZrd: tmcdq ntq Zrrtloshnm sgZs v9��A( ⩽
v9�AB( ⩽ v9�B�(: vd ltrs gZud qfl ⩽ q1 ⩽ q20 He qfl + q1 + q2: sgdm vd gZud v9��A( + v9�AB( + v9�B�(:
hm vghbg bZrd Ofl rhlokx qdlnudr sgd dcfd CD hm sgd zqrs qntmc Zmc vhmr ax Sgdnqdl 40fl0
He q1 Zmc q2 Zqd rtbg sgZs l) 1� q1 ⩽ q2: sgdm Ofl bgnnrdr sgd udqsdw �: Zmc qdlnudr eqnl sgd dcfdr

�A Zmc B� sgd vdhfgsr �qfl�fl( Zmc {q2� �l)1� q1({ qdrodbshudkx —mnsd sgZs sgd snsZk vdhfgs qdlnudc hr
rsqhbskx onrhshud rhmbd ntq hmhshZk bnmzftqZshnm cndr mns rZshrex sgd gxonsgdrhr ne —�fl((0 Sghr kdZudr O1 vhsg
vfl�CD( + j Zmc

vfl��A( + j)fl)�l)fl(>. vfl�AB( + j) q1)�l)fl(>. v1�B�( + j)l)1� q1)�l)fl(>.

vghbg mnv rZshrzdr sgd gxonsgdrhr ne —�fl(: Zmc O1 knrdr ax Rsdo —C1( oqnudc dZqkhdq0
Rtoonrd: mnv: sgZs l)1� q1 / q2: rn sgZs: he vd rds l′ + q1) q2�1qfl: vd gZud: trhmf qfl ⩾ fl:

l)1� q1 / q2 +⇒ q1) q2 , l)1 +⇒ l′ + q1) q2�1qfl , l)1�1qfl ⩽ l� —50fl9(

Kds j′ ad sgd tmhptd onrhshud hmsdfdq rZshrexhmf

l′�l′)fl(
1

⩽ j′ ⩽
l′�l′)2(

1
Zmc j) qfl�fl)�l)fl(> ≡ j′ lnc �l′)fl(� —50flfl(

Sgd zqrs ne sgd svn bqhsdqhZ rsZsdc hm —50flfl(: Zknmf vhsg sgd hmdptZkhsx l′ ,l sgZs vd gZud cdctbdc hm —50fl9(:
Zmc sgd eZbs sgZs j Zmc l rZshrex sgd rdbnmc bqhsdqhnm ne —30fl(: xhdkcr j′ , j: vghbg: hm stqm: bnlahmdc vhsg sgd
rdbnmc ne sgd svn bqhsdqhZ rsZsdc hm —50flfl(: hlokhdr sgd dwhrsdmbd ne rnld >′ ∈�9 rtbg sgZs j)qfl)�l)fl(> +
j′)fl)�l′)fl(>′0 Mnsd sgZs sghr xhdkcr: trhmf sgd cdzmhshnm ne l′.

v9��A( + j) qfl)�l)fl(> + j′)fl)�l′)fl(>′.

v9�AB( + j) q1)�l)fl(> + j′)�fl) q1� qfl()�l′)fl(>′.

v9�B�( + j) q2)�l)fl(> + j′)fl) q2� qfl)�l′)fl(>′ + j′)l′)1� �fl) q1� qfl()�l′)fl(>′�

Sgdqdenqd: Ofl rhlokx qdlnudr vdhfgs �j�j′( —vghbg hr rsqhbskx onrhshud: Zr Zqftdc Zanud( eqnl sgd dcfd CD
hm sgd zqrs qntmc: kdZuhmf O1 vhsg Z bnmzftqZshnm sgZs rZshrzdr sgd gxonsgdrhr ne —�fl(: Zmc gdmbd: O1 knrdr
ax Rsdo —C1( oqnudc dZqkhdq0
Mnv: kds tr bnmrhcdq sgd rdbnmc bZrd: h0d0 vgdqd >fl: >1 Zmc >2 Zqd mns Zkk dptZk0 Sghr: Zknmf vhsg ntq Zr/

rtloshnm sgZsv9��A(⩽v9�AB(⩽v9�B�(: hlokhdr sgZs >fl , >20 Sghr: hm stqm: hlokhdr —trhmf sgd hmdptZkhshdr
qfl) q2 ⩾ 1 Zmc >2� >fl ⩾ fl( sgZs

{j) q2)�l)fl(>2{�{j)l)1� qfl)�l)fl(>fl{+ q2) qfl� �l)1()�l)fl(�>2� >fl( ⩾ fl�
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fl7

Ofl: sgdqdenqd: qdlnudr vdhfgs {j) q2)�l) fl(>2{� {j)l) 1� qfl)�l) fl(>fl{ eqnl sgd dcfd B�: Zmc
vdhfgs q1�fl)�l)fl(�>1� >fl( eqnl sgd dcfd AB: hm sgd zqrs qntmc: kdZuhmf O1 vhsg

vfl��A( + j) qfl)�l)fl(>fl. vfl�AB( + j)fl)�l)fl(>fl.

vfl�B�( + j)l)1� qfl)�l)fl(>fl. vfl�CD( + j.

vghbg rZshrzdr sgd gxonsgdrhr ne —�fl(: Zmc gdmbd: O1 knrdr ax Rsdo —C1( oqnudc dZqkhdq0 Sghr bnlokdsdr sgd
oqnne ne Rsdo —C2(0 �
Adenqd vd adfhm sgd oqnne ne Rsdo —C3(: vd rsZsd Zmc oqnud Z bqtbhZk kdllZ.

IdllW 50fi0 Fhudm v9��A( ⩽ v9�AB( ⩽ v9�B�(: vhsg v9��A(: v9�AB( Xmc v9�B�( mns Xkk dptXk: sgd
ltkshrds {v9��A(.v9�AB(.v9�B�({ hr rodbhXk -rdd Cdzmhshnm 304( he Xmc nmkx he vd gXud

1v9��A( / �v9�AB()v9�B�(�1v9��A((�v9�AB()v9�B�(�1v9��A()fl( � —50fl1(

Oqnne0 Vgdm —50fl1( gnkcr: vd rds l + v9�AB( )v9�B�(� 1v9��A(: Zmc vd kds j ad sgd tmhptd onrh/
shud hmsdfdq sgZs: Zknmf vhsg sghr bgnhbd ne l: rZshrzdr sgd rdbnmc bqhsdqhnm ne —30fl( Zr vdkk Zr sgd qdkZshnm
v9��A(�fl≡ j lnc �l)fl(0 Mnsd sgZs sgd hmdptZkhsx hm —50fl1( dmrtqdr sgZs

v9��A( /
l�l)fl(

1
+⇒ v9��A( ⩾

l�l)fl(
1

)fl +⇒ v9��A(�fl⩾
l�l)fl(

1
.

rn sgZs: eqnl sgd vZx vd gZud cdzmdc j Zanud: vd jmnv sgZs sgdqd dwhrsr > ∈ �9 rtbg sgZs v9��A( +
j)fl)�l)fl(>0 Mdws: eqnl ntq cdzmhshnm ne l: vd gZud

v9�AB()v9�B�( + 1v9��A()l+ 1{j)fl)�l)fl(>{)l+ 1j)l)1)1�l)fl(>� —50fl2(

Kds v9�AB(� j ≡ h lnc �l) fl( enq rnld h ∈ {fl.1. � � � .l) fl{0 Mnsd sgZs: rhmbd v9�AB( ⩾ v9��A( +
j)fl)�l)fl(>: vd bZm zmc >fl ∈�9 rtbg sgZs v9�AB( + j) h)�l)fl(>fl0 Khjdvhrd: rdsshmf v9�B�(�j≡
i lnc �l) fl( enq rnld i ∈ {fl.1. � � � .l) fl{: vd rdd sgZs sgdqd dwhrsr rnld >1 ∈ �9 rtbg sgZs v9�B�( +
j) i)�l)fl(>10 Eqnl —50fl2(: vd sgdm nasZhm

{j) h)�l)fl(>fl{){j) i)�l)fl(>1{+ 1j)l)1)1�l)fl(>

⇐⇒ h) i)�l)fl(�>fl) >1( + l)1)1�l)fl(>�

Sgd zqrs bnmbktrhnm sn cqZv eqnl sghr hr sgZs �h) i(≡ fl lnc �l)fl(: Zmc rhmbd 1⩽ �h) i(⩽ 1�l)fl(: sgd
nmkx onrrhahkhsx vd Zqd kdes vhsg hr sgZs �h) i( + �l)1(0 Sghr: hm stqm: xhdkcr �>fl) >1( + 1>0 He onrrhakd: kds
tr Zrrtld sgZs >fl ̸+ >1: vghbg hlokhdr sgZs >fl , >1 —rhmbd v9�AB(⩽ v9�B�((0 Sghr hlokhdr sgZs >fl ⩽ �>�fl(:
vghbg xhdkcr

v9�AB( + j) h)�l)fl(>fl ⩽ j) h)�l)fl(�>�fl( + j) h� �l)fl()�l)fl(> , j)fl)�l)fl(> + v9��A(.

kdZchmf sn Z bnmsqZchbshnm0 Sgdqdenqd: ntq Zrrtloshnm sgZs >fl ̸+ >1 ltrs ad dqqnmdntr: kdZchmf sn >fl + >1 + >0
Vd gZud: sgdqdenqd: cdctbdc sgd dwhrsdmbd ne j.l. h ∈ � Zmc > ∈ �9 rtbg sgZs —30fl( gnkcr Zmc v9��A( +
j)fl)�l)fl(>: v9�AB( + j) h)�l)fl(> Zmc v9�B�( + j) i)�l)fl(> + j)l)1� h)�l)fl(>0 Sghr
oqnudr nmd rhcd ne sgd hlokhbZshnm rsZsdc hm KdllZ 50fl0 Sgd oqnne sgZs sgd bnmudqrd hr Zkrn sqtd hr ltbg
lnqd rsqZhfgsenqvZqc Zmc gdmbd nlhssdc eqnl sghr oZodq0 �

5030 Opnne ne Rsdo —C3( enp opnuhmf Sgdnpdl 3050 Sgd oqnne ne Rsdo —C3( gZoodmr uhZ hmctbshnm nm sgd
uZktd ne v9�CD(0 Sgd aZrd bZrd enq sghr hmctbshud Zqftldms gZr addm Zccqdrrdc hm )7020 Rtoonrd: enq
rnld J ∈ � vhsg J ⩾ 3: vd gZud rgnvm sgZs dudqx hmhshZk vdhfgs bnmzftqZshnm nm F3 sgZs rZshrzdr Xkk
ne sgd bqhsdqhZ ldmshnmdc hm —�1(: Zknmf vhsg v9�CD( ⩽ J: hr knrhmf0 Vd mnv bnmrhcdq Zm hmhshZk vdhfgs
bnmzftqZshnm �v9��A(.v9�AB(.v9�B�(.v9�CD((: vhsg v9�CD( + �J) fl(: sgZs rZshrzdr Zkk ne sgd bqhsdqhZ
rsZsdc hm —�1(0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm bZm tmenkc hm nmd ne sgd
enkknvhmf vZxr.
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fl8

—h( Rtoonrd Ofl qdlnudr rnld onrhshud hmsdfdq vdhfgs eqnl Zs lnrs svn ne sgd dcfdr nts ne �A: AB Zmc
B�0 He sgd qdrtkshmf ltkshrds {vfl��A(.vfl�AB(.vfl�B�({ hr rodbhZk: sgtr ftZqZmsddhmf sgd dwhrsdmbd
ne j: l: h Zmc > Zr hm Cdzmhshnm 304: sgdm vfl��A()vfl�AB()vfl�B�( , v9�CD( + �J)fl( hlokhdr
sgZs j , �J)fl(0 Sgtr: O1 hr Zkknvdc sn qdlnud vdhfgs �J)fl(�j eqnl sgd dcfd CD hm sgd rdbnmc
qntmc: vghbg rgd cndr: kdZuhmf Ofl vhsg Z bnmzftqZshnm sgZs rZshrzdr sgd gxonsgdrhr ne —�fl(: rn sgZs
Ofl knrdr ax Rsdo —C1(0
Rtoonrd sgd ltkshrds {vfl��A(.vfl�AB(.vfl�B�({ hr mns rodbhZk0 He vfl��A( + vfl�AB( +

vfl�B�(: sgdm O1 qdlnudr sgd dcfd CD hm sgd rdbnmc qntmc: cdedZshmf Ofl ax Sgdnqdl 40fl0
He mns Zkk ne vfl��A(: vfl�AB( Zmc vfl�B�( Zqd dptZk: sgdm O1 qdlnudr eqnl CD sgd vdhfgs
�J ) fl(� {vfl��A( )vfl�AB( )vfl�B�({ hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z bnmzftqZshnm
�v1��A(.v1�AB(.v1�B�(.v1�CD((: vhsg v1�CD( ⩽ J: sgZs rZshrzdr Zkk ne sgd bqhsdqhZ rsZsdc hm
—�1(0 Bnmrdptdmskx: Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl CD hm sgd zqrs qntmc0 He vfl�CD( + 9: sgdm O1
vhmr ax Sgdnqdl 40fl0 Rn: vd gdmbdenqsg Zrrtld sgZs vfl�CD( / 90
Vhsgnts knrr ne fdmdqZkhsx: enq sgd qdrs ne sghr ZmZkxrhr: kds tr Zrrtld sgZs v9��A( ⩽ v9�AB( ⩽

v9�B�(0 Mnsd sgZs he v9��A( ⩽ vfl�CD( ⩽ v9�AB()v9�B�(: sgdm Ofl knrdr ax Rsdo —Cfl(0
Vgdm vfl�CD( , v9��A(: vd gZud vfl�CD( , lhm{v9��A(.v9�AB(.v9�B�({0 Rhmbd

ntq hmhshZk vdhfgs bnmzftqZshnm rZshrzdr sgd bqhsdqhZ rsZsdc hm —�1( —hm oZqshbtkZq: sgd
ltkshrds {v9��A(.v9�AB(.v9�B�({ hr mns rodbhZk(: gdmbd sgd vdhfgs bnmzftqZshnm
�vfl��A(.vfl�AB(.vfl�B�(.vfl�CD((: nasZhmdc Zesdq sgd zqrs qntmc ne sgd fZld: cndr mns rZs/
hrex sgd gxonsgdrhr ne —�fl(0 Sgdqdenqd: Zkk sgd bqhsdqhZ rsZsdc hm Rsdo —C2( Zqd rZshrzdc ax
�vfl��A(.vfl�AB(.vfl�B�(.vfl�CD((: Zmc gdmbd: O1 vhmr0
EhmZkkx: vd bnmrhcdq vfl�CD( / v9�AB()v9�B�(0 Hm sghr bZrd: O1 qdlnudr vdhfgs v9�CD(�

vfl�CD( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: rn sgZs v1��A( + v9��A(�v9�CD()vfl�CD( +
vfl�CD(�v9�AB(�v9�B�(: vghbg hlokhdr sgZs v1��A()v1�AB()v1�B�( + v1�CD(0 Rhmbd: sn
adfhm vhsg: vd gZc v9��A(⩽v9�AB(⩽v9�B�(: vd bdqsZhmkx gZud v1��A( ,v1�AB( +v9�AB(⩽
v1�B�( +v9�B�( - h0d0 v1��A(: v1�AB( Zmc v1�B�( Zqd mns Zkk dptZk0 Ax KdllZ 50fl: sgd ltkshrds
{v1��A(.v1�AB(.v1�B�({ hr rodbhZk hee

1v1��A( / {v1�AB()v1�B�(�1v1��A({{v1�AB()v1�B�(�1v1��A()fl{
+ {v9�AB()v9�B�(�1v1��A({{v9�AB()v9�B�(�1v1��A()fl{� —50fl3(

Bnmrhcdqhmf: enq Zmx qdZk x/ 9: sgd etmbshnm ex�w( + �x�w(�x�w)fl(�w enq w ∈ =9.x[: vd rdd sgZs

e ′x�w( +�1x)1w�1+�1�x)fl� w(.

vghbg hr rsqhbskx mdfZshud enq Zr knmf Zr vd gZud x ⩾ w0 Sgdqdenqd: ex�w( hr rsqhbskx cdbqdZrhmf nudq
w ∈ =9.x[: vghbg hlokhdr sgZs he enq rnld w ∈ =9.x(: vd gZud w / �x� w(�x� w) fl(: sgdm enq Zmx
w′ ∈ �w.x[: vd vntkc gZud w′ / �x�w′(�x�w′)fl(0 Rdsshmf x+ v9�AB()v9�B�(: w+ 1v1��A( Zmc
w′ + 1v9��A( Zmc Zookxhmf sghr nardquZshnm: vd zmc sgZs —50fl3( gnkcr he Zmc nmkx he —50fl1( gnkcr:
Zmc he —50fl1( gnkcr: sgdm: ax KdllZ 50fl: vd bnmbktcd sgZs sgd ltkshrds {v9��A(.v9�AB(.v9�B�({
ltrs ad rodbhZk: bnmsqZchbshmf sgd Zrrtloshnm sgZs ntq hmhshZk vdhfgs bnmzftqZshnm rZshrzdr Zkk bnm/
rsqZhmsr ne —�1(0 Sgdqdenqd: sgd ltkshrds {v1��A(.v1�AB(.v1�B�({ bXmmns ad rodbhZk: Zmc sgd
bnmzftqZshnm �v1��A(.v1�AB(.v1�B�(.v1�CD(( rZshrzdr Zkk sgd bqhsdqhZ rsZsdc hm —�1(: Zknmf vhsg
v1�CD( ⩽ J0 Gdmbd: Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

Sghr bnmbktcdr sgd hmctbshud Zqftldms: Zmc sgdqdax: sgd oqnne ne Rsdo —C3(0 �

5040 Opnne ne Rsdo —C4( enp opnuhmf Sgdnpdl 3050 Vd Zrrtld: vhsgnts knrr ne fdmdqZkhsx: sgZs v9��A( ⩽
v9�AB(⩽ v9�B�(: rn sgZs sgd zqrs bqhsdqhnm rsZsdc hm Rsdo —C4( anhkr cnvm sn v9�CD( / v9�AB()v9�B�(0
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He v9��A( + v9�AB( + v9�B�(: sgdm Ofl rhlokx qdlnudr CD hm sgd zqrs qntmc: Zmc O1 knrdr ax Sgdn/
qdl 40fl0 Gdmbdenqsg: sgdqdenqd: vd Zrrtld sgZs v9��A(: v9�AB( Zmc v9�B�( Zqd mns Zkk dptZk0
He v9�CD( / v9��A( ) v9�AB( ) v9�B�(: sgdm Ofl qdlnudr vdhfgs v9�CD(� {v9��A( ) v9�AB( )

v9�B�({ eqnl sgd dcfd CD hm sgd zqrs qntmc: rn sgZs vfl�CD( + vfl��A()vfl�AB()vfl�B�(0 Rhmbd sgd
dcfd/vdhfgsr nm �A: AB Zmc B� qdlZhm tmbgZmfdc: Zmc rhmbd {v9��A(.v9�AB(.v9�B�({ hr mns rodbhZk sn
adfhm vhsg: mdhsgdq hr {vfl��A(.vfl�AB(.vfl�B�({0 Sgtr: O1 hr kdes vhsg Z bnmzftqZshnm sgZs rZshrzdr Zkk sgd
bnmrsqZhmsr rsZsdc hm —�1(: Zmc gdmbd: ax Sgdnqdl C3: O1 knrdr0
Kds tr mnv bnmrhcdq v9�AB()v9�B�( ,v9�CD( ,v9��A()v9�AB()v9�B�(0 Hm sghr bZrd: Ofl qdlnudr

vdhfgs v9��A()v9�AB()v9�B�(�v9�CD( eqnl sgd dcfd �A hm sgd zqrs qntmc: rn sgZs O1 hr kdes vhsg
vfl��A()vfl�AB()vfl�B�( + vfl�CD(0 Duhcdmskx: vfl��A( , v9��A( ⩽ v9�AB( + vfl�AB( ⩽ v9�B�( +
vfl�B�(: rn sgZs vfl��A(: vfl�AB( Zmc vfl�B�( Zqd mns Zkk dptZk0 Mdws: vd mnsd sgZs: ax KdllZ 50fl: sgd
ltkshrds {vfl��A(.vfl�AB(.vfl�B�({ vntkc ad rodbhZk he Zmc nmkx he vd gZud

1vfl��A( / {vfl�AB()vfl�B�(�1vfl��A({{vfl�AB()vfl�B�(�1vfl��A()fl{
+ {v9�AB()v9�B�(�1vfl��A({{v9�AB()v9�B�(�1vfl��A()fl{. —50fl4(

Zmc: ltbg Zr vd Zqftdc snvZqcr sgd dmc ne sgd oqnne ne Rsdo —C3(: vd bnmbktcd sgZs —50fl4(
gnkcr he Zmc nmkx he —50fl1( gnkcr: vghbg: hm stqm: Zookxhmf KdllZ 50fl: hr sqtd he Zmc nmkx he
sgd ltkshrds {v9��A(.v9�AB(.v9�B�({ hr rodbhZk0 Gnvdudq: sghr bnmsqZchbsr nmd ne sgd bqhsdqhZ
ldmshnmdc hm sgd rsZsdldms ne Rsdo —C4(: vghbg Zkknvr tr sn bnmbktcd sgZs: hm eZbs: sgd ltkshrds
{vfl��A(.vfl�AB(.vfl�B�({ bZmmns ad rodbhZk0 Bnlahmhmf Zkk sgdrd nardquZshnmr: vd rdd sgZs sgd bnmzf/
tqZshnm �vfl��A(.vfl�AB(.vfl�B�(.vfl�CD(( rZshrzdr Zkk ne sgd bqhsdqhZ ldmshnmdc hm —�1(: Zmc gdmbd: ax
Rsdo —C3( sgZs vd gZud ZkqdZcx oqnudc: O1 knrdr0 Sghr bnlokdsdr sgd oqnne ne Rsdo —C4(0 �

60 OQNNE NE NTQ QDRTKSR QDF�QCHMF SGD FQ�OG Gfl

Sghr rdbshnm hr cdchbZsdc sn sgd oqnner ne Zkk ne ntq qdrtksr hm )3010 �s sgd udqx ntsrds ne )6: vd hmenql
sgd qdZcdq sgZs mns Zkk oZqsr ne sgd oqnne ne Sgdnqdl 30fl9 gZud addm hmbktcdc hm sghr rdbshnm0 Hm )6: vd gZud
hmbktcdc

—h( sgd oqnne ne ntq bkZhl sgZs Zmx bnmzftqZshnm nm Gfl sgZs hr ne sgd enql fhudm ax —303(: vhsg q + 9: hr
knrhmf:

—hh( Zmc sgd oqnner ne ntq bkZhlr sgZs Zmx bnmzftqZshnm nm Gfl sgZs hr ne nmd ne sgd enqlr fhudm ax —304(:
—305( Zmc —306(: vhsg q + 1: hr knrhmf0

Sgd bkZhlr sgZs bnmzftqZshnmr nm Gfl ne sgd enql fhudm ax —303(: vhsg q + fl nq q + 2: Zqd knrhmf: gZud addm
drsZakhrgdc hm )704 —vgdm q + fl( Zmc )707 —vgdm q + 2( ne sgd �oodmchw: )70 Khjdvhrd: sgd bkZhlr sgZs
bnmzftqZshnmr nm Gfl ne sgd enql fhudm ax nmd ne —304(: —305( Zmc —306(: vhsg q + 3: Zqd knrhmf: gZud addm
oqnudc hm )708 —vgdm r+ fl(: )70fl9 —vgdm r+ 1(: )70flfl —vgdm r+ 2( Zmc )70fl1 —vgdm r⩾ 3( ne )70

60fl0 Opnne ne IdllW 3060 Rhmbd sgd dcfdr �A Zmc BC okZx rxlldsqhb qnkdr hm sgd fqZog Gfl: hs rtezbdr
enq tr sn oqnud sgZs Zm hmhshZk vdhfgs bnmzftqZshnm nm Gfl hr vhmmhmf vgdmdudq hs rZshrzdr sgd hmdptZkhshdr hm
—301(: Zmc sgd oqnne vntkc ad ZmZknfntr he: hmrsdZc: hs rZshrzdr sgd hmdptZkhshdr hm —302(0 �rrtlhmf sgZs —301(
gnkcr: Ofl bgnnrdr sgd udqsdwB: qdlnudr vdhfgs v9��A()v9�AB(�v9�DE( eqnl sgd dcfd AB: Zmc qdlnudr
sgd dmshqd dcfd BC: hm sgd zqrs qntmc: kdZuhmf O1 vhsg Z fZkZwx fqZog bnloqhrhmf svn bnlonmdmsr. nmd ne
sgdrd hr sgd dcfd DE : sgd nsgdq hr Z rsZq fqZog bnmrhrshmf ne sgd dcfdr �A Zmc AB: Zmc vfl��A()vfl�AB( +
v9�DE( + vfl�DE(0 Gdmbd: O1 knrdr ax Sgdnqdl 40fl0

6010 Opnne ne Sgdnpdl 3070 He sgd rds R cdzmdc hm sgd rsZsdldms ne Sgdnqdl 307 hr dlosx: sgdm Xh) ah)
bh hr dudm enq dZbg h ∈ {9.fl. � � � .r{0 Hm sghr bZrd: Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: kdZuhmf O1
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1fl

vhsg Z fZkZwx fqZog bnloqhrhmf sgqdd bnlonmdmsr: mZldkx: sgd dcfdr �A: BC Zmc DE : rtbg sgZs sgd sqhokd
�v9��A(.v9�BC(.v9�DE(( hr aZkZmbdc: Zmc O1 knrdr ax Sgdnqdl 1020
Rtoonrd: mnv: sgZs R hr mnm/dlosx: rn sgZs sgd hmcdw H hr vdkk/cdzmdc: Zmc vd Zrrtld: vhsgnts knrr ne

fdmdqZkhsx: sgZs aH + fl0 Kds tr bgnnrd dh ∈ {9.fl{: enq h ∈ {9.fl. � � � .r{: rtbg sgZs dh) Xh) bh hr dudm - mnsd:
hlldchZsdkx: sgZs dh + ah enq Zkk h ∈ {H) fl. � � � .r{ —he sghr rds hr mnm/dlosx(: Zmc dH + 9 —rhmbd H hsrdke hr Zm
dkdldms ne R(0 Bnmrdptdmskx:

r

�
h+9

dh1h ⩽
r

�
h+H)fl

ah1h)
H�fl

�
h+9
1h +

r

�
h+H)fl

ah1h)1H�fl,
r

�
h+9

ah1h + v9��A(.

rn sgZs he Ofl bgnnrdr sgd udqsdw A: qdlnudr vdhfgs v9��A(��rh+9 dh1h eqnl sgd dcfd �A: Zmc qdlnudr sgd
dmshqd dcfd AB: hm sgd zqrs qntmc: hs kdZudr O1 vhsg Z fZkZwx fqZog bnloqhrhmf sgqdd bnlonmdmsr: mZldkx:
sgd dcfdr �A:BC Zmc DE : rtbg sgZs sgd sqhokd �v9��A(.v9�BC(.v9�DE(( hr aZkZmbdc —ax ntq bgnhbd ne sgd
dhr(0 Bnmrdptdmskx: O1 knrdr ax Sgdnqdl 1020 Sghr bnlokdsdr sgd oqnne ne Sgdnqdl 3070

6020 Opnne ne IdllW 3080 Bnmrhcdq Zm hmhshZk vdhfgs bnmzftqZshnm nm Gfl sgZs hr ne sgd enql cdrbqhadc
hm sgd rsZsdldms ne KdllZ 308: vhsg lfl ̸+ l1: Zmc vd Zrrtld: vhsgnts knrr ne fdmdqZkhsx: sgZs lfl / l10
Vqhshmf e �j( + q: vgdqd e �j( hr Zr cdzmdc itrs adenqd sgd rsZsdldms ne Oqnonrhshnm 308: kds tr vqhsd j +
�XqXq�fl � � �XflX9(1 —rn sgZs Xq + fl(: >fl + �aqaq�fl � � �afla9(1 Zmc >1 + �bqbq�fl � � �bflb9(10 Vd etqsgdq vqhsd lfl +
��r�r�fl � � ��fl�9(1 Zmc l1 + �βrβr�fl � � �βflβ9(1: rtbg sgZs Zs kdZrs nmd ne �r Zmc βr dptZkr fl: Zmc Zr lfl /l1:
sgdqd dwhrsr I ∈ {9.fl. � � � .r{ rtbg sgZs �h + βh enq Zkk h ∈ {I)fl. � � � .r{ —he sghr rds hr mnm/dlosx(: �I + fl Zmc
βI + 90 �qldc vhsg sgdrd: vd rdd sgZs

v9��A( + ��r�r�fl � � ��fl�9aqaq�fl � � �afla9(1.

v9�BC( + �βrβr�fl � � �βflβ9bqbq�fl � � �bflb9(1.

v9�DE( + �9 9 9 � � � 9 9 9  
�r)fl( ydqnr

XqXq�fl � � �XflX9(1�

Bnmrdptdmskx: sgd kZqfdrs hmcdw H enq vghbg sgd rtl ne sgd H/sg bnnqchmZsdr ne sgd aZrd/1 qdoqdrdmsZshnmr ne
v9��A(: v9�BC( Zmc v9�DE( hr ncc hr fhudm ax H + q) fl) I: Zmc vd gZud: Zr ldmshnmdc Zanud: �I + fl:
vghbg hlokhdr sgZs sgd H/sg bnnqchmZsd hm sgd aZrd/1 qdoqdrdmsZshnm ne v9��A( dptZkr fl0 Sgtr: Ofl vhmr ax
Sgdnqdl 3070
Mnv: kds tr bnmrhcdq Zm hmhshZk vdhfgs bnmzftqZshnm nm Gfl sgZs hr ne sgd enql cdrbqhadc hm KdllZ 308:

vhsg lfl +l1 +l Zmc lhm{>fl. >1{⩾ j0 Kds tr: Zr Zanud: rds q+ e �j(: Zmc kds j+ �XqXq�fl � � �XflX9(1 —rn sgZs:
ax cdzmhshnm ne e �j(: vd ltrs gZud Xq + fl(: >fl + �aqaq�fl � � �afla9(1 Zmc >1 + �bqbq�fl � � �bflb9(1 —jddohmf hm
lhmc sgZs 9 ⩽ >fl. >1 ⩽ 1q)fl� fl(0 Rhmbd lhm{>fl. >1{ ⩾ j: vd ltrs gZud aq + bq + fl Zr vdkk0 Kds tr Zkrn rds
l+ ��r�r�fl � � ��fl�9(1: vhsg �r + fl0 Vd sgdm gZud

v9��A( + ��r�r�fl � � ��fl�9aqaq�fl � � �afla9(1.

v9�BC( + ��r�r�fl � � ��fl�9bqbq�fl � � �bflb9(1.

v9�DE( + �9 9 9 � � � 9 9 9  
�r)fl( ydqnr

XqXq�fl � � �XflX9(1.

rn sgZs sgd kZqfdrs hmcdw H enq vghbg sgd rtl ne sgd H/sg bnnqchmZsdr ne sgd aZrd/1 qdoqdrdmsZshnmr ne v9��A(:
v9�BC( Zmc v9�DE( hr ncc hr fhudm ax H+ q —rhmbd Xq + aq + bq + fl: Zr ldmshnmdc Zanud(0 Rhmbd aq + bq + fl:
Ofl vhmr ax Sgdnqdl 3070
EhmZkkx: kds tr bnmrhcdq Zm hmhshZk vdhfgs bnmzftqZshnm nm Gfl sgZs hr ne sgd enql cdrbqhadc hm KdllZ 308:

vhsg lfl + l1 + l: j ∈ {>fl. >1{ Zmc dhsgdq lhm{>fl. >1{ / 9 nq v9�AB( / 90 Vhsgnts knrr ne fdmdqZkhsx: kds
tr Zrrtld sgZs j + >fl0 Sgdm: hm sgd zqrs qntmc: Ofl bgnnrdr sgd udqsdw B: qdlnudr vdhfgs >1 eqnl BC: Zmc
qdlnudr sgd dmshqd dcfd AB —ntq Zrrtloshnm dmrtqdr sgZs sgd snsZk vdhfgs qdlnudc hr rsqhbskx onrhshud(: rn
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sgZs O1 hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1 e �j()fll) >fl:
vfl�BC( + 1 e �j()fll Zmc vfl�DE( + j + >fl0 �r sgd sqhokd �1 e �j()fll) >fl.1 e �j()fll. >fl( hr aZkZmbdc: O1 knrdr
ax Sgdnqdl 1020 Sghr bnlokdsdr sgd oqnne ne KdllZ 3080

6030 Opnne sgWs W bnmzftpWshnm ne sgd enpl fhudm aw —303(. vhsg q + 9. hr knrhmf0 Vd adfhm ax oqnuhmf
sgZs Zm hmhshZk vdhfgs bnmzftqZshnm nm Gfl: sgZs hr ne sgd enql fhudm ax —303(: hr knrhmf enq q + 9 Zmc r + j0
Ehqrs: vd bnmrhcdq sgd bnmzftqZshnm vgdqd v9��A( + v9�BC( + 1l Zmc v9�AB( + v9�DE( + fl: enq l ∈ �.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
ctqhmf sgd zqrs qntmc —Zm ZmZknfntr rhstZshnm vntkc Zqhrd he: hmrsdZc: Ofl qdlnudr Z onrhshud hmsdfdq
vdhfgs eqnl BC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB(0 Sghr xhdkcr vfl��A( + 1m) >fl enq
rnld m , l Zmc rnld >fl ∈ {9.fl{0 Mnsd sgZs sgd qdrtkshmf bnmzftqZshnm hr ne sgd enql cdrbqhadc hm
KdllZ 308: vhsg lfl + m: l1 + l Zmc >1 + 9: Zmc rhmbd lfl ̸+ l1: Ofl knrdr0

—hh( Rtoonrd Ofl qdlnudr sgd dcfd DE hm sgd zqrs qntmc0 Sgdm O1 qdlnudr sgd dcfd AB hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A ZmcBC: vgdqdv1��A(+v1�BC(+
1l: Zmc Ofl knrdr ax Sgdnqdl 1020

—hhh( Rtoonrd Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne �A nq
BC0 Sgdm O1 qdlnudr sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog bnloqhrhmf
sgd dcfdr �A Zmc BC: vgdqd v1��A( + v1�BC( + 1l: Zmc Ofl knrdr ax Sgdnqdl 1020

Rtoonrd vd gZud rgnvm: enq rnld J ∈�: sgZs sgd bnmzftqZshnm fhudm ax —303(: vhsg q+ 9 Zmc r+ j: vhsg
j⩽J: hr knrhmf0 Vd mnv bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sgd hmhshZk bnmzftqZshnm nmGfl vgdqd
v9��A( + v9�BC( + 1P)fll Zmc v9�AB( + v9�DE( + �J)fl(: vgdqd l ∈ � Zmc vd rds P+ e �J)fl(.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: ctqhmf sgd zqrs qntmc —Zr adenqd: Zm ZmZknfntr rhstZshnm vntkc ad he Ofl qdlnudr Z onrhshud
hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB(0 Nmbd ZfZhm: sghr kdZcr
sn vfl��A( + 1P)flm) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl. � � �1P)fl� fl{: rn sgZs sgd qdrtkshmf
bnmzftqZshnm hr ne sgd enql cdrbqhadc hm KdllZ 308: vhsg lfl + m: l1 + l Zmc >1 + 9: Zmc rhmbd
lfl ̸+ l1: Ofl knrdr0

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
Sgdm: O1 qdlnudr vdhfgs �J)fl� j( eqnl sgd dcfd AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + v1�BC( + 1P)fll+ 1 e �j()fl1P� e �j(l. v1�AB( + v1�DE( + j.

vgdqd j ⩽ J +⇒ e �j( ⩽ e �J)fl( + P0 Vgdm j ⩾ fl: sghr hr ne sgd enql fhudm ax —303( vhsg q + 9
Zmc v1�AB( + v1�DE( + j⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0 Vgdm j+ 9: Ofl knrdr
ax Sgdnqdl 1020

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne �A
Zmc BC: ctqhmf sgd zqrs qntmc0 Sgdm O1 qdlnudr vdhfgs �J)fl� j( eqnl DE hm sgd rdbnmc qntmc:
Zmc: Zr hm sgd oqduhntr bZrd: Ofl knrdr ax dhsgdq ntq hmctbshnm gxonsgdrhr —vgdm fl ⩽ vfl�AB( ⩽ J(:
nq ax Sgdnqdl 102 —vgdm vfl�AB( + 9(0

Sghr bnlokdsdr sgd hmctbshud oqnne ne ntq bkZhl sgZs Zmx bnmzftqZshnm nm Gfl ne sgd enql fhudm ax —303( hr
knrhmf vgdmdudq q + 9 Zmc r+ j —dpthuZkdmskx: q + 9 Zmc v9��A( + v9�BC((0
Kds tr Zrrtld: mnv: sgZs enq rnld J ∈ �: vd gZud oqnudc sgZs Zmx hmhshZk bnmzftqZshnm ne sgd enql

fhudm ax —303(: vhsg q + 9: hr knrhmf vgdmdudq j ⩽ J0 Vd zw Zmx K ∈ {9.fl. � � � .J� fl{: Zmc bnmrhcdq sgd
zqrs qntmc ne sgd fZld okZxdc nm sgd hmhshZk vdhfgs bnmzftqZshnm nm Gfl vgdqd v9��A( + 1P)fll: v9�BC( +
1P)fll)�K)fl(: v9�AB( + �J�K( Zmc v9�DE( + �J)fl(: enq Zmxl∈�: vgdqd vd gZud rds P+ e �J)fl(.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: hm sgd zqrs qntmc0 Vd bnmrhcdq sgd enkknvhmf edv rtabZrdr.
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—Z( Rtoonrd vfl�BC( + 1P)fll)> enq rnld >∈ {9.fl. � � � .K{: Zmc vfl�AB( + s ∈�vhsg s ⩽ �J�K(0
Mnsd sgZs > ⩽ K Zmc s ⩽ �J�K( snfdsgdq hlokx �>) s(⩽ J: vghbg: hm stqm: hlokhdr e �s) >(⩽
e �J)fl( + P0 Hm sghr bZrd: O1 qdlnudr vdhfgs �J)fl(��s)>( eqnl sgd dcfd DE hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �s)>()fl1P� e �s)>(l. v1�AB( + s.

v1�BC( + 1 e �s)>()fl1P� e �s)>(l) >. v1�DE( + �s) >(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 Zmc v1�DE( + �s) >( ⩽ J: Zmc gdmbd: Ofl knrdr
ax ntq hmctbshnm gxonsgdrhr0

—a( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {9.fl. � � � .K{: ats sghr shld: vfl�AB( + 90 Gdqd: O1
qdlnudr vdhfgs �J) fl� >( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z fZkZwx
fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd v1��A( + 1P)fll: v1�BC( + 1P)fll) >
Zmc v1�DE( + >: Zmc Ofl knrdr ax Sgdnqdl 1020

—b( Rtoonrd vfl�BC( + 1P)flm) > enq rnld m , l Zmc > ∈ {9.fl. � � � .1P)fl� fl{0 Sgd qdrtkshmf
bnmzftqZshnm hr ne sgd enql cdrbqhadc hm KdllZ 308: vhsg lfl + m: l1 + l: >fl + > Zmc >1 + 9:
Zmc rhmbd lfl ̸+ l1: Ofl knrdr0

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Sgdm vd vntkc gZudvfl��A(+ 1P)flm)> enq rnld m,l Zmc >∈{9.fl. � � � .1P)fl�
fl{: Zmc nmbd ZfZhm: Ofl vntkc knrd ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
He j ∈ {J�K.J�K)fl. � � � .J{: sgdm O1 qdlnudr vdhfgs �K)fl(�{j� �J�K({ eqnl sgd dcfdBC
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l. v1�AB( + �J�K(.

v1�BC( + 1 e �j()fl1P� e �j(l) j� �J�K(. v1�DE( + j.

vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 9 Zmc v1�DE( + j⩽J: rn sgZs Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0 He j ∈ {fl.1. � � � .J� K� fl{: sgdm O1 qdlnudr vdhfgs �K) fl( eqnl sgd dcfd BC: Zmc
vdhfgs �J�K(� j eqnl sgd dcfd AB: hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + v1�BC( + 1 e �j()fl1P� e �j(l. v1�AB( + v1�DE( + j.

vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 9 Zmc j⩽J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr
—vd bntkc gZud Zkrn Zqftdc sgZs sgd bnmzftqZshnm nasZhmdc Zanud: Zesdq sgd rdbnmc qntmc: hr ne sgd
enql fhudm ax —303( vhsg q+ 9 Zmc v1��A( + v1�BC(: Zmc vd gZud ZkqdZcx oqnudc Zanud sgZs rtbg
Z bnmzftqZshnm hr knrhmf(0 EhmZkkx: he j + 9: O1 vhmr adbZtrd ne QdlZqj 30fl10

—hu( EhmZkkx: rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: ats kdZudr sgd dcfd/
vdhfgsr ne �A Zmc BC tmchrstqadc0 He vfl�AB( + s ∈ {fl.1. � � � .J�K�fl{: sgdm O1 qdlnudr vdhfgs
�J�K� s( eqnl DE hm sgd rdbnmc qntmc: rn sgZs v1�DE( + K) s)fl ⩽ K)�J�K�fl()fl + J:
vghbg: hm stqm: hlokhdr sgZs e �K) s)fl( ⩽ e �J)fl( + P0 Sgtr: Ofl hr kdes vhsg

v1��A( + 1 e �K)s)fl()fl1P� e �K)s)fl(l. v1�AB( + s.

v1�BC( + 1 e �K)s)fl()fl1P� e �K)s)fl(l)�K)fl(. v1�DE( + K) s)fl.

vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 9 Zmc v1�DE( + �K) s)fl(⩽ J: rn sgZs Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr0 He vfl�AB( + 9: sgdm O1 qdlnudr vdhfgs J�K eqnl sgd dcfd DE hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A: BC Zmc DE : vgdqd v1��A( +
1P)fll: v1�BC( + 1P)fll)�K)fl( Zmc v1�DE( + �K)fl(: rn sgZs Ofl knrdr ax Sgdnqdl 1020
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Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs Zmx bnmzftqZshnm nm Gfl ne sgd enql fhudm ax —303(: vhsg q + 9: hr
knrhmf0

6040 Opnne ne IdllW 30fifi0 Bnmrhcdq Zm hmhshZk vdhfgs bnmzftqZshnm nm Gfl sgZs hr ne sgd enql fhudm ax
KdllZ 30flfl0 Sn adfhm vhsg: he lfl ̸+ l1: vd jmnv sgZs Ofl vhmr ax KdllZ 3080 �rrtlhmf: sgdqdenqd:
sgZs lfl + l1 + l: Zr vdkk Zr sgZs >fl ⩽ >1: vd nasZhm v9��A( + 1 e �j()fll) >fl: v9�BC( + 1 e �j()fll) >1:
v9�DE( + j Zmc v9�AB( / j�lhm{>fl. >1{+ j� >fl0 Hm sgd zqrs qntmc: Ofl qdlnudr vdhfgs >1 eqnl BC Zmc
vdhfgs v9�AB(� �j� >fl( eqnl AB: rn sgZs O1 hr kdes vhsg vfl��A( + 1 e �j()fll) >fl: vfl�BC( + 1 e �j()fll:
vfl�DE( + j Zmc vfl�AB( + �j� >fl(: vghbg hr ne sgd enql fhudm ax —303( vhsg q + 90 Bnmrdptdmskx: O1 knrdr0
Bnmrhcdq: mnv: Zmx hmhshZk vdhfgs bnmzftqZshnm nm Gfl sgZs rZshrzdr v9�AB( / v9�DE(0 He v9�DE( ⩾

v9��A(: sgdm vd gZud v9��A( ⩽ v9�DE( , v9��A()v9�AB(: Zmc he v9�DE( ⩾ v9�BC(: sgdm vd gZud
v9�BC( ⩽ v9�DE( , v9�AB( )v9�BC(0 Hm dhsgdq ne sgdrd bZrdr: Ofl vhmr ax KdllZ 3060 Sgdqdenqd:
sgqntfgnts sgd qdrs ne sgd oqnne: kds tr Zrrtld sgZs v9�DE( ,lhm{v9��A(.v9�BC({0
Vqhshmf v9�DE( + j vhsg j ∈ � —rn sgZs v9�AB( / j(: v9��A( + 1 e �j()fllfl ) >fl Zmc v9�BC( +

1 e �j()fll1) >1: vgdqd lfl.l1 ∈ �9 Zmc >fl. >1 ∈ {9.fl. � � � .1 e �j()fl�fl{: vd mnsd sgd enkknvhmf.
—h( He lfl ̸+ l1: sgdm Ofl vhmr ax KdllZ 3080
—hh( He lfl + l1 + 9: sgdm v9�DE( , lhm{v9��A(.v9�BC({ hlokhdr sgZs j , lhm{>fl. >1{: Zmc nmbd

ZfZhm: Ofl vhmr ax KdllZ 3080
—hhh( EhmZkkx: he lfl + l1 + l ∈ � Zmc: Zrrtlhmf —vhsgnts knrr ne fdmdqZkhsx( sgZs >fl ⩽ >1: he j / >fl: sgdm

Ofl qdlnudr vdhfgs >1 eqnl sgd dcfd BC: Zmc vdhfgs v9�AB(� �j� >fl( eqnl sgd dcfd AB: hm sgd
zqrs qntmc: kdZuhmf O1 vhsg

vfl��A( + 1 e �j()fll) >fl. vfl�AB( + j� >fl. vfl�BC( + 1 e �j()fll. vfl�DE( + j.

vghbg hr ne sgd rZld enql Zr —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd
jmnv sgZs O1 knrdr0 �

Vd qdbZkk enq sgd qdZcdq gdqd sgZs sgd oqnne ne KdllZ 30fl2 gZr addm hmbktcdc hm )703 ne )70

6050 Opnne sgWs W bnmzftpWshnm sgWs hr dhsgdp ne sgd enpl fhudm aw —304( np ne sgd enpl fhudm aw —305(.
enp q + 1. hr knrhmf0 Adenqd vd adfhm )605: vd qdlhmc sgd qdZcdq sgZs ntq bkZhl: sgZs Zmx bnmzftqZshnm ne
sgd enql fhudm ax —303( vhsg q+ fl hr knrhmf: gZr ZkqdZcx addm oqnudc hm )704 ne )70 Sghr hr fnhmf sn ad ne trd
sn tr hm sgd oqnner sgZs enkknv0 SgZs bnmzftqZshnmr sgZs Zqd dhsgdq ne sgd enql fhudm ax —304( nq ne sgd enql
fhudm ax —305(: vhsg q+ 1: Zqd knrhmf: gZr addm oqnudc snfdsgdq: uhZ Z rhmfkd hmctbshud Zqftldms hm )6050 Sgd
aZrd bZrdr enq sghr hmctbshud Zqftldms gZud addm Zccqdrrdc hm )705 ne )70
Rtoonrd: enq rnld J ∈ �: vd gZud oqnudc sgZs
—h( Zmx hmhshZk vdhfgs bnmzftqZshnm nm Gfl: sgZs hr ne sgd enql fhudm ax —304( vhsg q + 1: Zmc gZuhmf

v9�DE( + j ⩽ J: hr knrhmf:
—hh( Zmx hmhshZk vdhfgs bnmzftqZshnm nm Gfl: sgZs hr ne sgd enql fhudm ax —305( vhsg q + 1: Zmc gZuhmf

v9�DE( + j ⩽ J: hr knrhmf0
Sgd zqrs rbdmZqhn sn bnmrhcdq hr vgdqd J ≡ 9 lnc 3: Zmc sgd hmhshZk vdhfgs bnmzftqZshnm hr

v9��A( + 1P)fll)1. v9�AB( + fl. v9�BC( + 1P)fll)J)1. v9�DE( + J)fl� —60fl(

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Vd bnmrhcdq Z edv rtabZrdr ne sghr bZrd.
—Z( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ⩽ J) fl vhsg > ≡ 1 lnc 3 —vghbg ZbstZkkx sdkkr tr

sgZs vd ltrs gZud > ⩽ J� 1(: Zmc vfl�AB( + fl0 Gdqd: O1 qdlnudr vdhfgs �J) fl(� �>� fl(
eqnl sgd dcfd DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1 e �>�fl()fl1P� e �>�fl(l)1. v1�AB( + fl.
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v1�BC( + 1 e �>�fl()fl1P� e �>�fl(l) >. v1�DE( + �>�fl(�
Rhmbd �>� fl( ≡ fl lnc 3: sghr bnmzftqZshnm hr ne sgd enql fhudm ax —304( vhsg q + 1 Zmc
v1�DE( + �>�fl( ⩽ �J�2( , J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—a( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ⩽ J� 2 vhsg > ≡ h lnc 3 enq rnld h ∈ {9.fl.2{:
Zmc vfl�AB( + fl0 Gdqd: O1 qdlnudr vdhfgs �J)fl(� �>)2( eqnl sgd dcfd DE hm sgd rdbnmc
qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1 e �>)2()fl1P� e �>)2(l)1. v1�AB( + fl.

v1�BC( + 1 e �>)2()fl1P� e �>)2(l) >. v1�DE( + �>)2(�

Rhmbd �>)2(≡ i lnc 3 enq rnld i ∈ {9.1.2{: sghr bnmzftqZshnm hr ne sgd enql fhudm ax —305(
vhsg q + 1 Zmc v1�DE( + �>)2( ⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—b( Rtoonrd vfl�BC( + 1P)fll) > enq > ∈ {J�fl.J{: Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs
1� �J� >( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�J� >(. v1�AB( + fl. v1�BC( + 1P)fll) >. v1�DE( + �J)fl(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + fl vgdm > + J�fl: Zmc ne sgd enql fhudm ax —303(
vhsg q + 9 vgdm > + J: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd bnmbktcd
sgZs Ofl knrdr0

—c( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ⩽ J: Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z
fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 1P)fll)1: vfl�BC( +
1P)fll) > Zmc vfl�DE( + �J)fl(0 He > ⩽ J�1: O1 vhmr ax KdllZ 30fl20
Rtoonrd: mnv: sgZs > + J0 Rhmbd J ≡ 9 lnc 3: sgd sqhokd �1P)fll) fl.1P)fll)J.J) fl( hr
aZkZmbdc: vghbg ldZmr sgZs sgd sqhokd �1P)fll) 1.1P)fll)J.J) fl( hr tmaZkZmbdc: rn sgZs
O1 vhmr ax Sgdnqdl 1020 Khjdvhrd: he > + �J� fl(: rhmbd J ≡ 9 lnc 3: sgd sqhokd �1P)fll)
1.1P)fll)J� fl.J� 2( hr aZkZmbdc: vghbg ldZmr sgZs sgd sqhokd �1P)fll) 1.1P)fll)J�
fl.J)fl( hr tmaZkZmbdc: Zmc O1 vhmr ax Sgdnqdl 1020

—d( He vfl�BC( + 1P)fll)�J)fl(: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql rsZsdc
hm KdllZ 308: vhsg lfl + l1 + l: >fl + 1: >1 + �J)fl( Zmc j + �J)fl(0 Rhmbd j + >fl —rn sgZs
j ∈ {>fl. >1{( Zmc lhm{>fl. >1{ ̸+ 9: gdmbd O1 vhmr ax KdllZ 3080

—e( He vfl�BC( + 1P)flm) >fl enq rnld m , l Zmc > ∈ {9.fl. � � � .1P)fl� fl{: sgd bnmzftqZshnm hr ne
sgd rZld enql Zr hm KdllZ 308: vhsg lfl + m: l1 +l Zmc >1 + 1: Zmc Zr m,l +⇒ lfl ̸+l1:
vd jmnv sgZs O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Vd bnmrhcdq sgd enkknvhmf rtabZrdr.
—Z( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl{: Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs

�1) >( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll) >. v1�AB( + fl. v1�BC( + 1P)fll)�J� >(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vghbg gZoodmr vgdm > + 9( nq vhsg
q + fl —vghbg gZoodmr vgdm > + fl(: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd
bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl{: Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z
fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 1P)fll) >: vfl�BC( +
1P)fll)�J)1( Zmc vfl�DE( + �J)fl(0 Rhmbd J ≡ 9 lnc 3: sgd sqhokd �1P)fll)fl.1P)fll)
J.J) fl( hr aZkZmbdc vgdm > + fl: Zmc sgd sqhokd �1P)fll.1P)fll)J) fl.J) fl( hr aZkZmbdc
vgdm > + 90 Hm dhsgdq bZrd: sgdqdenqd: sgd sqhokd �1P)fll) >.1P)fll)�J) 1(.J) fl( hr mns
aZkZmbdc: Zmc sgdqdenqd: O1 vhmr ax Sgdnqdl 1020
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—b( He vfl��A( + 1P)flm)>fl enq rnld m,l Zmc > ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm hr ne sgd
rZld enql Zr hm KdllZ 308: vhsg lfl + m: l1 +l Zmc >1 +J)1: Zmc Zr m,l +⇒ lfl ̸+l1:
vd jmnv sgZs O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J
—sghr hlokhdr e �j( ⩽ e �J) fl( + P(0 He j ⩾ fl Zmc j ≡ fl lnc 3: sgdm O1 qdlnudr vdhfgs �J) 1(�
�j)fl( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)1. v1�AB( + fl. v1�BC( + 1 e �j()fl1P� e �j(l)�j)fl(. v1�DE( + j.

vghbg hr ne sgd rZld enql Zr —304( vhsg q + 1 Zmc r + fl: Zmc Zr v1�DE( + j ⩽ J: vd bnmbktcd
sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0 Nm sgd nsgdq gZmc: he j ⩾ 5 Zmc j ≡ h lnc 3 enq rnld
h ∈ {9.1.2{: sgdm O1 qdlnudr vdhfgs �J ) 1(� �j� 2( eqnl sgd dcfd BC hm sgd rdbnmc qntmc:
kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)1. v1�AB( + fl. v1�BC( + 1 e �j()fl1P� e �j(l)�j�2(. v1�DE( + j.

vghbg hr ne sgd rZld enql Zr —305( vhsg q + 1 Zmc r+ fl: Zmc Zr v1�DE( + j ⩽ J: vd bnmbktcd sgZs
Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0 He j + 1: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd
enql fhudm ax KdllZ 308: vhsg >fl + 1: >1 + �J) 1( Zmc j + >fl: vghbg hlokhdr sgZs j ∈ {>fl. >1{0
Gdmbd: O1 vhmr ax KdllZ 3080 He j + 2: sgdm: kdsshmf J + 3m enq rnld m ∈ � —rhmbd J ≡ 9 lnc 3(:
sgd bnmzftqZshnm nasZhmdc Zesdq sgd zqrs qntmc bZm ad vqhssdm Zr enkknvr.

vfl��A( + 1P)fll)1+ 3lfl)1. vgdqd lfl + 1P�fll.

vfl�BC( + 1P)fll)�J)1( + 1P)fll)3m)1+ 3l1)1. vgdqd l1 + 1P�fll)m.

Zknmf vhsg vfl�AB( + fl Zmc vfl�DE( + 20 Sghr hr ne sgd rZld enql Zr sgd bnmzftqZshnm cdrbqhadc
hm KdllZ 308: vhsg lfl ̸+l1: vghbg kdZcr sn sgd bnmbktrhnm sgZs O1 vhmr0 He j+ 3: sgdm O1 qdlnudr
vdhfgs �J)fl( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll)fl. v1�DE( + 3.

vghbg hr ne sgd rZld enql Zr —303( vhsg q + fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )704: vd
jmnv sgZs Ofl knrdr0 EhmZkkx: he j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne �A Zmc
BC0 Sghr kdZudr O1 vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( +
1P)fll) 1: vfl�BC( + 1P)fll) �J ) 1( Zmc vfl�DE( + �J ) fl(0 Rhmbd J ≡ 9 lnc 3: sgd sqhokd
�1P)fll) 1.1P)fll) �J ) 1(.J( hr aZkZmbdc: Zmc bnmrdptdmskx: sgd sqhokd �1P)fll) 1.1P)fll)
�J)1(.�J)fl((: hr tmaZkZmbdc0 Sgdqdenqd: O1 vhmr ax Sgdnqdl 1020

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —60fl( hr knrhmf vgdm J ≡ 9 lnc 30
Vd mnv kds J ≡ h lnc 3 enq rnld h ∈ {fl.1.2{: vhsg J ⩾ 5: Zmc bnmrhcdq sgd bnmzftqZshnm

v9��A( + 1P)fll)1. v9�AB( + fl. v9�BC( + 1P)fll)�J�1(. v9�DE( + �J)fl(. —601(

vgdqd vd rds P+ e �J)fl(0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm bZm tmenkc Zr enkknvr.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Sghr kdZcr sn Z edv onrrhakd rtabZrdr.
—Z( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {1.2. � � � .J�2{: Zmc vfl�AB( + fl0 He > ≡ i lnc 3

enq rnld i ∈ {9.fl.2{: sgdm O1 qdlnudr vdhfgs �J ) fl(� �> ) 2( eqnl sgd dcfd DE hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>)2()fl1P� e �>)2(l)1. v1�AB( + fl.

v1�BC( + 1 e �>)2()fl1P� e �>)2(l) >. v1�DE( + �>)2(�
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Sghr bnmzftqZshnm hr ne sgd rZld enql Zr —305( vhsg q + 1: r + fl Zmc v1�DE( + �> ) 2( ⩽
J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0 He > ≡ 1 lnc 3: sgdm O1 qdlnudr vdhfgs
�J)fl(� �>�fl( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>�fl()fl1P� e �>�fl(l)1. v1�AB( + fl.

v1�BC( + 1 e �>�fl()fl1P� e �>�fl(l) >. v1�DE( + �>�fl(�

Sghr bnmzftqZshnm hr ne sgd rZld enql Zr —304( vhsg q + 1: r + fl Zmc v1�DE( + �>� fl( ⩽
�J � 3( , J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0 He > ∈ {9.fl{: sgdm O1 qdlnudr
vdhfgs �J)fl(� �>)2( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll) >. v1�DE( + �>)2(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl(: Zmc ax
vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl knrdr0

—a( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {9.fl. � � � .J� 2{ Zmc vfl�AB( + 90 Sghr kdZudr
O1 vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) 1:
vfl�BC( + 1P)fll) > Zmc vfl�DE( + �J) fl(0 Rhmbd > ⩽ �J� 2( +⇒ �1) >( ⩽ �J� fl( ,
�J)fl(: O1 vhmr ax KdllZ 30fl20

—b( He vfl�BC( + 1P)flm) >fl enq rnld m , l Zmc > ∈ {9.fl. � � � .1P)fl� fl{: sgd bnmzftqZshnm hr ne
sgd rZld enql Zr hm KdllZ 308: vhsg lfl + m: l1 +l Zmc >1 + 1: Zmc Zr m,l +⇒ lfl ̸+l1:
vd jmnv sgZs O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
BC: hm sgd zqrs qntmc0 Nmbd ZfZhm: vd bnmrhcdq Z edv rtabZrdr.
—Z( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl{: Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs

�1� >( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1P)fll) >. v1�AB( + fl. v1�BC( + 1P)fll)�J�1(. v1�DE( + �J�fl) >(.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl(: Zmc
ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl{: Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z
fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 1P)fll) >: vfl�BC( +
1P)fll)�J�1( Zmc v1�DE( + �J)fl(: Zmc O1 vhmr ax KdllZ 30fl20

—b( He vfl��A( + 1P)flm)>fl enq rnld m,l Zmc > ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm hr ne sgd
rZld enql Zr hm KdllZ 308: vhsg lfl + m: l1 +l Zmc >1 +J�1: Zmc Zr m,l +⇒ lfl ̸+l1:
vd jmnv sgZs O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J.
—Z( Vgdm j ∈ {J� fl.J{: O1 qdlnudr vdhfgs �J) fl� j( eqnl sgd dcfd �A hm sgd rdbnmc qntmc:

kdZuhmf Ofl vhsg

v1��A( + 1P)fll) j)fl�J. v1�AB( + fl. v1�BC( + 1P)fll)�J�1(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm j + J�fl: Zmc ne sgd enql fhudm ax —303(
vhsg q+ fl vgdm j+J: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl
knrdr0 He j+ �J�1(: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308:
vhsg lfl + l1 + 1P� e �J�1(l: >fl + 1 Zmc >1 + �J�1(: rn sgZs j ∈ {>fl. >1{: Zmc gdmbd: O1 vhmr
ax KdllZ 3080

—a( Rtoonrd j ∈ {fl.1. � � � .J�2{: rtbg sgZs j≡ fl lnc 30 Rhmbd J ≡ h lnc 3 enq rnld h∈ {fl.1.2{:
vd gZud �J�2(≡ i lnc 3 enq rnld i ∈ {9.1.2{0 Sgtr: sghr bZrd cndr mns bnudq j+ �J�2(:
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Zmc vd lZx Zr vdkk bnmrhcdq Zkk j ∈ {fl.1. � � � .J�3{ rtbg sgZs j≡ fl lnc 30 Gdqd: O1 qdlnudr
vdhfgs �J�1(� �j)fl( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)1. v1�AB( + fl.

v1�BC( + 1 e �j()fl1P� e �j(l)�j)fl(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —304( vhsg q + 1: r+ fl Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0

—b( Rtoonrd j ∈ {5.6. � � � .J� 2{ rtbg sgZs j ≡ i lnc 3 enq rnld i ∈ {9.1.2{0 Hm sghr bZrd: O1
qdlnudr vdhfgs �J�1(� �j�2( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)1. v1�AB( + fl.

v1�BC( + 1 e �j()fl1P� e �j(l)�j�2(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —305( vhsg q + 1: r+ fl Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0

—c( Rtoonrd j ∈ {1.2.3{0 He j + 1: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd rZld enql
Zr hm KdllZ 308: vhsg lfl + l1 + 1P�fll —rhmbd 1 e �1()fl + 3(: >fl + 1 Zmc >1 + �J�1(: rn sgZs
j ∈ {>fl. >1{: Zmc gdmbd: O1 vhmr ax KdllZ 3080 He j ∈ {2.3{: O1 qdlnudr vdhfgs �J) fl� j(
eqnl BC ctqhmf sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll)�j�2(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm j+ 2: Zmc ne sgd enql fhudm ax —303( vhsg
q + fl vgdm j + 3: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd bnmbktcd sgZs Ofl
knrdr0

—hu( Rtoonrd Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: vhsgnts odqstqahmf sgd dcfd/vdhfgsr ne �A Zmc
BC0 Sghr kdZudr O1 vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( +
1P)fll)1: vfl�BC( + 1P)fll)�J�1( Zmc vfl�DE( + �J)fl(: Zmc O1 vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs —601( hr Z knrhmf bnmzftqZshnm nm Gfl0 Sghr Zkrn aqhmfr tr
sn sgd dmc ne ntq hmctbshud oqnne ne sgd bkZhl sgZs dZbg ne —304( Zmc —305(: vhsg q + 1: qdoqdrdmsr Z knrhmf
bnmzftqZshnm nm Gfl0

6060 Opnne sgWs W bnmzftpWshnm sgWs hr ne sgd enpl fhudm aw —306(. vhsg q + 1. hr knrhmf0 Sgd aZrd bZrd
enq sgd hmctbshud Zqftldms dloknxdc enq sghr oqnne gZr addm Zccqdrrdc hm )706 ne )70 Rtoonrd: mnv: sgZs enq
rnld J ∈� vhsg J ⩾ 5: vd gZud rgnvm sgZs Z bnmzftqZshnm ne sgd enql fhudm ax —306(: vhsg q+ 1: hr knrhmf
Zr knmf Zr v9�DE( + j ⩽ J0 Vd mnv bnmrhcdq sgd bnmzftqZshnm —rdsshmf r+ �J�K�fl((.

v9��A( + 1P)fll)1. v9�AB( + J�K�fl. v9�BC( + 1P)fll)K. v9�DE( + J)fl. —602(

vgdqd P + e �J) fl( Zmc K ∈ {1.2. � � � .J� 2{0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm
tmenkcr Zr enkknvr.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB hm sgd zqrs qntmc0 Ehqrs: vd bnmrhcdq sgd onrrhahkhsx sgZs vfl�BC( + 1P)fll) > enq rnld > ∈
{9.fl. � � � .K�fl{ Zmc vfl�AB( + s ∈ {9.fl. � � � .J�K�fl{0 Sghr bZm ad chuhcdc hmsn Z edv rtabZrdr.
—Z( Rtoonrd > ∈ {9.fl{ Zmc s ∈ {fl.1. � � � .J�K�fl{: nq > ∈ {1.2. � � � .K�fl{ Zmc s ∈ {1.2. � � � .J�

K� fl{0 Hm dZbg ne sgdrd bZrdr: O1 qdlnudr vdhfgs �J) fl(� �>) s) 1( eqnl sgd dcfd DE hm
sgd rdbnmc qntmc0 Mnsd sgZs > ⩽ �K� fl( Zmc s ⩽ �J�K� fl( snfdsgdq hlokx �>) s) 1( ⩽ J:
vghbg: hm stqm: hlokhdr e �>) s)1( ⩽ e �J)fl( + P0 Sghr kdZudr Ofl vhsg

v1��A( + 1 e �>)s)1()fl1P� e �>)s)1(l)1. v1�AB( + s.
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v1�BC( + 1 e �>)s)1()fl1P� e �>)s)1(l) >. v1�DE( + �>) s)1(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm > + 9: ne sgd enql fhudm ax —303( vhsg
q + fl vgdm > + fl: Zmc ne sgd enql fhudm ax —306( vhsg q + 1 Zmc v1�DE( + �>) s) 1( ⩽ J
vgdm > ∈ {1.2. � � � .K�fl{ Zmc s ∈ {1.2. � � � .J�K�fl{0 Hm sgd zqrs svn bZrdr: Ofl knrdr ax vgZs
vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vghkd hm sgd sghqc bZrd: Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0

—a( Rtoonrd > ∈ {1.2. � � � .K� fl{ Zmc s + fl0 He > ≡ 1 lnc 3: sgdm O1 qdlnudr vdhfgs �J) fl(�
�>�fl( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>�fl()fl1P� e �>�fl(l)1. v1�AB( + fl.

v1�BC( + 1 e �>�fl()fl1P� e �>�fl(l) >. v1�DE( + �>�fl(.

vghbg hr ne sgd rZld enql Zr —304( vhsg q + 1 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc
hm )605: vd bnmbktcd sgZs Ofl knrdr0 He > ≡ h lnc 3 enq rnld h ∈ {9.fl.2{: sgdm O1 qdlnudr
�J) fl(� �>) 2( eqnl sgd dcfd DE hm sgd rdbnmc qntmc —mnsd sgZs > ⩽ K� fl Zmc K ⩽ J� 2
snfdsgdq hlokx sgZs >)2⩽ J�fl(: kdZuhmf Ofl vhsg

v1��A( + 1 e �>)2()fl1P� e �>)2(l)1. v1�AB( + fl.

v1�BC( + 1 e �>)2()fl1P� e �>)2(l) >. v1�DE( + �>)2(.

vghbg hr ne sgd rZld enql Zr —305( vhsg q + 1 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc
hm )605: vd jmnv sgZs Ofl knrdr0

—b( He > ∈ {9.fl. � � � .K�fl{ Zmc s + 9: O1: Zesdq sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf
ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 1P)fll)1: vfl�BC( + 1P)fll)> Zmc vfl�DE( +
�J)fl(0 Rhmbd > ⩽ �K�fl( Zmc K⩽ �J�2(: vd bnmbktcd: ax KdllZ 30fl2: sgZs O1 vhmr0

Sgd rdbnmc onrrhahkhsx hr sgZs vfl�BC( + 1P)flm ) >fl enq rnld m , l Zmc rnld >fl ∈
{9.fl. � � � .1P)fl� fl{0 Hm sghr bZrd: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd rZld enql Zr
hm KdllZ 308: vhsg lfl + m: l1 +l Zmc >1 + 1: Zmc Zr m,l +⇒ lfl ̸+l1: vd jmnv sgZs O1 vhmr
ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: hm sgd zqrs qntmc0 Sgd zqrs onrrhahkhsx hr vgdqd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl{: Zmc
vfl�AB( + s ∈ {9.fl. � � � .J�K�fl{0 Vd chuhcd sghr hmsn Z edv rtabZrdr.
—Z( He s ∈ {fl.1. � � � .J�K�fl{: sgdm O1 qdlnudr vdhfgs �J)fl(� �>) s)K( eqnl sgd dcfd DE hm

sgd rdbnmc qntmc0 Mnsd sgZs s ⩽ J�K�fl Zmc > ⩽ fl snfdsgdq hlokx sgZs �>) s)K( ⩽ J0 Sghr
kdZudr Ofl vhsg

v1��A( + 1 e �>)s)K()fl1P� e �>)s)K(l) >. v1�AB( + s.

v1�BC( + 1 e �>)s)K()fl1P� e �>)s)K(l)K. v1�DE( + �>) s)K(.

vghbg hr ne sgd rZld enql Zr —303( vhsg dhsgdq q + 9 vgdm > + 9 nq q + fl vgdm > + fl: Zmc ax
vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd bnmbktcd sgZs Ofl knrdr0

—a( He s + 9: sgdm O1: Zesdq sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:
BC Zmc DE : vgdqd vfl��A( + 1P)fll) >: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J)fl(0 Rhmbd
> ⩽ fl Zmc K⩽ �J�2(: vd bnmbktcd: ax KdllZ 30fl2: sgZs O1 vhmr0

Sgd rdbnmc onrrhahkhsx hr sgZs vfl��A( + 1P)flm ) >fl enq rnld m , l Zmc rnld >fl ∈
{9.fl. � � � .1P)fl� fl{0 Hm sghr bZrd: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd rZld enql Zr
hm KdllZ 308: vhsg lfl + m: l1 +l Zmc >1 + K: Zmc Zr m,l +⇒ lfl ̸+l1: vd jmnv sgZs O1 vhmr
ax KdllZ 3080
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—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc0 He vfl�DE( + j ∈ {J�
K)fl. � � � .J{: O1 qdlnudr vdhfgs �J)fl� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)1. v1�AB( + J�K�fl.

v1�BC( + 1 e �j()fl1P� e �j(l)K) j�J�fl. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm j + J� K) fl: ne sgd enql fhudm ax —303(
vhsg q + fl vgdm j + J�K) 1: Zmc ne sgd enql fhudm ax —306( vhsg q + 1 Zmc v1�DE( + j ⩽ J
vgdm j ∈ {J � K) 2. � � � .J{0 SgZs Ofl knrdr hm sgd zqrs svn bZrdr enkknvr eqnl vgZs vd gZud
ZkqdZcx oqnudc hm )603 Zmc )704: Zmc sgZs rgd knrdr hm sgd sghqc bZrd enkknvr eqnl ntq hmctbshnm
gxonsgdrhr0 He j ∈ {fl.1. � � � .J�K{: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd rZld enql
Zr hm KdllZ 30flfl: vhsg >fl + 1: >1 + K Zmc vfl�AB( + �J�K�fl( / vfl�DE(�lhm{>fl. >1{: rn sgZs
O1 vhmr ax KdllZ 30flfl0 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd
dcfd/vdhfgsr ne �A Zmc BC: rn sgZs vfl�AB( + s ∈ {9.fl. � � � .J�K�1{0
—Z( He s ∈ {1.2. � � � .J�K�1{: O1 qdlnudr vdhfgs �J)fl(� �1) s)K( eqnl sgd dcfd DE hm sgd

rdbnmc qntmc0 Mnsd sgZs �1) s)K( ⩽ 1)�J�K�1()K+ J0 Sghr kdZudr Ofl vhsg

v1��A( + 1 e �1)s)K()fl1P� e �1)s)K(l)1. v1�AB( + s.

v1�BC( + 1 e �1)s)K()fl1P� e �1)s)K(l)K. v1�DE( + �1) s)K(.

vghbg hr ne sgd rZld enql Zr —306( vhsg q + 1 Zmc v1�AB( + s ⩾ 1: Zmc Zr v1�DE( + �1) s)
K( ⩽ J: vd bnmbktcd sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—a( Rtoonrd s + fl0 Gdqd: he K≡ 1 lnc 3: sgdm O1 qdlnudr vdhfgs �J)fl(� �K�fl( eqnl sgd dcfd
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�fl()fl1P� e �K�fl(l)1. v1�AB( + fl.

v1�BC( + 1 e �K�fl()fl1P� e �K�fl(l)K. v1�DE( + �K�fl(.

vghbg hr ne sgd enql fhudm ax —304( vhsg q + 1 Zmc vfl�AB( + r + fl: Zmc ax vgZs vd gZud
ZkqdZcx oqnudc hm )605: vd bnmbktcd sgZs Ofl knrdr0 He: nm sgd nsgdq gZmc: K≡ h lnc 3 enq rnld
h ∈ {9.fl.2{: sgdm O1 qdlnudr vdhfgs �J)fl(� �K)2( eqnl sgd dcfd DE hm sgd rdbnmc qntmc
—qdbZkk sgZs K⩽ �J�2( +⇒ �J)fl(� �K)2( / 9(: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)2()fl1P� e �K)2(l)1. v1�AB( + fl.

v1�BC( + 1 e �K)2()fl1P� e �K)2(l)K. v1�DE( + �K)2(.

vghbg hr ne sgd enql fhudm ax —305( vhsg q + 1 Zmc vfl�AB( + r + fl: Zmc ax vgZs vd gZud
ZkqdZcx oqnudc hm )605: vd jmnv sgZs Ofl knrdr0

—b( EhmZkkx: he s + 9: O1 hr kdes vhsg Z fZkZwx fqZog Zs sgd dmc ne sgd zqrs qntmc: bnmrhrshmf ne sgd
dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) 1: vfl�BC( + 1P)fll) K Zmc vfl�DE( +
�J)fl(0 Rhmbd K⩽ �J�2(: vd bnmbktcd: ax KdllZ 30fl2: sgZs O1 vhmr0

Sghr bnmbktcdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —602( hr knrhmf0 Sghr Zkrn bnmbktcdr sgd
hmctbshud oqnne ne ntq bkZhl sgZs Zmx bnmzftqZshnm nm Gfl ne sgd enql fhudm ax —306(: vhsg q + 1: hr knrhmf0

70 �OODMCHW

Sgd Zoodmchw rdbshnm ne sghr oZodq gZr addm cdchbZsdc sn rgnvbZrhmf Zkk sgnrd cdsZhkr vgnrd hmbktrhnm hm
sgd lZhm ancx ne sgd oZodq vntkc lZjd qdZchmf Zmc bnloqdgdmrhnm ne sgd oqnne sdbgmhptdr btladqrnld
Zmc oqnud Z ghmcqZmbd sn ktbhchsx0
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70fl0 AdsWhkr nlhssdc epnl sgd opnne ne Sgdnpdl 3020 Vd oqnud sgd aZrd bZrd ne sgd hmctbshud Zqftldms
dloknxdc hm sgd oqnne ne Sgdnqdl 302: enq oqnuhmf sgZs sgd bnmzftqZshnm hm —40fl( hr knrhmf0 Rhmbd sgd
hmctbshnm gZoodmr vhsg qdrodbs sn sgd dcfd/vdhfgs v9�BC(: sgd aZrd bZrd bnmrhrsr ne v9��A( + v9�AB( +
v9�CA( + fl Zmc v9�BC( + 10 Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm.

—h( Rtoonrd Ofl rdkdbsr sgd udqsdw A hm sgd zqrs qntmc: Zmc qdlnudr Zs kdZrs nmd ne sgd dcfdr �A: AB Zmc
CA0
—Z( He Ofl qdlnudr nmkx �A: sgdm hm sgd rdbnmc qntmc: O1 qdlnudr vdhfgs fl eqnl BC —ax bgnnrhmf

dhsgdq B nq C(: kdZuhmf adghmc Z sqhZmfkd vhsg Zkk sgqdd dcfd/vdhfgsr dptZk: rn sgZs Ofl knrdr ax
Sgdnqdl 40fl0

—a( He Ofl qdlnudr nmkx AB —ZmZknfntrkx: Ofl qdlnudr nmkx CA(: sgdm O1 rdkdbsr C Zmc qdlnudr
vdhfgs fl eqnl dZbg ne CA ZmcBC hm sgd rdbnmc qntmc —ZmZknfntrkx: O1 rdkdbsrB Zmc qdlnudr
vdhfgs fl eqnl dZbg ne AB Zmc BC hm sgd rdbnmc qntmc(: kdZuhmf Ofl vhsg �A Zmc BC vgdqd
v9��A( + v9�BC( + fl: rn sgZs Ofl knrdr ax Sgdnqdl 1020

—b( He Ofl qdlnudr ansg �A Zmc AB —vghbg hr ZmZknfntr sn gdq qdlnuhmf ansg �A Zmc CA(: sgdm O1
rdkdbsr C Zmc qdlnudr ansg CA Zmc BC hm sgd rdbnmc qntmc —ZmZknfntrkx: rgd rdkdbsr B Zmc
qdlnudr ansg AB Zmc BC(: sgtr vhmmhmf sgd fZld hlldchZsdkx0

—c( He Ofl qdlnudr ansg AB Zmc CA: sgdm O1 qdlnudr vdhfgs fl eqnl BC hm sgd rdbnmc qntmc: rn
sgZs Ofl knrdr ax Sgdnqdl 1020

—d( He Ofl qdlnudr Zkk sgqdd ne �A: AB Zmc CA: sgdm O1 qdlnudr BC hm sgd rdbnmc qntmc: sgtr
vhmmhmf sgd fZld hlldchZsdkx0

—hh( Rtoonrd Ofl rdkdbsr sgd udqsdwB hm sgd zqrs qntmc —vghbg hr ZmZknfntr sn gdq rdkdbshmf sgd udqsdw C(0
He Ofl qdlnudr nmkx AB: sgdm O1§r qdronmrd hr sgd rZld Zr sgd bnqqdronmchmf bZrd chrbtrrdc Zanud0
—Z( He Ofl qdlnudr nmkx vdhfgs fl eqnl BC: Zmc mnmd eqnl AB: sgdm O1 qdlnudr sgd dcfd �A hm sgd

rdbnmc qntmc: Zmc Ofl knrdr ax Sgdnqdl 40fl0
—a( He Ofl qdlnudr sgd dmshqd dcfdBC: ats kdZudr AB hmsZbs: sgdm O1 rdkdbsr sgd udqsdw A Zmc qdlnudr

Zkk ne �A: CA Zmc AB hm sgd rdbnmc qntmc: sgtr vhmmhmf sgd fZld hlldchZsdkx0
—b( He Ofl qdlnudr vdhfgs fl eqnl dZbg ne AB Zmc BC: sgdm O1 qdlnudr sgd dcfd CA hm sgd rdbnmc

qntmc: Zmc Ofl knrdr ax Sgdnqdl 1020
—c( He Ofl qdlnudr ansg AB Zmc BC: sgdm O1 rdkdbsr sgd udqsdw A Zmc qdlnudr ansg �A Zmc CA hm

sgd rdbnmc qntmc: sgtr vhmmhmf sgd fZld hlldchZsdkx0
—hhh( Rtoonrd Ofl rdkdbsr �: Zmc qdlnudr �A hm sgd zqrs qntmc0 Sgdm O1 qdlnudr vdhfgs fl eqnlBC hm sgd

rdbnmc qntmc: Zmc vhmr ax Sgdnqdl 40fl0
Sghr rgnvr tr sgZs mn lZssdq sgd lnud lZcd ax Ofl hm sgd zqrs qntmc: O1 onrrdrrdr Z vhmmhmf rsqZsdfx: sgtr

bnlokdshmf sgd oqnne ne sgd aZrd bZrd enq sgd hmctbshud Zqftldms dloknxdc hm oqnuhmf sgZs Zmx bnmzftqZshnm
nm E1 sgZs hr ne sgd enql —40fl( hr knrhmf0

7010 AdsWhkr nlhssdc epnl sgd opnne ne Rsdo —C1( ldWms enp opnuhmf Sgdnpdl 3050 Vd oqnud sgZs Z
bnmzftqZshnm rZshrexhmf sgd gxonsgdrhr ne —�fl( hr knrhmf vgdm l+ fl: j + fl: h+ fl Zmc > ∈ �9: h0d0 vd rgnv
sgZs sgd enkknvhmf bnmzftqZshnm hr knrhmf nm F3.

v9��A( + v9�AB( + 1)1>. v9�B�( + 2)1> Zmc v9�CD( + fl� —70fl(

Sn adfhm vhsg: vd bnmrhcdq sgd bnmzftqZshnm nasZhmdc eqnl —70fl( ax rdsshmf > + 9: h0d0 vgdqd v9��A( +
v9�AB( + 1: v9�B�( + 2 Zmc v9�CD( + fl0 Hm sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk vdhfgs
bnmzftqZshnm: nmd ne sgd enkknvhmf sqZmrohqdr.

—h( Rtoonrd Ofl qdlnudr dcfd/vdhfgsr eqnl Zs lnrs svn ne sgd dcfdr Zlnmf �A: AB Zmc B�: kdZuhmf
O1 vhsg lhm{vfl��A(.vfl�AB(.vfl�B�({ ∈ {9.fl.1{0 Mnsd sgZs sghr lhmhltl dptZkr 1 he Zmc nmkx he
Ofl qdlnudr vdhfgs fl eqnl sgd dcfd B� hm sgd zqrs qntmc: Zmc kdZudr Zkk dkrd tmchrstqadc: rn sgZs hm
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sghr bZrd: hs rtezbdr enq O1 sn rhlokx qdlnud sgd dcfd CD hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg �A:
AB Zmc B�: vhsg v1��A( + v1�AB( + v1�B�( + 10 Sgdqdenqd: Ofl knrdr ax Sgdnqdl 40fl0
He lhm{vfl��A(.vfl�AB(.vfl�B�({+ fl: sgdm O1 qdlnudr Zkk dcfdr: nts ne �A: AB ZmcB�: dwbdos

enq sgd nmd vgnrd dcfd/vdhfgs Zesdq sgd zqrs qntmc ne sgd fZld dptZkr fl0 Sghr kdZudr Ofl vhsg svn
chrinhms dcfdr: nmd ne vghbg hr CD : dZbg gZuhmf dcfd/vdhfgs fl: Zmc Ofl knrdr ax Sgdnqdl 1020
He lhm{vfl��A(.vfl�AB(.vfl�B�({ + 9: sgdm Zs kdZrs nmd ne sgd dcfdr nts ne �A: AB Zmc B� gZr

addm bnlokdsdkx qdlnudc hm sgd zqrs qntmc0 Mnsd sgZs sghr ZkqdZcx kdZudr O1 vhsg Z fZkZwx fqZog
vgnrd bnmmdbsdc bnlonmdmsr Zqd svn rsZq fqZogr. nmd ne vghbg bnmrhrsr ne nmd nq svn dcfdr nts
ne �A: AB ZmcB�: Zmc sgd nsgdq bnmrhrsr ne nmkx sgd dcfd CD 0 Rhmbd Ofl bZm Zksdq sgd dcfd/vdhfgsr
ne Zs lnrs svn ne sgd dcfdr �A: AB Zmc B� hm sgd zqrs qntmc: sgd enqldq ne sgdrd svn bnlonmdmsr
gZr Zs kdZrs nmd qZx vhsg dcfd/vdhfgs rsqhbskx fqdZsdq sgZm fl0 O1: sgdqdenqd: bZm qdlnud sgd qdpthrhsd
vdhfgs eqnl sgd enqldq bnlonmdms hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg svn chrinhms dcfdr
—nmd ne vghbg hr CD(: dZbg vhsg dcfd/vdhfgs fl: Zmc rgd knrdr ax Sgdnqdl 1020

—hh( Rtoonrd Ofl qdlnudr sgd dcfd CD hm sgd zqrs qntmc0 Sgdm O1 qdlnudr vdhfgs fl eqnl sgd dcfd
B� hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg �A: AB Zmc B� vgdqd v1��A( + v1�AB( + v1�B�( + 10
Bnmrdptdmskx: Ofl knrdr ax Sgdnqdl 40fl0

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl( hr knrhmf enq > + 90
Rtoonrd vd gZud oqnudc sgZs sgd bnmzftqZshnm hm —70fl( hr knrhmf vgdmdudq > ⩽ K: enq rnld K ∈ �90 Vd

mnv bnmrhcdq sgd bnmzftqZshnm

v9��A( + v9�AB( + 1)1�K)fl(. v9�B�( + 2)1�K)fl( Zmc v9�CD( + fl� —701(

Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk vdhfgs bnmzftqZshnm tmenkcr hm nmd ne sgd enkknvhmf vZxr.
—h( Rtoonrd Ofl qdlnudr dcfd/vdhfgsr eqnl Zs lnrs svn ne sgd dcfdr �A: AB ZmcB� hm sgd zqrs qntmc:
rtbg sgZs

lhm{vfl��A(.vfl�AB(.vfl�B�({+ 1�h)fl( enq rnld h ∈ �9�
Mnsd sgZs vd ltrs gZud 1�h) fl( ⩽ 1) 1�K) fl( + 1�K) 1( +⇒ h ⩽ �K) fl(0 He h + �K) fl(: sgdm
Ofl ltrs gZud qdlnudc vdhfgs fl eqnl sgd dcfd B�: Zmc kdes Zkk dkrd tmbgZmfdc: hm sgd zqrs qntmc0
Gnvdudq: sghr ldZmr sgZs vfl��A( +vfl�AB( +vfl�B�( + 1�K)1(: Zmc O1 rhlokx qdlnudr sgd dcfd
CD hm sgd rdbnmc qntmc rn Zr sn lZjd Ofl knrd ax Sgdnqdl 40fl0
Rtoonrd h⩽ K0 Hm sghr bZrd: 2)1h⩽ 2)1K, 3)1K+ 1)1�K)fl(0 Sgdqdenqd: O1: hm sgd rdbnmc

qntmc: bZm rdkdbs Zm ZooqnoqhZsd udqsdw nts ne �: A Zmc B: Zmc qdctbd sgd dcfd/vdhfgsr ne sgd svn
dcfdr hmbhcdms nm hs rtbg sgZs sgd dcfd/vdhfgsr ne �A: AB ZmcB�: hm rnld nqcdq: adbnld �1)1h(:
�1)1h( Zmc �2)1h(0 �r Zm dwZlokd: he Ofl rdkdbsr sgd udqsdw B Zmc qdlnudr vdhfgsr eqnl AB Zmc
B� hm sgd zqrs qntmc hm rtbg Z lZmmdq sgZs

vfl�B�( + 1�h)fl( + 1)1h Zmc 1)1h⩽ vfl�AB( ⩽ v9�AB(.

sgdm hm sgd rdbnmc qntmc: O1 rdkdbsr sgd udqsdw A: qdlnudr dcfd/vdhfgs vfl�AB(� �1)1h( eqnl AB:
Zmc qdlnudr dcfd/vdhfgs vfl��A(� �2)1h( + v9��A(� �2)1h( + {1)1�K)fl({� �2)1h( eqnl
�A: rn sgZs Ofl hr kdes vhsg

v1�AB( + v1�B�( + 1)1h. v1��A( + 2)1h Zmc v1�CD( + fl.

vghbg hr ne sgd rZld enql Zr —70fl(: vhsg > + h ⩽ K0 Bnmrdptdmskx: Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0
He: nm sgd nsgdq gZmc: lhm{vfl��A(.vfl�AB(.vfl�B�({ + 9: sgdm: Zesdq sgd zqrs qntmc: O1 hr kdes

vhsg Z fZkZwx fqZog vhsg svn bnlonmdmsr: nmd ne vghbg hr sgd dcfd CD vhsg dcfd/vdhfgs fl: vghkd
sgd nsgdq gZr Zs kdZrs nmd qZx vgnrd dcfd/vdhfgs hr Zs kdZrs 1) 1�K) fl(0 Hs hr duhcdms eqnl Sgdn/
qdl 102 sgZs O1 vhmr0
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—hh( Rtoonrd Ofl qdlnudr dcfd/vdhfgsr eqnl Zs lnrs svn ne sgd dcfdr �A: AB ZmcB� hm sgd zqrs qntmc:
rtbg sgZs

lhm{vfl��A(.vfl�AB(.vfl�B�({+ 1�h)fl()fl enq rnld h ∈ �9�
Mnsd sgZs vd ltrs gZud 1�h)fl()fl, 1)1�K)fl( +⇒ h⩽ K: vghbg: hm stqm: hlokhdr sgZs 1)1h⩽
1) 1K , 1) 1�K) fl(0 Hm sghr bZrd: O1 rdkdbsr Zm ZooqnoqhZsd udqsdw nts ne �A: AB Zmc B�: Zmc
qdctbdr sgd dcfd/vdhfgsr ne sgd svn dcfdr hmbhcdms nm hs rtbg sgZs sgd dcfd/vdhfgsr ne �A: AB Zmc
B�: Zs sgd dmc ne sgd rdbnmc qntmc: adbnld �1) 1h(: �1) 1h( Zmc 1�h) fl() fl + �2) 1h( hm rnld
nqcdq0 Enq hmrsZmbd: he Ofl rdkdbsr sgd udqsdw A Zmc qdlnudr vdhfgsr eqnl �A Zmc AB hm sgd zqrs
qntmc hm rtbg Z lZmmdq sgZs

vfl��A( + 1�h)fl()fl Zmc 1�h)fl()fl⩽ vfl�AB( ⩽ v9�AB(.

sgdm O1: hm sgd rdbnmc qntmc: rdkdbsr sgd udqsdw B Zmc qdlnudr vdhfgs vfl�AB(� �1) 1h( eqnl sgd
dcfd AB Zmc vdhfgs vfl�B�(��1)1h( +v9�B�(��1)1h( + 2)1�K)fl(��1)1h( eqnl sgd dcfd
B�0 Sghr kdZudr Ofl vhsg

v1��A( + 1�h)fl()fl+ 2)1h. v1�AB( + v1�B�( + 1)1h Zmc v1�CD( + fl.

Zmc Zr h⩽ K: gdmbd Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
Nm sgd nsgdq gZmc: he lhm{vfl��A(.vfl�AB(.vfl�B�({ + fl: sgdm O1 qdlnudr: ax bgnnrhmf Zm

ZooqnoqhZsd udqsdw nts ne �: A Zmc B hm sgd rdbnmc qntmc: svn ne sgd dcfdr nts ne �A: AB Zmc B�:
kdZuhmf adghmc nmkx sgd sghqc sgZs gZr dcfd/vdhfgs fl0 Sghr kdZudr Ofl vhsg svn chrinhms dcfdr —nmd
ne vghbg hr CD(: dZbg vhsg dcfd/vdhfgs fl: Zmc rgd knrdr ax Sgdnqdl 40fl0

—hhh( EhmZkkx: he Ofl qdlnudr sgd dcfd CD hm sgd zqrs qntmc: sgdm O1 qdlnudr vdhfgs fl eqnl B� hm sgd
rdbnmc: lZjhmf Ofl knrd ax Sgdnqdl 40fl0

Sghr bnmbktcdr sgd oqnne ne sgd eZbs sgZs sgd bnmzftqZshnm hm —701( hr knrhmf: sgtr bnlokdshmf sgd hmctbshud
oqnne ne sgd bkZhl sgZs sgd bnmzftqZshnm hm —70fl( hr knrhmf enq Zkk > ∈ �90 Sghr drsZakhrgdr sgd aZrd bZrd ne
sgd hmctbshud Zqftldms dloknxdc hm oqnuhmf Rsdo —C1(0

7020 AdsWhkr nlhssdc epnl sgd opnne ne Rsdo —C3(ldWms enp opnuhmf Sgdnpdl 3050 Sgd aZrd bZrd enq sgd
hmctbshud Zqftldms dloknxdc enq oqnuhmf Rsdo —C3( bnqqdronmcr sn v9�CD( + 3: svn ne v9��A(: v9�AB(
Zmc v9�B�( adhmf dptZk sn fl dZbg: Zmc sgd sghqc adhmf dptZk sn 1 —sghr hr adbZtrd vd ltrs dmrtqd sgZs v9��A(:
v9�AB( Zmc v9�B�( Zqd mns Zkk dptZk(0 Vhsgnts knrr ne fdmdqZkhsx: kds tr bnmrhcdq v9��A( + v9�AB( + fl:
v9�B�( + 1 Zmc v9�CD( + 30
Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm bZm tmenkc hm nmd ne sgd enkknvhmf vZxr.
—h( Rtoonrd Ofl qdlnudr: hm sgd zqrs qntmc: Zs kdZrs nmd ne sgd dcfdr �A: AB ZmcB�0 Sgdm O1 hr kdes vhsg
Z fZkZwx fqZog vhsg svn bnlonmdmsr. nmd ne vghbg hr sgd dcfd CD vhsg vfl�CD( + 3: Zmc sgd nsgdq
gZuhmf sgd rtl ne hsr dcfd/vdhfgsr rsqhbskx kdrr sgZm 30 Sgdqdenqd: sgd bnqqdronmchmf bnmzftqZshnm
hr tmaZkZmbdc: Zmc O1 vhmr ax Sgdnqdl 1020

—hh( Rtoonrd Ofl qdlnudr vdhfgs fl eqnl sgd dcfd B� hm sgd zqrs qntmc: Zmc kdZudr Zkk dkrd tmbgZmfdc0
Sgdm O1 qdlnudr sgd dcfd CD hm sgd rdbnmc qntmc: Zmc vhmr ax Sgdnqdl 40fl0

—hhh( Rtoonrd Ofl qdlnudr rnld dcfd/vdhfgs eqnl CD hm sgd zqrs qntmc0 He vfl�CD( + 2: sgdm O1 qdlnudr
sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog bnloqhrhmf svn bnlonmdmsr. nmd
ne vghbg hr sgd dcfd CD vhsg v1�CD( + 2: Zmc sgd nsgdq hr Z rsZq fqZog bnmrhrshmf ne sgd dcfdr
AB Zmc B�: vhsg v1�AB()v1�B�( + 20 Bnmrdptdmskx: Ofl knrdr ax Sgdnqdl 1020 He vfl�CD( + 1:
sgdm O1 qdlnudr dcfdr �A Zmc AB hm sgd rdbnmc qntmc: Zmc he vfl�CD( + fl: sgdm O1 qdlnudr dcfdr
AB Zmc B� hm sgd rdbnmc qntmc0 Hm dhsgdq ne sgdrd bZrdr: nmbd ZfZhm: Ofl knrdr ax Sgdnqdl 1020 He
vfl�CD( + 9: sgdm O1 qdlnudr vdhfgs fl eqnlB� hm sgd rdbnmc qntmc: Zmc Ofl knrdr ax Sgdnqdl 40fl0

Sghr bnlokdsdr sgd oqnne ne sgd aZrd bZrd enq sgd hmctbshud Zqftldms dloknxdc hm oqnuhmf Rsdo —C3(0
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7030 Opnne ne IdllW 30fi20 Vd rds P+ e �j(: Zmc rhmbd dZbg ne >fl Zmc >1 hr hm

9.fl. � � � .1P)fl�fl


: vd bZm

vqhsd sgd aZrd/1 qdoqdrdmsZshnmr ne >fl Zmc >1 Zr >fl + �XPXP�fl � � �XflX9(1 Zmc >1 + �aPaP�fl � � �afla9(10 Vd mnv
zmc bh ∈ {9.fl{: enq dZbg h ∈ {9.fl. � � � .P{: rtbg sgZs Xh)ah) bh hr dudm0 Duhcdmskx: sgd sqhokd

1P)fll) >fl.1P)fll) >1.
P

�
h+9

bh1h


hr aZkZmbdc: Zmc sgdqdenqd: knrhmf ax Sgdnqdl 10fl0 Mnsd sgZs: enq dZbg h ∈ {9.fl. � � � .P{:
—h( dhsgdq Zs lnrs nmd ne Xh Zmc ah dptZkr fl: hm vghbg bZrd vd gZud bh + Xh)ah:
—hh( nq dkrd Xh + ah + fl: hm vghbg bZrd bh + 9, Xh)ah0

Bnlahmhmf sgdrd nardquZshnmr: vd bZm vqhsd sgd hmdptZkhsx.
P

�
h+9

bh1h ⩽
P

�
h+9

�Xh)ah(1h + >fl) >1 , j�

Bnmrdptdmskx: sgd sqhokd �1P)fll) >fl.1P)fll) >1.j( ltrs ad tmaZkZmbdc: Zmc sgdqdenqd: vhmmhmf ax Sgdn/
qdl 10fl0 Sghr bnlokdsdr sgd oqnne ne KdllZ 30fl20

7040 Opnne sgWs Wmw bnmzftpWshnm ne sgd enpl fhudm aw —303(. vhsg q + fl. hr knrhmf0 Sgd oqnne sgZs Zmx
bnmzftqZshnm nm Gfl sgZs hr ne sgd enql fhudm ax —303(: vhsg q + fl: hr hmctbshud: Zmc vd adfhm ax drsZakhrghmf
sgd aZrd bZrd: nasZhmdc ax rdsshmf r + fl Zmc j + 2 hm —303(0 Bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm
sghr hmhshZk bnmzftqZshnm: h0d0 nm v9��A( + v9�BC( + 3l)fl: v9�AB( + fl Zmc v9�DE( + 2: enq Zmx l ∈ �.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc —Zm ZmZknfntr rhstZshnm vntkc ad vgdqd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl
BC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB(0 Vd bnmrhcdq Z edv rtabZrdr.
—Z( Rtoonrd vfl��A( + 3l Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs fl eqnl DE hm sgd rdbnmc

qntmc: kdZuhmf Ofl vhsg v1��A( + 3l: v1�AB( + fl: v1�BC( + 3l)fl Zmc v1�DE( + 1: vghbg
hr ne sgd rZld enql Zr —303( vhsg q + 9: r+ fl Zmc j + 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc
hm )603: vd bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl��A( + 3l Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z fZkZwx fqZog bnloqhrhmf sgd
dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 3l: vfl�BC( + 3l) fl Zmc vfl�DE( + 2: Zmc hs hr
duhcdms: eqnl KdllZ 30fl2: sgZs sghr bnmzftqZshnm hr vhmmhmf: Zkknvhmf O1 sn cdedZs Ofl0

—b( Rtoonrd vfl��A( + 3m) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl.1.2{0 Sgdm sgd qdrtkshmf
bnmzftqZshnm hr ne sgd rZld enql Zr hm KdllZ 308: vhsg lfl + m: l1 + l Zmc >1 + fl: Zmc Zr
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr0

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + s ∈
{9.fl.1{0 He s + 1: O1 qdlnudr vdhfgs fl eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg v1��A( +
3l) fl: v1�AB( + fl: v1�BC( + 3l Zmc v1�DE( + 1: vghbg hr ne sgd enql fhudm ax —303( vhsg
q + 9: r+ fl Zmc j + 1: rn sgZs Ofl knrdr ax vgZs vd gZud ZkqdZcx oqnudc0 He s + fl: sgdm O1 qdlnudr
vdhfgs fl eqnl dZbg ne AB Zmc BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog bnloqhrhmf
sgd dcfdr �A: BC Zmc DE : vgdqd v1��A( + 3l) fl: v1�BC( + 3l Zmc v1�DE( + fl: rn sgZs Ofl
knrdr ax Sgdnqdl 1020 EhmZkkx: he s + 9: O1 vhmr ax QdlZqj 30fl10

—hhh( He Ofl qdlnudr AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne �A Zmc BC: O1 hr kdes
vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + vfl�BC( + 3l)fl Zmc
vfl�DE( + 2: Zmc O1 vhmr ax KdllZ 30fl20

Rtoonrd: enq rnld J ∈ �: vd gZud rgnvm sgZs Zmx bnmzftqZshnm ne sgd enql fhudm ax —303(: vhsg q + fl
Zmc j ⩽ J: hr knrhmf0 Vd mnv bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sgd hmhshZk vdhfgs bnmzftqZshnm

v9��A( + 1P)fll)fl. v9�AB( + J�K. v9�BC( + 1P)fll)K. v9�DE( + J)fl. —702(
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vgdqd P+ e �J)fl( Zmc K ∈ {fl.1. � � � .J�fl{.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Vd rtachuhcd sghr bZrd hmsn Z edv rtabZrdr: Zr enkknvr.
—Z( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {9.fl. � � � .K�fl{: Zmc vfl�AB( + s ∈ {fl.1. � � � .J�

K{0 Mnsd sgZs s)>)fl⩽ �J�K()�K�fl()fl+ J0 Gdqd: O1 qdlnudr vdhfgs �J� s�>( eqnl
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �s)>)fl()fl1P� e �s)>)fl(l)fl. v1�AB( + s.

v1�BC( + 1 e �s)>)fl()fl1P� e �s)>)fl(l) >. v1�DE( + s) >)fl�

Vgdm > ⩾ fl: sghr bnmzftqZshnm hr ne sgd enql fhudm ax —303( vhsg q + fl Zmc v1�DE( + s )
>) fl ⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr, nm sgd nsgdq gZmc: vgdm > + 9: sghr
bnmzftqZshnm hr ne sgd enql fhudm ax —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm
)603: vd bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {9.fl. � � � .K� fl{ Zmc vfl�AB( + 90 Sghr kdZudr
O1 vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) fl:
vfl�BC( + 1P)fll) > Zmc vfl�DE( + �J ) fl(0 Rhmbd > ) fl ⩽ K ⩽ �J � fl( , �J ) fl(: hs hr
hlldchZsd: eqnl KdllZ 30fl2: sgZs O1 vhmr0

—b( Rtoonrd vfl�BC( + 1P)flm)>fl enq rnld m,l Zmc rnld >fl ∈ {9.fl. � � � .1P)fl�fl{0 Sgd qdrtks/
hmf bnmzftqZshnm hr ne sgd enql fhudm ax KdllZ 308: vhsg lfl + m: l1 + l Zmc >1 + fl: Zmc Zr
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr0

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Nmbd ZfZhm: vd rtachuhcd ntq ZmZkxrhr Zr enkknvr.
—Z( He vfl��A( + 1P)fll Zmc vfl�AB( + s ∈ {fl.1. � � � .J� K{: O1 qdlnudr �J) fl(� �s ) K( eqnl

DE hm sgd rdbnmc qntmc0 Mnsd sgZs �s)K( ⩽ �J�K()K+ J0 Sghr kdZudr Ofl vhsg

v1��A( + 1 e �s)K()fl1P� e �s)K(l. v1�AB( + s.

v1�BC( + 1 e �s)K()fl1P� e �s)K(l)K. v1�DE( + s)K.

vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd
bnmbktcd sgZs Ofl knrdr0

—a( He vfl��A( + 1P)fll Zmc vfl�AB( + 9: O1 hr kdes vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A:
BC Zmc DE : vgdqd vfl��A( + 1P)fll: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J) fl(: Zmc Zr
K⩽ �J�fl( , �J)fl(: O1 vhmr ax KdllZ 30fl20

—b( Rtoonrd vfl��A( + 1P)flm) >fl enq rnld m,l Zmc rnld >fl ∈ {9.fl. � � � .1P)fl�fl{0 Sgd qdrtks/
hmf bnmzftqZshnm hr ne sgd enql fhudm ax KdllZ 308: vhsg lfl + m: l1 + l Zmc >1 + K: Zmc Zr
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr0

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE : rn sgZs vfl�DE( + j ⩽ J0 Vgdm j ∈
{J � K) fl. � � � .J{: O1 qdlnudr vdhfgs K� {j� �J � K(� fl{ eqnl sgd dcfd BC hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)fl. v1�AB( + �J�K(.

v1�BC( + 1 e �j()fl1P� e �j(l) j� �J�K(�fl. v1�DE( + j�

Vgdm j⩾ J�K)1: sghr bnmzftqZshnm hr ne sgd enql fhudm ax —303( vhsg q+ fl: Zmc Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr rhmbd j ⩽ J, nm sgd nsgdq gZmc: vgdm j + J�K) fl: hs hr ne sgd enql fhudm
ax —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd bnmbktcd sgZs Ofl knrdr0 He
j ∈ {fl.1. � � � .J�K�fl{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql rsZsdc hm KdllZ 30flfl:
vhsg vfl�AB( / vfl�DE(: Zmc O1 vhmr ax KdllZ 30flfl0 He j + J� K: sgd bnmzftqZshnm Zesdq sgd
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zqrs qntmc hr ne sgd enql rsZsdc hm KdllZ 30flfl: vhsg >fl + fl: >1 + K: Zmc vfl�AB( + �J� K( /
�J�K(�fl+ vfl�DE(�lhm{>fl. >1{0 EhmZkkx: he j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: kdZuhmf sgd dcfd/vdhfgsr
ne �A Zmc BC tmchrstqadc0 �r knmf Zr vfl�AB( + s ∈ {fl.1. � � � .J�K�fl{: O1 qdlnudr �J�K� s(
eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z bnmzftqZshnm sgZs hr ne sgd rZld enql Zr
—303( vhsg q + fl Zmc v1�DE( + K) s)fl⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
He vfl�AB( + 9: sgdm O1 hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :

vgdqd vfl��A( + 1P)fll)fl: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J)fl(0 Rhmbd K⩽ �J�fl(: vd
bnmbktcd: ax KdllZ 30fl2: sgZs O1 vhmr0

Sghr bnmbktcdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —702( hr knrhmf: sgtr bnlokdshmf sgd hmctb/
shud oqnne ne ntq bkZhl sgZs Zmx bnmzftqZshnm nm Gfl ne sgd enql fhudm ax —303( vhsg q + fl: hr knrhmf0

7050 AdsWhkr nlhssdc epnl ntp opnne sgWs Wmw bnmzftpWshnm sgWs hr dhsgdp ne sgd enpl —304( np ne sgd
enpl —305(. vhsg q + 1. hr knrhmf0 Vd hmbktcd gdqd sgd cdsZhkr nlhssdc eqnl sgd oqnne oqnuhcdc hm )6050
Sn adfhm vhsg: vd bnmrhcdq sgd aZrd bZrd enq sgd hmctbshud Zqftldms trdc sn oqnud sgZs —304(: enq q + 1: hr
knrhmf: vghbg hr nasZhmdc ax rdsshmf j + fl hm —304( —mnsd sgZs rhmbd q + 1: vd ltrs gZud r + fl(0 Sghr xhdkcr
sgd bnmzftqZshnm —enq Zmx l ∈ �(.

v9��A( + v9�BC( + 1l)1+ 1�l)fl(. v9�AB( + v9�DE( + fl.

vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd jmnv hs ltrs
ad knrhmf0 Sgd aZrd bZrd enq sgd hmctbshud Zqftldms trdc sn oqnud sgZs —305(: vhsg q+ 1: hr knrhmf: hr nasZhmdc
ax rdsshmf j + 5 hm —305( —nmbd ZfZhm: rhmbd q + 1: vd ltrs gZud r + fl(: vghbg xhdkcr sgd bnmzftqZshnm —enq
Zmx l ∈ �(.

v9��A( + 7l)1. v9�AB( + fl. v9�BC( + 7l)2. v9�DE( + 5� —703(

Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Vd bnmrhcdq Z edv rtabZrdr ne sghr bZrd.
—Z( Rtoonrd vfl�BC( + 7l) 1 Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs 4 eqnl DE : rn sgZs Ofl

hr kdes vhsg

v1��A( + v1�BC( + 7l)1+ 1�3l)fl(. v1�AB( + v1�DE( + fl.

vghbg hr ne sgd rZld enql Zr —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603:
vd bnmbktcd sgZs Ofl knrdr0 Rtoonrd vfl�BC( + 7l) h enq h ∈ {9.fl{: Zmc vfl�AB( + fl0 Sgdm O1
qdlnudr vdhfgs �2� h( eqnl DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 7l)1. v1�AB( + fl. v1�BC( + 7l) h. v1�DE( + 2) h.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + fl —vgdm h + fl( nq q + 9 —vgdm h + 9(: Zmc
ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl knrdr0

—a( Rtoonrd vfl�BC( + 7l) h enq rnld h ∈ {9.fl.1{ Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z fZkZwx
fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 7l)1: vfl�BC( + 7l) h Zmc
vfl�DE( + 5: rn sgZs O1 vhmr ax KdllZ 30fl20

—b( He vfl�BC( + 7m)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .6{: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs
qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 10 Rhmbd m , l +⇒
lfl ̸+ l1: gdmbd O1 vhmr0

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Nmbd ZfZhm: vd bnmrhcdq Z edv rtabZrdr.
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—Z( Rtoonrd vfl��A( + 7l) h enq h∈ {9.fl{ Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs �1� h( eqnl
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 7l) h. v1�AB( + fl. v1�BC( + 7l)2. v1�DE( + 3) h.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + fl —vgdm h + fl( nq q + 9 —vgdm h + 9(: Zmc
ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl knrdr0

—a( Rtoonrd vfl��A( + 7l) h enq h ∈ {9.fl{ Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 7l) h: vfl�BC( + 7l) 2 Zmc
vfl�DE( + 5: Zmc O1 vhmr ax KdllZ 30fl20

—b( EhmZkkx: rtoonrd vfl��A( + 7m) >fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .6{: Zmc Zr Zqftdc Zanud
hm —hb(: sghr kdZcr sn O1 vhmmhmf ctd sn KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ 40
Enq j ∈ {3.4{: O1 qdlnudr vdhfgs �5� j( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 7l)�j�3(. v1�AB( + fl. v1�BC( + 7l)2. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + fl he j + 4: Zmc ne sgd enql fhudm ax —303( vhsg q + 9 he
j + 3: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl knrdr0 He j ∈ {1.2{:
sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308: vhsg j∈ {>fl. >1{ rhmbd
>fl + 1 Zmc >1 + 2: Zmc gdmbd: O1 vhmr0 He j + fl: sgdm O1 qdlnudr sgd dcfd AB hm sgd rdbnmc qntmc:
kdZuhmf Ofl vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd v1��A( + 7l) 1:
v1�BC( + 7l)2 Zmc v1�DE( + fl: rn sgZs Ofl knrdr ax Sgdnqdl 1020 EhmZkkx: he j + 9: O1 vhmr ax
QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: kdZuhmf O1 vhsg Z fZkZwx fqZog bnmrhrshmf ne
sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 7l)1: vfl�BC( + 7l)2 Zmc vfl�DE( + 5: rn sgZs O1
vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —703( hr knrhmf nm Gfl0

7060 AdsWhkr nlhssdc epnl sgd opnne ne ntp bkWhl sgWs Wmw bnmzftpWshnm sgWs hr ne sgd enpl —306(. vhsg
q + 1. hr knrhmf0 �m hmctbshud Zqftldms gZr addm dloknxdc: hm )606: hm oqnuhmf sgZs Z bnmzftqZshnm ne sgd
enql fhudm ax —306(: vhsg q + 1: hr knrhmf nm Gfl0 Sgd aZrd bZrd enq sghr hmctbshnm bnqqdronmcr sn j + 5 Zmc
r+ 1: qdrtkshmf hm sgd bnmzftqZshnm. v9��A( + v9�BC( + 7l)1: v9�AB( + 1 Zmc v9�DE( + 50

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc —Zm ZmZknfntr rhstZshnm Zqhrdr he Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc
Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB(0 Vd bnmrhcdq Z edv rtabZrdr ne sghr bZrd.
—Z( Rtoonrd vfl�BC( + 7l) > enq rnld > ∈ {9.fl{: Zmc vfl�AB( + s ∈ {fl.1{0 Sgdm O1 qdlnudr

vdhfgs 5� �s) >)1( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 7l) >. v1�AB( + s. v1�BC( + 7l)1. v1�DE( + s) >)1.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl(: Zmc ax vgZs
vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl�BC( + 7l) > enq rnld > ∈ {9.fl{: Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z fZkZwx
fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 7l)>: vfl�BC( + 7l)1 Zmc
vfl�DE( + 5: Zmc O1 vhmr ax KdllZ 30fl20

—b( Rtoonrd vfl�BC( + 7m)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .6{0 Sgd qdrtkshmf bnmzftqZshnm:
Zesdq sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 10 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080
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—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ 40
He j ∈ {3.4{: sgdm O1 qdlnudr vdhfgs �5� j( eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 7l)�j�3(. v1�AB( + 1. v1�BC( + 7l)1. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vgdm j + 3( nq q + fl —vgdm j + 4(0 Vgdm
j + 2: O1 qdlnudr vdhfgs 1 eqnl �A Zmc vdhfgs fl eqnl AB: kdZuhmf Ofl vhsg

v1��A( + 7l. v1�AB( + fl. v1�BC( + 7l)1. v1�DE( + 2.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 90 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704:
vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0 Vgdm j + 1: sgd qdrtkshmf bnmzftqZshnm hr ne sgd
enql rsZsdc hm KdllZ 308: vhsg lfl + l1 + 1l Zmc >fl + >1 + 1: rn sgZs j ∈ {>fl. >1{: Zmc gdmbd: O1
vhmr ax KdllZ 3080 He j + fl: sgdm vfl�AB( / vfl�DE(: rn sgZs O1 vhmr ax KdllZ 30flfl0 EhmZkkx: he
j + 9: O1 vhmr ax QdlZqj 30fl10

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd
dcfd/vdhfgsr ne �A Zmc BC0 He vfl�AB( + fl: sgdm O1 qdlnudr vdhfgs 4 eqnl DE hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg v1��A( + v1�BC( + 7l) 1 + 1�3l) fl( Zmc v1�AB( + v1�DE( + fl:
vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd
jmnv sgZs Ofl knrdr0 He vfl�AB( + 9: sgdm O1 hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:
BC Zmc DE : vgdqd vfl��A( + vfl�BC( + 7l)1 Zmc vfl�DE( + 5: Zmc O1 vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne sgd aZrd bZrd enq sgd hmctbshud Zqftldms dloknxdc hm oqnuhmf sgZs Z bnmzft/
qZshnm ne sgd enql —306(: vhsg q + 1: hr knrhmf nm Gfl0

7070 Opnne sgWs Wmw bnmzftpWshnm ne sgd enpl fhudm aw —303( vhsg q+ 2 hr knrhmf0 Vd dloknx Z rdptdmbd
ne hmctbshud Zqftldmsr hm ntq oqnne enq drsZakhrghmf sgZs Z bnmzftqZshnm nm Gfl sgZs hr ne sgd enql fhudm ax
—303( vhsg q + 2 hr knrhmf0 Ehqrs: vd rgnv sgZs Zmx bnmzftqZshnm sgZs hr ne sgd enql fhudm ax —303( vhsg q + 2
Zmc j + 6 hr knrhmf: h0d0 enq Zmx l ∈ �9: vd enbtr nm sgd bnmzftqZshnm

v9��A( + v9�BC( + 7l)2. v9�AB( + fl. v9�DE( + 6� —704(

Zmc bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl

AB: hm sgd zqrs qntmc —sghr hr ZmZknfntr sn Ofl qdlnuhmf Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z
mnm/mdfZshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc(0 Sgd enkknvhmf rtabZrdr Zqd onrrhakd.
—Z( Rtoonrd vfl�BC( + 7l) h enq rnld h ∈ {9.fl.1{ Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs

�2� h( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg
v1��A( + 7l)2. v1�AB( + fl. v1�BC( + 7l) h. v1�DE( + 3) h.

vghbg hr dhsgdq ne sgd enql fhudm ax —303( vhsg q + 9 —vgdm h + 9( nq q + fl —vgdm h + fl(: nq
ne sgd enql fhudm ax —305( vhsg q + 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704 Zmc
)605: vd bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl�BC( + 7l) h enq rnld h∈ {9.fl.1{: Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z fZkZwx
fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 7l)2: vfl�BC( + 7l) h Zmc
vfl�DE( + 6: Zmc O1 vhmr ax KdllZ 30fl20

—b( EhmZkkx: rtoonrd vfl�BC( + 7m) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl. � � � .6{0 Sgd qdrtkshmf
bnmzftqZshnm: Zesdq sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l
Zmc >1 + 20 Rhmbd m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ 50
He j ∈ {3.4.5{: sgdm O1 qdlnudr vdhfgs �6� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 7l)2. v1�AB( + fl. v1�BC( + 7l)�j�3(. v1�DE( + j.
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vghbg hr dhsgdq ne sgd enql fhudm ax —303( vhsg q + 9 —vgdm j + 3( nq q + fl —vgdm j + 4(: nq ne sgd
enql fhudm ax —305( vhsg q+ 1 —vgdm j+ 5(: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704 Zmc
)605: vd bnmbktcd sgZs Ofl knrdr0 He j ∈ {fl.1.2{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql
rsZsdc hm KdllZ 308 vhsg >fl + >1 + 2 Zmc vfl�DE( + j ⩽lhm{>fl. >1{: Zmc O1 vhmr ax KdllZ 3080
Vgdm j + 9: O1 vhmr ax QdlZqj 30fl10

—hhh( Rtoonrd Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: ats kdZudr sgd dcfd/vdhfgsr ne �A Zmc BC
tmchrstqadc0 Sgdm: Zesdq sgd zqrs qntmc: O1 hr kdes vhsg Z fZkZwx fqZog: bnmrhrshmf ne sgd dcfdr �A:
BC Zmc DE : vhsg vfl��A( + vfl�BC( + 7l)2 Zmc vfl�DE( + 6: Zmc O1 vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —704( hr knrhmf0
Rtoonrd: enq rnld J ∈ �: vhsg J ⩾ 6: vd gZud oqnudc sgZs Zmx bnmzftqZshnm sgZs hr ne sgd enql fhudm ax

—303( vhsg q + 2 Zmc v9�DE( + j ⩽ J: hr knrhmf nm Gfl0 Vd mnv bnmrhcdq Z bnmzftqZshnm ne sgd enql

v9��A( + 1P)fll)2. v1�AB( + J�K�1. v1�BC( + 1P)fll)K. v1�DE( + J)fl. —705(

vgdqd P+ e �J)fl( Zmc K ∈ {2.3. � � � .J�2{0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm lZx
tmenkc Zr enkknvr.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: hm sgd zqrs qntmc0 Sghr bZm ad rtachuhcdc hmsn sgd enkknvhmf bZrdr.
—Z( He vfl�BC( + 1P)fll ) > enq rnld > ∈ {9.fl. � � � .K � fl{ Zmc vfl�AB( + s enq rnld s ∈

{fl.1. � � � .J�K� 1{: O1 qdlnudr vdhfgs �J) fl(� �2) s) >( eqnl DE hm sgd rdbnmc qntmc0
Mnsd sgZs > ⩽ K�fl Zmc s ⩽ J�K�1 snfdsgdq hlokx �2) s) >( ⩽ J0 Sghr kdZudr Ofl vhsg

v1��A( + 1 e �2)s)>()fl1P� e �2)s)>(l)2. v1�AB( + s.

v1�BC( + 1 e �2)s)>()fl1P� e �2)s)>(l) >. v1�DE( + �2) s) >(.

vghbg hr ne sgd rZld enql Zr —303( vhsg q + 2 Zmc v1�DE( + �2) s) >( ⩽ J0 Bnmrdptdmskx:
Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—a( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {9.fl. � � � .K� fl{: Zmc vfl�AB( + 90 Sghr kdZudr
O1 vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) 2:
vfl�BC( + 1P)fll) > Zmc vfl�DE( + �J)fl(0 Rhmbd K ⩽ �J�2( Zmc > ⩽ �K�fl(: O1 vhmr ax
KdllZ 30fl20

—b( He vfl�BC( + 1P)flm) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 20 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Nmbd ZfZhm: vd bnmrhcdq sgd onrrhakd bZrdr.
—Z( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.1{: Zmc vfl�AB( + s ∈ {fl.1. � � � .J�K�1{0

He —h( > ∈ {9.fl{: —hh( nq he > + 1 Zmc s ⩾ 1: —hhh( nq he > + 1: s + fl Zmc K ≡ h lnc 3 enq rnld
h ∈ {9.fl.2{: sgdm O1 qdlnudr vdhfgs �J)fl(� �>) s)K( eqnl DE hm sgd rdbnmc qntmc0 Mnsd
sgZs > ⩽ 1 Zmc s ⩽ J�K�1 snfdsgdq hlokx �>) s)K( ⩽ J0 Sghr kdZudr Ofl vhsg

v1��A( + 1 e �>)s)K()fl1P� e �>)s)K(l) >. v1�AB( + s.

v1�BC( + 1 e �>)s)K()fl1P� e �>)s)K(l)K. v1�DE( + �>) s)K(.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl(: nq
ne sgd enql fhudm ax —306( vhsg q + 1 vgdm > + 1 Zmc s ⩾ 1: nq ne sgd enql fhudm ax —305( vsg
q + 1 vgdm > + 1: s + fl Zmc K ≡ h lnc 3 enq rnld h ∈ {9.fl.2{0 Ax vgZs vd gZud ZkqdZcx
oqnudc hm )603: )704: )605 Zmc )606: vd bnmbktcd sgZs hm dZbg ne sgdrd bZrdr: Ofl knrdr0 He > + 1:
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s + fl Zmc K≡ 1 lnc 3: O1 qdlnudr vdhfgs �J)fl(� �K�fl( eqnl DE hm sgd rdbnmc qntmc: rn
sgZs Ofl hr kdes vhsg

v1��A( + 1 e �K�fl()fl1P� e �K�fl(l)1. v1�AB( + fl.

v1�BC( + 1 e �K�fl()fl1P� e �K�fl(l)K. v1�DE( + �K�fl(.

vghbg hr ne sgd enql fhudm ax —304( vhsg q + 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )605:
vd bnmbktcd sgZs Ofl knrdr0

—a( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.1{: Zmc vfl�AB( + 90 Sghr kdZudr O1 vhsg Z
fZkZwx fqZog: bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 1P)fll)>: vfl�BC( +
1P)fll)K Zmc vfl�DE( + �J)fl(0 Rhmbd K⩽ �J�2( Zmc > ⩽ 1: O1 vhmr ax KdllZ 30fl20

—b( He vfl��A( + 1P)flm) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + K0 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
Enq j ∈ {J� K) fl.J� K) 1. � � � .J{: O1 qdlnudr vdhfgs �J) fl� j( eqnl sgd dcfd BC hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)2. v1�AB( + �J�K�1(.

v1�BC( + 1 e �j()fl1P� e �j(l){j)K� �J)fl({. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 2 Zmc v1�DE(⩽ J he j⩾ J�K)3: ne sgd enql fhudm
ax —306( vhsg q + 1 vgdm j + J�K)2 Zmc K , J�2: ne sgd enql fhudm ax —305( vhsg q + 1 vgdm
j + J�K) 2 Zmc K + J� 2: ne sgd enql fhudm ax —303( vhsg q + fl vgdm j + J�K) 1: Zmc ne
sgd enql fhudm ax —303( vhsg q + 9 vgdm j + J�K)fl0 Hm sgd zqrs ne sgdrd bZrdr: Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr: Zmc hm sgd qdlZhmhmf bZrdr: Ofl knrdr ax vgZs vd gZud ZkqdZcx drsZakhrgdc hm
)606: )605: )704 Zmc )603 qdrodbshudkx0
Enq j ∈ {3.4. � � � .J�K{: sgd bnmzftqZshnm Zs sgd dmc ne sgd zqrs qntmc hr ne sgd rZld enql Zr

sgZs ldmshnmdc hm KdllZ 30flfl: vhsg >fl + 2: >1 + K: rn sgZs v1�DE( + j / 2 + lhm{>fl. >1{ Zmc
j�lhm{>fl. >1{ ⩽ J�K� 2 , J�K� 1 + v1�AB(0 Bnmrdptdmskx: O1 vhmr ax KdllZ 30flfl0 Enq
j ∈ {fl.1.2{: sgd bnmzftqZshnm Zs sgd dmc ne sgd zqrs qntmc hr ne sgd rZld enql Zr sgZs ldmshnmdc hm
KdllZ 308: vhsg >fl + 2: >1 + K: rn sgZs lhm{>fl. >1{⩾ j + vfl�DE(: Zmc O1 vhmr ax KdllZ 3080 He
j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( EhmZkkx: rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf
sgd dcfd/vdhfgsr ne �A Zmc BC0 Sgdm vfl�AB( + s ∈ {9.fl. � � � .J�K� 2{0 Enq s ⩾ fl: O1 rhlokx
qdlnudr vdhfgs �J)fl(� �2) s)K( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �2)s)K()fl1P� e �2)s)K(l)2. v1�AB( + s.

v1�BC( + 1 e �2)s)K()fl1P� e �2)s)K(l)K. v1�DE( + �2) s)K(.

vghbg hr ne sgd rZld enql Zr —303( vhsg q + 2 Zmc v1�DE( + �2) s)K( ⩽ J: rn sgZs Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0 He s + 9: sgdm: Zs sgd dmc ne sgd zqrs qntmc: O1 hr kdes vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) 2: vfl�BC( + 1P)fll)K Zmc
vfl�DE( + �J)fl(0 Rhmbd K⩽ �J�2(: hs hr duhcdms eqnl KdllZ 30fl2 sgZs O1 vhmr0

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —705( hr knrhmf nm Gfl: Zmc Zkrn bnmbktcdr ntq
hmctbshud oqnne ne ntq bkZhl sgZs Zmx bnmzftqZshnm sgZs hr ne sgd enql fhudm ax —303(: vhsg q + 2: hr knrhmf0

7080 Opnne sgWs W bnmzftpWshnm sgWs hr dhsgdp ne sgd enpl fhudm aw —304( np ne sgd enpl fhudm aw —305( hr
knrhmf enp q+ 3 Wmc r+ fl0 Ntq Zqftldms hr: Zr Zanud: hmctbshud0 Sgd aZrd bZrd bnqqdronmchmf sn —305( vhsg

 1 
 2 
3

 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



3fl

q + 3 Zmc r+ fl hr nasZhmdc ax rdsshmf j + fl1: vghbg xhdkcr sgd bnmzftqZshnm

v9��A( + fl5l)3. v9�AB( + fl. v9�BC( + fl5l)6. v9�DE( + fl1� —706(

Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl

AB: hm sgd zqrs qntmc0 Sghr bZrd bZm ad rtachuhcdc hmsn sgd enkknvhmf rbdmZqhnr.
—Z( Rtoonrd vfl�BC( + fl5l)> enq rnld >∈ {9.fl. � � � .5{: Zmc vfl�AB( + fl0 He >∈ {9.fl.1.2{: sgdm

O1 qdlnudr vdhfgs �6� >( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)3. v1�AB( + fl. v1�BC( + fl5l) >. v1�DE( + �4) >(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm > + 9: ne sgd enql fhudm ax —303( vhsg
q + fl vgdm > + fl: ne sgd enql fhudm ax —305( vhsg q + 1 vgdm > + 1: Zmc ne sgd enql fhudm ax
—303( vhsg q + 2 vgdm > + 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707: vd
bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0 Nm sgd nsgdq gZmc: he > ∈ {3.4.5{: O1 qdlnudr
vdhfgs �fl4� >( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg sgd bnmzftqZshnm

v1��A( + fl5l)3+ 3�3l)fl(. v1�AB( + fl.

v1�BC( + fl5l) > + 3�3l)fl()�>�3(. v1�DE( + �>�2(.
vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603:
vd bnmbktcd sgZs Ofl knrdr0

—a( He vfl�BC( + fl5l) > enq rnld > ∈ {9.fl. � � � .5{: Zmc vfl�AB( + 9: sgdm O1: Zesdq sgd zqrs qntmc:
hr kdes vhsg Z fZkZwx fqZog: bnloqhrhmf sgd dcfdr �A:BC Zmc DE : rtbg sgZs vfl��A( + fl5l)3:
vfl�BC( + fl5l) > Zmc vfl�DE( + fl1: Zmc hs hr duhcdms eqnl KdllZ 30fl2 sgZs O1 vhmr0

—b( He vfl�BC( + fl5m) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl. � � � .fl4{: sgd bnmzftqZshnm: Zesdq
sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Nmbd ZfZhm: vd bnmrhcdq Zkk onrrhakd rtabZrdr.
—Z( Rtoonrd vfl��A( + fl5l)> enq rnld >∈ {9.fl.1.2{: Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr vdhfgs

�3� >( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l) >. v1�AB( + fl. v1�BC( + fl5l)6. v1�DE( + 7) >.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm > + 9: ne sgd enql fhudm ax —303( vhsg
q + fl vgdm > + fl: ne sgd enql fhudm ax —305( vhsg q + 1 vgdm > + 1: Zmc ne sgd enql fhudm ax
—303( vhsg q + 2 vgdm > + 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707: vd
jmnv sgZs Ofl knrdr0

—a( He vfl��A( + fl5l) > enq rnld > ∈ {9.fl.1.2{: Zmc vfl�AB( + 9: O1 hr kdes: Zs sgd dmc ne sgd zqrs
qntmc: vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + fl5l) >:
vfl�BC( + fl5l)6 Zmc vfl�DE( + fl1: Zmc O1 vhmr ax KdllZ 30fl20

—b( He vfl��A( + fl5m) >fl enq rnld m , l Zmc rnld >fl ∈ {9.fl. � � � .fl4{: sgd bnmzftqZshnm Zesdq
sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 60 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j⩽ flfl0
He j ∈ {7.8.fl9.flfl{: O1 qdlnudr vdhfgs �fl1�j( eqnl �A hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + fl5l)�j�7(. v1�AB( + fl. v1�BC( + fl5l)6. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm j + 7: ne sgd enql fhudm ax —303( vhsg q + fl
vgdm j+ 8: ne sgd enql fhudm ax —305( vhsg q+ 1 vgdm j+ fl9: Zmc ne sgd enql fhudm ax —303( vhsg
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q + 2 vgdm j+ flfl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707: vd jmnv sgZs
Ofl knrdr0 He j ∈ {fl.1.2.3.6{: sgd bnmzftqZshnm Zs sgd dmc ne sgd zqrs qntmc hr ne sgd rZld enql Zr
cdrbqhadc hm KdllZ 308: vhsg >fl + 3 Zmc >1 + 6: rn sgZs vd dhsgdq gZud lhm{>fl. >1{⩾ j: nq vd gZud
j ∈ {>fl. >1{: Zmc hm dZbg ne sgdrd bZrdr: O1 vhmr ax KdllZ 3080 He j + 9: O1 vhmr ax QdlZqj 30fl10
He j ∈ {4.5{: O1 qdlnudr vdhfgs �fl1�j( eqnl sgd dcfdBC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)3. v1�AB( + fl. v1�BC( + fl5l)�j�4(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vgdm j + 4( nq q + fl —vgdm j + 5(: Zmc ax
vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl knrdr0

—hu( EhmZkkx: rtoonrd Ofl qdlnudr sgd dcfd AB: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne �A Zmc BC: hm
sgd zqrs qntmc0 Sghr kdZudr O1 vhsg Z fZkZwx fqZog: bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg
v1��A( + fl5l)3: v1�BC( + fl5l)6 Zmc v1�DE( + fl1: Zmc O1 vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —706( hr knrhmf nm Gfl0
Mdws: rdsshmf q + 3: r+ fl Zmc nmd ne j + fl: j + 1 Zmc j + 2 hm —304(: vd nasZhm: qdrodbshudkx.

v9��A( + v9�BC( + 1l)3+ 1�l)1(. v9�AB( + v9�DE( + fl.

v9��A( + 3l)3+ 3�l)fl(. v9�AB( + fl. v9�BC( + 3l)4+ 3�l)fl()fl. v9�DE( + 1.

v9��A( + 3l)3+ 3�l)fl(. v9�AB( + fl. v9�BC( + 3l)5+ 3�l)fl()1. v9�DE( + 2.

dZbg ne vghbg hr knrhmf rhmbd hs hr ne sgd enql fhudm ax —303( vhsg q+ 90 Sghr drsZakhrgdr sgd aZrd bZrd enq sgd
hmctbshud oqnne ne ntq bkZhl sgZs Z bnmzftqZshnm ne sgd enql fhudm ax —304( vhsg q + 3 Zmc r+ fl hr knrhmf0
Vd mnv bnld sn sgd hmctbshud rsdor ne ntq oqnne0 Rtoonrd: enq rnld J ∈ �: vd gZud rgnvm sgZs Zmx

bnmzftqZshnm nm Gfl sgZs hr dhsgdq ne sgd enql —304( nq ne sgd enql —305(: vhsg q + 3 Zmc r+ fl: Zmc rZshrexhmf
sgd hmdptZkhsx j ⩽ J: hr knrhmf0

7080fl0 Vgdm J ⩾ 7 Xmc J ≡ h lnc 7 enq rnld h ∈ {9.fl.1{0 Enq Zmx l ∈ �9: vd enbtr nm sgd bnmzftqZshnm

v9��A( + 1P)fll)3. v9�AB( + fl. v9�BC( + 1P)fll)�J)3(. v9�DE( + �J)fl(. —707(

vgdqd P+ e �J)fl( - sghr hr ne sgd enql fhudm ax —304( vhsg q + 3 Zmc r+ fl0 Vd bnmrhcdq sgd zqrs qntmc ne
sgd fZld okZxdc nm sghr bnmzftqZshnm.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: hm sgd zqrs qntmc0 Vd rtachuhcd sghr hmsn sgd enkknvhmf bZrdr.
—Z( He vfl�BC( + 1P)fll)�J)fl(: sgdm: hqqdrodbshud ne vgZs sgd uZktd ne vfl�AB( hr: sgd bnmzft/

qZshnm Zesdq sgd zqrs qntmc hr ne sgd enql rsZsdc hm KdllZ 308: vhsg >fl + 3: >1 + �J) fl( Zmc
vfl�DE( + �J)fl( ∈ {>fl. >1{: rn sgZs O1 vhmr ax KdllZ 3080

—a( Rtoonrd vfl�BC( + 1P)fll) K vgdqd K ∈ {6.7. � � � .J � 4{: K ≡ i lnc 7 enq rnld i ∈
{9.fl.1.2.6{: Zmc vfl�AB( + fl0 Gdqd: O1 qdlnudr vdhfgs �J ) fl(� �K) 4( eqnl sgd dcfd
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + K)4.

vgdqd �K) 4( ⩾ fl1 Zmc �K) 4( ≡ i′ lnc 7 enq rnld i′ ∈ {9.3.4.5.6{0 Sgdqdenqd: sghr bnm/
zftqZshnm hr ne sgd enql fhudm ax —305( vhsg q + 3: r + fl Zmc v1�DE( + �K) 4( ⩽ J: rn sgZs
Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—b( Rtoonrd vfl�BC( + 1P)fll)Kvgdqd K∈ {fl.1. � � � .J)2{: K≡ i lnc 7 enq rnld i ∈ {3.4.5{:
Zmc vfl�AB( + fl0 QdbZkk sgZs J ≡ h lnc 7: enq rnld h ∈ {9.fl.1{: enq sgd dmshqdsx ne )7080fl0
Sgd enkknvhmf bZrdr Zqd: bnmrdptdmskx: sZjdm bZqd ne tmcdq sghr rbdmZqhn.
—h( h+ 9 Zmc K ∈ {J�3.J�2.J�1{:
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—hh( h+ fl Zmc K ∈ {J�3.J�2.J)2{:
—hhh( h+ 1 Zmc K ∈ {J�3.J)1.J)2{0
Gdqd: O1 qdlnudr vdhfgs �J) fl(� �K� 2( eqnl sgd dcfd DE hm sgd rdbnmc qntmc0 Mnsd sgZs
rhmbd K⩽ �J)2(: vd gZud �K�2( ⩽ J0 Sgd bnmzftqZshnm Zesdq sgd rdbnmc qntmc hr

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + K�2.

Zmc Zr �K�2( ≡ i′ lnc 7 enq rnld i′ ∈ {fl.1.2{: sghr hr ne sgd enql fhudm ax —304( vhsg q + 3
Zmc r+ fl0 Rhmbd v1�DE( + �K�2( ⩽ J: Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0

—c( Rtoonrd vfl�BC( + 1P)fll) K vgdqd K ∈ {J � fl.J{: Zmc vfl�AB( + fl0 Sgdm O1 qdlnudr
vdhfgs �K�J)3( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�J�K(. v1�AB( + fl. v1�BC( + 1P)fll)K. v1�DE( + �J)fl(.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q+ 9 —vgdm K+ J( nq q+ fl —vgdm K+ J�fl(:
Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704: vd jmnv sgZs Ofl knrdr0 Khjdvhrd: vgdm
J ≡ h lnc 7 enq h ∈ {fl.1{: vfl�BC( + 1P)fll)�J�1( Zmc vfl�AB( + fl: O1 qdlnudr vdhfgs 1
eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll)�J�1(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql fhudm ax —305( vhsg q + 1 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc
hm )605: vd bnmbktcd sgZs Ofl knrdr0 Vgdm J ≡ 1 lnc 7: vfl�BC( + 1P)fll) �J � 2( Zmc
vfl�AB( + fl: O1 qdlnudr vdhfgs fl eqnl �A: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)2. v1�AB( + fl. v1�BC( + 1P)fll)�J�2(. v1�DE( + �J)fl(.

vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 2: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )707: vd
jmnv sgZs Ofl knrdr0 He J ≡ h lnc 7 enq h∈ {9.fl{: vfl�BC( + 1P)fll)�J)1(: Zmc vfl�AB( + fl:
—h( O1 qdlnudr AB Zmc vdhfgs fl eqnl �A hm sgd rdbnmc qntmc vgdm J ≡ 9 lnc 7:
—hh( O1 qdlnudr AB Zmc vdhfgs 2 eqnl �A hm sgd rdbnmc qntmc vgdm J ≡ fl lnc 70

Bnmrdptdmskx: Ofl hr kdes vhsg Z fZkZwx fqZog: bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg

v1��A( + 1P)fll)2. v1�BC( + 1P)fll)�7m)1(. v1�DE( + �7m)fl(

vgdm J + 7m enq rnld m ∈ �: nq
v1��A( + 1P)fll)fl. v1�BC( + 1P)fll)�7m)2(. v1�DE( + �7m)1(

vgdm J + �7m) fl( enq rnld m ∈ �0 Hm dZbg bZrd: sgd sqhokd hr aZkZmbdc: Zmc Ofl knrdr ax
Sgdnqdl 1020 Khjdvhrd: vgdm J ≡ 9 lnc 7: vfl�BC( + 1P)fll)�J) 2( Zmc vfl�AB( + fl:
O1 qdlnudr AB Zmc vdhfgs 1 eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd —nmbd ZfZhm: vqhshmf J + 7m enq rnld m ∈ �(

v1��A( + 1P)fll)1. v1�BC( + 1P)fll)�7m)2(. v1�DE( + �7m)fl(.

Zmc Zr sghr sqhokd hr aZkZmbdc: Ofl knrdr ax Sgdnqdl 1020
—d( Rtoonrd vfl�BC( + 1P)fll)K enq rnld K ∈ {9.fl. � � � .5{: Zmc vfl�AB( + fl0 He K ∈ {9.fl.1.2{:

sgdm O1 qdlnudr vdhfgs �J)fl(� �K)4( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 vgdm K + 9: ne sgd enql fhudm ax —303( vhsg
q + fl vgdm K + fl: ne sgd enql fhudm ax —305( vhsg q + 1 vgdm K + 1: Zmc ne sgd enql fhudm
ax —303( vhsg q + 2 vgdm K+ 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707:
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vd bnmbktcd sgZs Ofl knrdr0 He K ∈ {3.4.5{: O1 qdlnudr vdhfgs �J)fl(� �K�2( eqnl sgd dcfd
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3+ 3
�
1P�fll)fl


. v1�AB( + fl.

v1�BC( + 1P)fll)K+ 3
�
1P�fll)fl


)�K�3(. v1�DE( + �K�2(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603:
vd jmnv sgZs Ofl knrdr0

—e( He vfl�BC( + 1P)fll)K enq rnld K ∈ {9.fl. � � � .J�3{ Zmc vfl�AB( + 9: sgdm O1: Zesdq sgd zqrs
qntmc: hr kdes vhsg Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( +
1P)fll)3: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J)fl(: Zmc O1 vhmr ax KdllZ 30fl20
Rhmbd J ≡ h lnc 7 enq rnld h ∈ {9.fl.1{: vd vqhsd J + 7�m) fl( ) h enq rnld m ∈ �90
Vgdm vfl�BC( + 1P)fll) K enq K + �J � 2( + �7m) 4) h(: Zmc vfl�AB( + 9: O1: Ze/
sdq sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :
vgdqd vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll) �7m) 4) h( Zmc vfl�DE( + �7m) 8)
h(0 Rhmbd sgd sqhokd

�
1P)fll)3.1P)fll)�7m)4) h(.�7m) h)fl(


hr aZkZmbdc: sgd sqhokd�

1P)fll)3.1P)fll)�7m)4) h(.�7m)8) h(

hr mns: Zmc O1 vhmr ax Sgdnqdl 1020 Khjdvhrd:

vgdm vfl�BC( + 1P)fll)K Zmc vfl�AB( + 9
—h( vhsg K+ �J�1( Zmc J ≡ h lnc 7 enq h ∈ {9.fl{:
—hh( nq vhsg K+ �J�fl( Zmc J ≡ 9 lnc 7:
—hhh( nq vhsg K+ �J)1( Zmc J ≡ 1 lnc 7:
—hu( nq vhsg K+ �J)2( Zmc J ≡ h lnc 7 enq h ∈ {fl.1{:
sgd sqhokd

�
1P)fll)3.1P)fll)K.�K�3(


hr aZkZmbdc: Zmc gdmbd: sgd sqhokd�

1P)fll)3.1P)fll)K.�J)fl(

mns: Zkknvhmf O1 sn vhm ax Sgdnqdl 1020

Vgdm vfl�BC( + 1P)fll)K vhsg K + J Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr kdes vhsg
Z fZkZwx fqZog bnloqhrhmf sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + 1P)fll) 3: vfl�BC( +
1P)fll)J Zmc vfl�DE( + �J)fl(0 Rhmbd sgd sqhokd

�
1P)fll)fl.1P)fll)J.J)fl


hr aZkZmbdc

vgdm J ≡ h lnc 7 enq h ∈ {9.1{: Zmc sgd sqhokd
�
1P)fll)2.1P)fll)J.J)fl


hr aZkZmbdc

vgdm J ≡ fl lnc 7: vd bnmbktcd sgZs O1 vhmr ax Sgdnqdl 1020 Udqx rhlhkZq Zqftldmsr vnqj
vgdm vfl�BC( + 1P)fll)K Zmc vfl�AB( + 9 vhsg
—h( K+ �J�1( Zmc J ≡ 1 lnc 7:
—hh( K+ �J�fl( Zmc J ≡ h lnc 7 enq h ∈ {fl.1{:
—hhh( K+ �J)1( Zmc J ≡ h lnc 7 enq h ∈ {9.fl{:
—hu( K+ �J)2( Zmc J ≡ 9 lnc 70

—f( He vfl�BC( + 1P)flm) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm: Zesdq
sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Vd chuhcd sgd ZmZkxrhr hmsn sgd enkknvhmf bZrdr.
—Z( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.1.2{0 Vqhshmf �J)fl( + �XPXP�fl � � �XflX9(1:

vd rdd sgZs X1 + 9 rhmbd J ≡ h lnc 7 enq rnld h ∈ {9.fl.1{0 Lnqdnudq: vqhshmf �J) 3( +
�bPbP�fl � � �bflb9(1: vd rdd sgZs bh + Xh enq Zkk h ⩾ 2: Zmc b1 + fl0 Nm sgd nsgdq gZmc: vqhshmf
> + �aPaP�fl � � �afla9(1: vd gZud ah + 9 enq Zkk h ⩾ 10 Bnmrdptdmskx: O1 vhmr ax sgd rdbnmc
bqhsdqhnm rsZsdc hm Sgdnqdl 3070

—a( He vfl��A( + 1P)flm) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm: Zesdq
sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + �J) 3(0
Rhmbd m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080
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—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽
J0 He j ∈ {fl1.fl2. � � � .J{ Zmc j ≡ i lnc 7 enq rnld i ∈ {9.3.4.5.6{: sgdm O1 qdlnudr vdhfgs
�J)3(� �j�4( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + fl.

v1�BC( + 1 e �j()fl1P� e �j(l)�j�4(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —305( vhsg q + 3: r+ fl Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr0 He j ∈ {fl.1. � � � .J{ Zmc j ≡ i lnc 7 enq rnld i ∈ {fl.1.2{: sgdm O1 qdlnudr
vdhfgs �J)3(� �j)2( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + fl.

v1�BC( + 1 e �j()fl1P� e �j(l)�j)2(. v1�DE( + j.

vghbg hr ne sgd enql fhudm ax —304( vhsg q + 3: r + fl Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr
ax ntq hmctbshnm gxonsgdrhr0 Mnsd sgZs sghr kZrs bZrd bnudqr j ∈ {fl.1.2.8.fl9.flfl{0 He j + 3: sgd
bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql rsZsdc hm KdllZ 30flfl vhsg >fl + 3 Zmc >1 + �J)3(:
rn sgZs j ∈ {>fl. >1{ Zmc O1 vhmr ax KdllZ 30flfl0 He j ∈ {4.5.6.7{: O1 qdlnudr vdhfgs �J) 3(�
�j�4( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�j�4(. v1�DE( + j.

vghbg hr ne sgd rZld enql Zr —303( vhsg q + 9 vgdm j + 4: ne sgd enql fhudm ax —303( vhsg q + fl
vgdm j + 5: ne sgd enql fhudm ax —305( vhsg q + 1 vgdm j + 6: Zmc ne sgd enql fhudm ax —303( vhsg
q + 2 vgdm j + 70 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707: vd jmnv sgZs Ofl
knrdr0 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( EhmZkkx: rtoonrd Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne
�A Zmc BC0 Sghr kdZudr O1 vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd
v1��A( + 1P)fll) 3: v1�BC( + 1P)fll) �J) 3( Zmc v1�DE( + �J) fl(0 Vqhshmf J + 7m) h
enq rnld m ∈ � Zmc h ∈ {9.fl.1{: vd rdd sgZs sgd sqhokd

�
1P)fll)3.1P)fll)7m)3) h.7m) h


hr

aZkZmZbdc: rn sgZs O1 vhmr ax Sgdnqdl 1020

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —707( hr knrhmf nm Gfl0

708010 Vgdm J ⩾ fl1 Xmc J ≡ h lnc 7 enq rnld h∈ {2.3.4.5.6{0 Enq l ∈�9: vd enbtr nm sgd bnmzftqZshnm

v9��A( + 1P)fll)3. v9�AB( + fl. v9�BC( + 1P)fll)�J�3(. v9�DE( + �J)fl(. —708(

vgdqd P+ e �J)fl(0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm tmenkcr Zr enkknvr.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: hm sgd zqrs qntmc0 Sgd enkknvhmf onrrhahkhshdr bZm Zqhrd.
—Z( Kds vfl�BC( + 1P)fll) K enq rnld K ∈ {9.fl. � � � .J � 4{: vhsg K ≡ i lnc 7 enq rnld i ∈

{3.4.5{ Zmc vfl�AB( + fl0 Hm sghr bZrd: O1 qdlnudr vdhfgs �J)fl(� �K�2( eqnl sgd dcfd DE
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + �K�2(.

vghbg hr ne sgd enql fhudm ax —304( vhsg q + 3: r + fl Zmc v1�DE( + �K� 2( ⩽ �J� 7( , J:
rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
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—a( Kds vfl�BC( + 1P)fll) K enq rnld K ∈ {6.7. � � � .J � 4{: vhsg K ≡ i lnc 7 enq rnld i ∈
{9.fl.1.2.6{: Zmc vfl�AB( + fl0 Hm sghr bZrd: O1 qdlnudr vdhfgs �J) fl(� �K) 4( eqnl sgd
dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql fhudm ax —305( vhsg q + 3: r + fl Zmc v1�DE( + �K) 4( ⩽ J: rn sgZs Ofl
knrdr ax ntq hmctbshnm gxonsgdrhr0

—b( Kds vfl�BC( + 1P)fll)K enq K ∈ {9.fl.1.2{: Zmc vfl�AB( + fl0 Hm sghr bZrd: O1 qdlnudr vdhfgs
�J)fl(� �K)4( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9 he K + 9: ne sgd enql fhudm ax —303( vhsg q + fl
he K+ fl: ne sgd enql fhudm ax —305( vhsg q + 1 he K+ 1: Zmc ne sgd enql —303( vhsg q + 2 vgdm
K+ 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707: vd jmnv sgZs Ofl knrdr hm
dZbg ne sgdrd bZrdr0

—c( He vfl�BC( + 1P)fll)K enq rnld K ∈ {9.fl. � � � .J� 4{ Zmc vfl�AB( + 9: sgd bnmzftqZshnm Zs
sgd dmc ne sgd zqrs qntmc hr sgZs nm Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :
vgdqd vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll) K Zmc vfl�DE( + �J) fl(: Zmc O1 vhmr ax
KdllZ 30fl20

—d( EhmZkkx: he vfl�BC( + 1P)flm) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .1P)fl� fl{: sgd qdrtkshmf
bnmzftqZshnm: Zesdq sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l
Zmc >1 + 30 Rhmbd m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Vd bnmrhcdq sgd onrrhakd rtabZrdr.
—Z( Rtoonrd vfl��A( + 1P)fll)K enq rnld K ∈ {9.fl.1.2{ Zmc vfl�AB( + fl0 He K ∈ {9.fl.2{: nq he

K+ 1 Zmc J ≡ h lnc 7 enq rnld h ∈ {2.3.4.6{: O1 qdlnudr vdhfgs �3�K( eqnl sgd dcfd DE
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)K. v1�AB( + fl. v1�BC( + 1P)fll)�J�3(. v1�DE( + �J)K�2(.

vghbg hr ne sgd enql —303( vhsg q + 9 vgdm K + 9: ne sgd enql —303( vhsg q + fl vgdm K + fl:
ne sgd enql —305( vhsg q + 1 vgdm K + 1: Zmc ne sgd enql —303( vhsg q + 2 vgdm K + 20 Ax
vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )605 Zmc )707: vd jmnv sgZs Ofl knrdr0 He K+ 1 Zmc
J ≡ 5 lnc 6: sgdm O1 qdlnudr vdhfgs 5 eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll)�J�3(. v1�DE( + �J�4(.

vghbg hr ne sgd enql —304( vhsg q+ 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )605: vd bnmbktcd
sgZs Ofl knrdr0

—a( He vfl��A( + 1P)fll)K enq rnld K∈ {9.fl.1.2{ Zmc vfl�AB( + 9: O1 hr kdes vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vgdqd vfl��A( + 1P)fll)K: vfl�BC( + 1P)fll)�J�
3( Zmc vfl�DE( + �J)fl( Zmc rgd vhmr ax KdllZ 30fl20

—b( EhmZkkx: he vfl��A( + 1P)flm) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .1P)fl� fl{: sgd qdrtkshmf
bnmzftqZshnm: Zesdq sgd zqrs qntmc: hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l
Zmc >1 + �J�3(0 Rhmbd m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
Sn adfhm vhsg: mnsd sgZs he j ∈ {9.fl.1.2.3.�J� 3({: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc
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hr ne sgd enql rsZsdc hm KdllZ 308: vhsg >fl + 3: >1 + �J� 3( Zmc v1�DE( + j dhsgdq rZshrexhmf
lhm{>fl. >1{⩾ j nq rZshrexhmf j ∈ {>fl. >1{0 Bnmrdptdmskx: O1 vhmr ax KdllZ 3080
He j ⩽ J� 7 Zmc j ≡ i lnc 7 enq rnld i ∈ {fl.1.2{: sgdm O1 qdlnudr vdhfgs �J� 3(� �j) 2(

eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + fl.

v1�BC( + 1 e �j()fl1P� e �j(l)�j)2(. v1�DE( + j.

vghbg hr ne sgd enql —304( vhsg q + 3: r+ fl Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0 Mnsd sgZs sghr bZrd bnudqr j ∈ {8.fl9.flfl{0 He j ⩾ fl1 Zmc j ≡ i lnc 7 enq rnld i ∈
{9.3.4.5.6{: O1 qdlnudr vdhfgs �J�3(� �j�4( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + fl.

v1�BC( + 1 e �j()fl1P� e �j(l)�j�4(. v1�DE( + j.

vghbg hr ne sgd enql —305( vhsg q + 3: r + fl Zmc v1�DE( + j ⩽ J: Zmc gdmbd: Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr0 Mnsd sgZs sghr bZrd bnudqr sgd enkknvhmf.
—Z( vgdm J ≡ 2 lnc 7 Zmc j ∈ {J�6.J�5.J�4.J�2{:
—a( vgdm J ≡ 3 lnc 7 Zmc j ∈ {J�6.J�5.J�4.J{:
—b( vgdm J ≡ 4 lnc 7 Zmc j ∈ {J�6.J�5.J�4.J�fl.J{:
—c( vgdm J ≡ 5 lnc 7 Zmc j ∈ {J�6.J�5.J�1.J�fl.J{:
—d( vgdm J ≡ 6 lnc 7 Zmc j ∈ {J�6.J�2.J�1.J�fl.J{0
He j + �J � 5( Zmc J ≡ 6 lnc 7: vd vqhsd J + �7m) 6( enq rnld m ∈ �: rn sgZs vfl��A( +

1P)fll)3: vfl�BC( + 1P)fll)�7m)2( Zmc vfl�DE( + �7m)fl(: Zmc O1 vhmr ax Sgdnqdl 3070 He
j+ �J�4( Zmc J ≡ 5 lnc 7: vd vqhsd J + �7m)5( enq rnld m ∈�: rn sgZs vfl��A( + 1P)fll)3:
vfl�BC( + 1P)fll)�7m) 1( Zmc vfl�DE( + �7m) fl(0 He j + �J� 4( Zmc J ≡ 6 lnc 7: vqhshmf
J + �7m) 6( enq rnld m ∈ �: vd gZud vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll) �7m) 2( Zmc
vfl�DE( + �7m)1(0 Hm dZbg ne sgdrd bZrdr: O1 vhmr ax Sgdnqdl 3070 He j ∈ {J�2.J�1.J�fl.J{:
O1 qdlnudr vdhfgs �J)fl� j( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1P)fll) j)2�J. v1�AB( + fl. v1�BC( + 1P)fll)�J�3(. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + J� 2( nq q + fl —vgdm j + J� 1( nq q + 2
—vgdm j + J(: nq ne sgd enql —305( vhsg q + 1 —vgdm j + J�1(0 Ax vgZs vd gZud ZkqdZcx oqnudc
hm )603: )704: )707 Zmc )605: vd bnmbktcd sgZs Ofl knrdr0
He j ∈ {4.5.6.7{: O1 qdlnudr vdhfgs �J)fl� j( eqnl sgd dcfdBC hm sgd rdbnmc qntmc: kdZuhmf

Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�j�4(. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + 4( nq q + fl —vgdm j + 5( nq q + 2 —vgdm
j+ 7(: nq ne sgd enql —305( vhsg q+ 1 —vgdm j+ 6(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707 Zmc )605: vd bnmbktcd sgZs Ofl knrdr0 EhmZkkx: he j + 9: Ofl knrdr ax QdlZqj 30fl10

—hu( EhmZkkx: he Ofl qdlnudr sgd dcfd AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd dcfd/vdhfgsr ne �A
Zmc BC: O1 hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( +
1P)fll)3: vfl�BC( + 1P)fll)�J�3( Zmc vfl�DE( + �J)fl(: Zmc O1 vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs —708( hr knrhmf nm Gfl0 Snfdsgdq vhsg ntq oqnne sgZs sgd bnmzf/
tqZshnm hm —707( hr knrhmf nm Gfl: sghr bnlokdsdr ntq hmctbshud oqnne ne sgd bkZhl sgZs Zmx bnmzftqZshnm nm Gfl
sgZs hr dhsgdq ne sgd enql fhudm ax —304( nq ne sgd enql fhudm ax —305( vhsg q + 3 Zmc r+ fl hr knrhmf0
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70fl90 Opnne sgWs W bnmzftpWshnm nm Gfl rWshrewhmf dhsgdp —304( np —305(. vhsg q + 3 Wmc r + 1. hr knrhmf0
Sgd aZrd bZrd bnqqdronmchmf sn —305(: vhsg q + 3 Zmc r+ 1: hr nasZhmdc ax rdsshmf j + fl1: xhdkchmf

v9��A( + fl5l)3. v9�AB( + 1. v9�BC( + fl5l)5. v9�DE( + fl1� —70fl9(

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl
AB: hm sgd zqrs qntmc ne sgd fZld okZxdc nm sgd hmhshZk bnmzftqZshnm hm —70fl9(.
—Z( He vfl�BC( + fl5l) > enq rnld > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1{: O1 qdlnudr vdhfgs

�7� >� s( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg
v1��A( + fl5l)3. v1�AB( + s. v1�BC( + fl5l) >. v1�DE( + >) s)3.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r + 1 —vgdm > + 1 Zmc s + 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr0

—a( He vfl�BC( + 1P)fll) > enq rnld > ∈ {3.4{ Zmc vfl�AB( + s ∈ {fl.1{: sgdm O1 qdlnudr vdhfgs
�fl5� >� s( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 3�3l)fl(. v1�AB( + s. v1�BC( + 3�3l)fl() >�3. v1�DE( + s) >�3.
vghbg hr ne sgd rZld enql Zr —303( vhsg q+ 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd
jmnv sgZs Ofl knrdr0

—b( He vfl�BC( + fl5l) > enq rnld > ∈ {9.fl. � � � .4{ Zmc vfl�AB( + 9: O1 hr kdes vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + fl5l) 3: vfl�BC( + fl5l) > Zmc
vfl�DE( + fl1: Zmc O1 vhmr ax KdllZ 30fl20

—c( EhmZkkx: he vfl�BC( + fl5m) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .fl4{: sgd bnmzftqZshnm Zesdq
sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Sgd enkknvhmf rtabZrdr Zqd onrrhakd.
—Z( Rtoonrd vfl��A( + fl5l) > enq rnld > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1{0 He > ∈ {9.fl.2{:

nq he > + 1 Zmc s + 1: O1 qdlnudr �5� >� s( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l) >. v1�AB( + s. v1�BC( + fl5l)5. v1�DE( + >) s)5.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —306( vhsg q + 1 Zmc r+ 1 —vgdm > + 1 Zmc s + 1(0 He > + 1 Zmc s + fl: O1
qdlnudr vdhfgs 6 eqnl sgd dcfd DE hm sgd zqrs qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)1. v1�AB( + fl. v1�BC( + fl5l)5. v1�DE( + 4.

vghbg hr ne sgd enql —304( vhsg q + 10 Hm dZbg ne sgd bZrdr cdrbqhadc Zanud: ax vgZs vd gZud
ZkqdZcx oqnudc hm )603: )704: )707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr0

—a( He vfl��A( + fl5l) > enq rnld > ∈ {9.fl.1.2{ Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + fl5l) >:
vfl�BC( + fl5l)5 Zmc vfl�DE( + fl1: Zmc O1 vhmr ax KdllZ 30fl20

—b( EhmZkkx: he vfl��A( + fl5m) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .fl4{: sgd bnmzftqZshnm Zesdq
sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 50 Rhmbd
m , l +⇒ lfl ̸+ l1: gdmbd O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j⩽ flfl0
He j ∈ {7.8.fl9.flfl{: sgdm O1 qdlnudr vdhfgs �fl1�j( eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)�j�7(. v1�AB( + 1. v1�BC( + fl5l)5. v1�DE( + j.
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vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vgdm j + 7( nq q + fl —vgdm j + 8( nq q + 2
—vgdm j + flfl(: nq ne sgd enql fhudm ax —306( vhsg q + 1 Zmc r+ 1 —vgdm j + fl9(0 He j + 6: sgdm Ofl
qdlnudr vdhfgs 3 eqnl �A Zmc vdhfgs fl eqnl AB hm sgd zqrs qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l. v1�AB( + fl. v1�BC( + fl5l)5. v1�DE( + 6.

vghbg hr ne sgd enql —303( vhsg q + 10 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc
)606: vd bnmbktcd sgZs Ofl knrdr0 He j ∈ {fl.1.2.3.5{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd
enql rsZsdc hm KdllZ 308: vhsg >fl + 3: >1 + 5: Zmc vfl�DE( + j rZshrexhmf dhsgdq lhm{>fl. >1{ ⩾ j
nq j ∈ {>fl. >1{: rn sgZs O1 vhmr ax KdllZ 3080 EhmZkkx: he j + 4: sgdm O1 qdlnudr vdhfgs 5 eqnl sgd
dcfd BC Zmc vdhfgs fl eqnl sgd dcfd AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)3. v1�AB( + fl. v1�BC( + fl5l. v1�DE( + 4.

vghbg hr ne sgd enql —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd jmnv sgZs
Ofl knrdr0 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd
dcfd/vdhfgsr ne �A Zmc BC: rn sgZs vfl�AB( + s ∈ {9.fl{0 He s + fl: O1 qdlnudr vdhfgs 8 eqnl sgd
dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 3�3l)fl(. v1�AB( + fl. v1�BC( + 3�3l)fl()1. v1�DE( + 2.

vghbg hr ne sgd enql —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd bnmbktcd
sgZs Ofl knrdr0 He s + 9: O1 hr kdes: Zesdq sgd zqrs qntmc: vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr
�A: BC Zmc DE : vgdqd vfl��A( + fl5l)3: vfl�BC( + fl5l)5 Zmc vfl�DE( + fl1: Zmc O1 vhmr ax
KdllZ 30fl20

Sghr bnmbktcdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl9( hr knrhmf0
Sgd aZrd bZrdr bnqqdronmchmf sn —304( vhsg q+ 3 Zmc r+ 1 Zqd nasZhmdc ax rdsshmf j+ 1 Zmc j+ 2: vghbg

xhdkc: qdrodbshudkx: sgd bnmzftqZshnmr

v9��A( + 3l)3+ 3�l)fl(. v9�AB( + 1. v9�BC( + 3l)3+ 3�l)fl(. v9�DE( + 1.

v9��A( + 3l)3+ 3�l)fl(. v9�AB( + 1. v9�BC( + 3l)4+ 3�l)fl()fl. v9�DE( + 2.

dZbg ne vghbg hr ne sgd enql —303( vhsg q + 9: Zmc ax vgZs vd gZud oqnudc hm )603: vd jmnv sgZs Ofl knrdr0
Rtoonrd: enq rnld J ∈ �: vd gZud oqnudc sgZs Zmx bnmzftqZshnm sgZs hr dhsgdq ne sgd enql —304( nq ne sgd

enql —305( vhsg q + 3 Zmc r+ 1: Zmc vhsg v9�DE( + j ⩽ J: hr knrhmf0

70fl90fl0 Vgdm J ⩾ 8 Xmc J ≡ h lnc 7 enq rnld h ∈ {fl.1{0 Enq l ∈ �9: vd bnmrhcdq sgd bnmzftqZshnm

v9��A( + 1P)fll)3. v9�AB( + 1. v9�BC( + 1P)fll)�J)2(. v9�DE( + �J)fl(. —70flfl(

vgdqd P+ e �J)fl(0 Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm.

—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Sghr bZm ad chuhcdc hmsn sgd enkknvhmf rtabZrdr.
—Z( Rtoonrd vfl�BC( + 1P)fll)�J) 1(0 He J ≡ fl lnc 7: rn sgZs J + 7m) fl enq rnld m ∈ �:

O1 qdlnudr vdhfgs 2 eqnl �A: Zmc vdhfgs vfl�AB( eqnl AB: hm sgd rdbnmc qntmc: kdZuhmf Ofl
vhsg sgd fZkZwx fqZog bnmrhrshmf ne �A: BC Zmc DE : vgdqd v1��A( + 1P)fll)fl: v1�BC( +
1P)fll)�7m)2( Zmc v1�DE( + �7m)1(: Zmc Ofl knrdr ax Sgdnqdl 1020 He J ≡ 1 lnc 7 Zmc
vfl�AB( + fl: O1 qdlnudr vdhfgs 1 eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)J)1. v1�DE( + J�fl.
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vghbg hr ne sgd enql —304( vhsg q+ 3 Zmc r+ fl: Zmc ax vgZs vd gZud oqnudc hm )708: vd jmnv
sgZs Ofl knrdr0 He vfl�AB( + 1: sgdm O1 qdlnudr vdhfgs fl eqnl DE hm sgd rdbnmc qntmc: rn sgZs

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)�J)1(. v1�DE( + J.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 1: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
Rtoonrd vfl�BC( + 1P)fll)�J)1( vhsg J ≡ 1 lnc 7: Zmc vfl�AB( + 90 Vqhshmf J + 7m)1
enq rnld m ∈�: O1: Zesdq sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:
BC Zmc DE : vgdqd vfl��A( + 1P)fll)3: vfl�BC( + 1P)fll)�7m)3( Zmc vfl�DE( + �7m)2(:
Zmc rgd vhmr ax Sgdnqdl 1020

—a( Rtoonrd vfl�BC( + 1P)fll)�J)fl(0 Sgdm: hqqdrodbshud ne vgZs vfl�AB( hr: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql ldmshnmdc hm KdllZ 308: vhsg >fl + 3: >1 + �J) fl( Zmc
vfl�DE( + �J)fl(0 Rhmbd vfl�DE( ∈ {>fl. >1{: O1 vhmr ax KdllZ 3080

—b( He vfl�BC( + 1P)fll)J Zmc vfl�AB( + s ∈ {fl.1{: O1 qdlnudr vdhfgs 3 eqnl �A Zmc vdhfgs
{vfl�AB(�fl{ eqnl AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll. v1�AB( + fl. v1�BC( + 1P)fll)J. v1�DE( + �J)fl(.

vghbg hr ne sgd enql fhudm ax —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603:
vd jmnv sgZs Ofl knrdr0 He vfl�BC( + 1P)fll)J Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + 1P)fll) 3:
vfl�BC( + 1P)fll)J Zmc vfl�DE( + �J) fl(0 Vqhshmf J + 7m) h enq rnld m ∈ � Zmc h ∈
{fl.1{: vd rdd sgZs sgd sqhokd �1P)fll) 2.1P)fll)J.J) fl( hr aZkZmbdc vgdm h + fl: Zmc sgd
sqhokd �1P)fll)fl.1P)fll)J.J)fl( hr aZkZmbdc vgdm h+ 1: rn sgZs O1 vhmr ax Sgdnqdl 1020

—c( He vfl�BC( + 1P)fll) K enq rnld K ∈ {3.4. � � � .J � 5{: vhsg K ≡ i lnc 7 enq rnld i ∈
{9.fl.1.2.5.6{: Zmc vfl�AB( + 1: O1 qdlnudr vdhfgs �J ) fl(� �K) 5( eqnl sgd dcfd DE
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)5()fl1P� e �K)5(l)3. v1�AB( + 1.

v1�BC( + 1 e �K)5()fl1P� e �K)5(l)K. v1�DE( + �K)5(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ 1: Zmc rhmbd v1�DE( + �K)5( ⩽ J: Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0

—d( He vfl�BC( + 1P)fll)K enq rnld K ∈ {3.4. � � � .J)1{: vhsg K≡ i lnc 7 enq rnld i ∈ {3.4{:
Zmc vfl�AB( + 1: O1 qdlnudr vdhfgs �J)fl(� �K�1( eqnl sgd dcfd DE hm sgd rdbnmc qntmc:
kdZuhmf Ofl vhsg

v1��A( + 1 e �K�1()fl1P� e �K�1(l)3. v1�AB( + 1.

v1�BC( + 1 e �K�1()fl1P� e �K�1(l)K. v1�DE( + �K�1(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 1: Zmc rhmbd v1�DE( + �K�1( ⩽ J: Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0 Sghr bZrd bnudqr K+ �J�4( rhmbd J ≡ h lnc 7 enq h ∈ {fl.1{0

—e( Hevfl�BC( + 1P)fll)K enq rnld K∈ {J�3.J�2.J�1.J�fl{: Zmc vfl�AB( + 1: O1 qdlnudr
vdhfgs �K)4�J( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�J�K�fl(. v1�AB( + 1. v1�BC( + 1P)fll)K. v1�DE( + �J)fl(.

vghbg hr ne sgd enql fhudm ax —303( vhsg dhsgdq q + 9 —vgdm K + J� fl( nq q + fl —vgdm K +
J�1( nq q + 2 —vgdm K+ J�3(: nq ne sgd enql —306( vhsg q + 1 Zmc r+ 1 —vgdm K+ J�2(0
Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc )606: vd jmnv sgZs Ofl knrdr0
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4fl

—f( He vfl�BC( + 1P)fll) K enq rnld K ∈ {3.4. � � � .J � 4{ vhsg K ≡ i lnc 7 enq rnld i ∈
{9.fl.1.2.6{: Zmc vfl�AB( + fl: O1 qdlnudr vdhfgs �J) fl(� �K) 4( eqnl DE hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd jmnv sgZs Ofl knrdr0

—g( Hevfl�BC(+ 1P)fll)K enq rnld K∈{3.4. � � � .J)1{: vhsg K≡ i lnc 7 enq rnld i∈{3.4.5{:
Zmc vfl�AB( + fl: O1 qdlnudr vdhfgs �J)fl(� �K�2( eqnl sgd dcfd DE hm sgd rdbnmc qntmc:
kdZuhmf Ofl vhsg

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + �K�2(.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd jmnv sgZs Ofl knrdr0 Sghr bZrd bnudqr K+ �J�3(: rhmbd J ≡ h lnc 7 enq rnld h ∈ {fl.1{0

—h( He vfl�BC( + 1P)fll)K enq K ∈ {J� 2.J� 1.J� fl{: Zmc vfl�AB( + fl: O1 qdlnudr vdhfgs
�K)3�J( eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�J�K(. v1�AB( + fl. v1�BC( + 1P)fll)K. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 2 —vgdm K + J� 2( nq q + fl —vgdm K + J� fl(: nq
ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm K + J�1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm
)704: )707 Zmc )605: vd bnmbktcd sgZs Ofl knrdr0

—i( He vfl�BC( + 1P)fll) K enq K ∈ {9.fl.1.2{: Zmc vfl�AB( + s ∈ {fl.1{: O1 qdlnudr vdhfgs
�J)fl(� �3) s)K( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + s. v1�BC( + 1P)fll)K. v1�DE( + �3) s)K(.

vghbg hr ne sgd enql —303( vhsg dhsgdq q+ 2 —vgdm K+ 2( nq q+ fl —vgdm K+ fl( nq q+ 9 —vgdm
K + 9(: nq ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm K + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r + 1 —vgdm K + 1 Zmc s + 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr0

—j( He vfl�BC( + 1P)fll)K enq K ∈ {9.fl. � � � .J� fl{: Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc:
hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( +
1P)fll) 3: vfl�BC( + 1P)fll) K Zmc vfl�DE( + �J ) fl(0 Vgdm K ⩽ �J � 3(: O1 vhmr ax
KdllZ 30fl20 Vgdm K + �J� 2(: vqhshmf J + 7�m) fl() h enq rnld m ∈ �9 Zmc h ∈ {fl.1{:
vd rdd sgZs sgd sqhokd

�
1P)fll)3.1P)fll)7m)4) h.7m)fl) h


hr aZkZmbdc: Zmc gdmbd: O1

vhmr ax Sgdnqdl 1020 Vgdm K + �J � 1( Zmc J ≡ fl lnc 7: vqhshmf J + 7�m) fl( ) fl
enq rnld m ∈ �9: vd rdd sgZs sgd sqhokd

�
1P)fll)3.1P)fll)7m)6.7m)2


hr aZkZmbdc:

vgdqdZr he J ≡ 1 lnc 7: vqhshmf J + 7�m) fl( ) 1 enq rnld m ∈ �9: vd rdd sgZs sgd sqhokd�
1P)fll)2.1P)fll)7m)7.7m)flfl


hr aZkZmbdc - bnmrdptdmskx: O1 vhmr ax Sgdnqdl 1020

Vgdm K + �J� fl(: vqhshmf J + 7�m) fl() h enq rnld m ∈ �9 Zmc h ∈ {fl.1{: vd rdd sgZs sgd
sqhokd

�
1P)fll)1.1P)fll)7m)6) h.7m)8) h


hr aZkZmbdc: rn sgZs O1 vhmr ax Sgdnqdl 1020

—k( EhmZkkx: he vfl�BC( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Vd gZud sgd enkknvhmf onrrhahkhshdr.
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—Z( He vfl��A( + 1P)fll) > enq > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1{: O1 qdlnudr vdhfgs �1)
>) s( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll) >. v1�AB( + s.

v1�BC( + 1P)fll)�J)fl(� >� s. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r+ 1 —vgdm > + 1 Zmc s + 1(0

—a( He vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.1.2{ Zmc vfl�AB( + 9: O1: Zs sgd dmc ne sgd zqrs
qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( +
1P)fll) >: vfl�BC( + 1P)fll)�J) 2( Zmc vfl�DE( + �J) fl(0 Vqhshmf J + 7m) h enq h ∈
{fl.1{ Zmc rnld m ∈ �: sgd qdrtkshmf sqhokd hr

�
1P)fll) >.1P)fll)7m) h)2.7m) h)fl


: Zmc

sghr hr vhmmhmf ax OZqs —A1( ne Sgdnqdl 3070
—b( EhmZkkx: he vfl��A( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm

Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + J)20
Rhmbd m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽
J0 He j ∈ {fl1.fl2. � � � .J{ Zmc j ≡ i lnc 7 enq rnld i ∈ {9.fl.3.4.5.6{: sgdm O1 qdlnudr vdhfgs
�J)8� j( eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + 1.

v1�BC( + 1 e �j()fl1P� e �j(l)�j�5(. v1�DE( + j.

vghbg hr ne sgd enql —305( vhsg q+ 3: r+ 1 Zmc j⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
He j ∈ {fl9.flfl. � � � .J{ Zmc j ≡ i lnc 7 enq rnld i ∈ {1.2{: sgdm O1 qdlnudr vdhfgs �J) fl� j(
eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + 1.

v1�BC( + 1 e �j()fl1P� e �j(l)�j)1(. v1�DE( + j.

vghbg hr ne sgd enql —304( vhsg q+ 3: r+ 1 Zmc j⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm gxonsgdrhr0
He j ∈ {fl.1.2.3{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql ldmshnmdc hm KdllZ 308:

vhsg >fl + 3: >1 + �J)2( Zmc vfl�DE( + j ⩽ lhm{>fl. >1{0 Sgtr: O1 vhmr ax KdllZ 3080 He j + 4:
sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql ldmshnmdc hm KdllZ 30flfl: vhsg >fl + 3:
>1 + �J) 2(: vfl�DE( + j + 4 / lhm{>fl. >1{ Zmc vfl�AB( + 1 / j�lhm{>fl. >1{: rn sgZs O1 vhmr
ax KdllZ 30flfl0 He j ∈ {5.6.7.8{: sgdm O1 qdlnudr vdhfgs �J) 8� j( eqnl sgd dcfd BC hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)�j�5(. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + 5( nq q + fl —vgdm j + 6( nq q + 2 —vgdm
j + 8(: nq ne sgd enql —306( vhsg q + 1 Zmc r+ 1 —vgdm j + 7(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm
)603: )704: )707 Zmc )606: vd jmnv sgZs Ofl knrdr0 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl sgd dcfd AB hm sgd zqrs qntmc: vhsgnts chrstqahmf
sgd dcfd/vdhfgsr ne �A Zmc BC: rn sgZs vfl�AB( + s ∈ {9.fl{0 He s + fl: O1 qdlnudr vdhfgs fl eqnl
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�J)2(. v1�DE( + J.
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vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd bnmbktcd sgZs Ofl knrdr0 He s + 9: O1 hr kdes vhsg Z fZkZwx fqZog Zesdq sgd zqrs qntmc: bnmrhrs/
hmf ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll) �J ) 2( Zmc
vfl�DE( + �J ) fl(0 Vqhshmf J + 7m) h enq rnld m ∈ � Zmc h ∈ {fl.1{: vd rdd sgZs sgd sqhokd�
1P)fll)3.1P)fll)7m)2) h.7m�fl) h


hr aZkZmbdc: rn sgZs O1 vhmr ax Sgdnqdl 1020

Sghr bnmbktcdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70flfl( hr knrhmf nm Gfl0

70fl9010 Vgdm J ⩾ fl1 Xmc J ≡ h lnc 7 enq rnld h ∈ {9.2.3.4.5.6{0 Enq l ∈ �9: vd bnmrhcdq

v9��A( + 1P)fll)3. v9�AB( + 1. v9�BC( + 1P)fll)�J�4(. v9�DE( + �J)fl(. —70fl1(

vgdqd P+ e �J)fl(0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm tmenkcr Zr enkknvr.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl

AB: hm sgd zqrs qntmc0 Sgd enkknvhmf onrrhahkhshdr lZx Zqhrd.
—Z( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J� 5{: vhsg K ≡ i lnc 7 enq i ∈ {9.fl.1.2.5.6{:

Zmc vfl�AB( + 1: O1 qdlnudr vdhfgs �J�K�4( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)5()fl1P� e �K)5(l)3. v1�AB( + 1.

v1�BC( + 1 e �K)5()fl1P� e �K)5(l)K. v1�DE( + �K)5(.

vghbg hr ne sgd enql —305( vhsg q+ 3: r+ 1 Zmc v1�DE( + �K)5(⩽ J: rn sgZs Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr0

—a( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J� 5{ vhsg K ≡ i lnc 7 enq rnld i ∈ {3.4{: Zmc
vfl�AB( + 1: O1 qdlnudr vdhfgs �J)2�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�1()fl1P� e �K�1(l)3. v1�AB( + 1.

v1�BC( + 1 e �K�1()fl1P� e �K�1(l)K. v1�DE( + �K�1(.

vghbg hr ne sgd enql —304( vhsg q + 3: r + 1 Zmc v1�DE( + �K�1( ⩽ �J�7( , J: rn sgZs Ofl
knrdr ax ntq hmctbshnm gxonsgdrhr0

—b( He vfl�BC( + 1P)fll)K enq K∈ {3.4. � � � .J�5{: vhsg K≡ i lnc 7 enq rnld i ∈ {9.fl.1.2.6{:
Zmc vfl�AB( + fl: O1 qdlnudr vdhfgs �J�3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ fl: Zmc Ofl knrdr ax vgZs vd gZud oqnudc hm )7080
—c( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J�5{: vhsg K≡ i lnc 7 enq rnld i ∈ {3.4.5{: Zmc

vfl�AB( + fl: O1 qdlnudr vdhfgs �J)3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + �K�2(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ fl: Zmc Ofl knrdr ax vgZs vd gZud oqnudc hm )7080
—d( He vfl�BC( + 1P)fll)K enq K ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1{: O1 qdlnudr vdhfgs �J�

2� s�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + s. v1�BC( + 1P)fll)K. v1�DE( + 3) s)K.

vghbg hr ne sgd enql —303( vhsg dhsgdq q+ 9 —vgdm K+ 9( nq q+ fl —vgdm K+ fl( nq q+ 2 —vgdm
K + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm K + 1 Zmc s + fl(: nq ne sgd enql —306(

 1 
 2 
3

 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



43

vhsg q + 1 Zmc r + 1 —vgdm K + 1 Zmc s + 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr0

—e( He vfl�BC( + 1P)fll) K enq rnld K ∈ {9.fl. � � � .J� 5{: Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs
qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( +
1P)fll)3: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J)fl(: Zmc rgd vhmr ax KdllZ 30fl20

—f( EhmZkkx: he vfl�BC( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Sgd enkknvhmf onrrhahkhshdr lZx Zqhrd.
—Z( He dhsgdq vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.2{ Zmc vfl�AB( + s ∈ {fl.1{: nq vfl��A( +

1P)fll)1 Zmc vfl�AB( + s + 1: nq vfl��A( + 1P)fll)1 Zmc vfl�AB( + s + fl Zmc J ≡ h lnc 7
enq h ∈ {9.3.4.5{: O1 qdlnudr vdhfgs �5�>� s( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll) >. v1�AB( + s. v1�BC( + 1P)fll)�J�4(. v1�DE( + J) >) s�4.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl: nq ne sgd enql —306(
vhsg q+ 1 Zmc r+ 1 —vgdm > + 1 Zmc s + 1(0 Ax vgZs vd gZud oqnudc hm )603: )704: )707: )605
Zmc )606: vd jmnv sgZs Ofl knrdr0

—a( He vfl��A( + 1P)fll) 1 Zmc vfl�AB( + s + fl: vgdqd J ≡ h lnc 7 enq h ∈ {2.6{: O1 qdlnudr
vdhfgs 6 eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll)�J�4(. v1�DE( + �J�5(.

vghbg hr ne sgd enql —304( vhsg q + 1 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )605:
vd jmnv sgZs Ofl knrdr0

—b( He vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.1.2{: Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) >:
vfl�BC( + 1P)fll)�J�4( Zmc vfl�DE( + �J)fl(: Zmc rgd vhmr ax KdllZ 30fl20

—c( EhmZkkx: he vfl��A( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + J�40
Rhmbd m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
He j ∈ {fl1.fl2. � � � .J{ Zmc j≡ i lnc 7 enq rnld i ∈ {9.fl.3.4.5.6{: O1 qdlnudr vdhfgs �J)fl�j(
eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + 1.

v1�BC( + 1 e �j()fl1P� e �j(l)�j�5(. v1�DE( + j.

vghbg hr ne sgd enql —305( vhsg q + 3: r + 1 Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax ntq hmctb/
shnm gxonsgdrhr0 Mnsd sgZs sghr bZrd bnudqr —Z( j + �J� 6(: —a( j + �J� 5( Zmc J ≡ h lnc 7 enq
h ∈ {2.3.4.5.6{0 He j + �J� 5( Zmc J ≡ 9 lnc 7: vqhshmf J + 7�m) fl( enq rnld m ∈ �9: O1 qd/
lnudr vdhfgs 2 eqnl �A: Zmc sgd dmshqd AB: hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE : vhsg v1��A( + 1P)fll)fl: v1�BC( + 1P)fll)7m)2 Zmc
v1�DE( + 7m)1: Zmc Ofl knrdr ax Sgdnqdl 1020
He j ∈ {fl9.flfl. � � � .J� 7{ Zmc j ≡ i lnc 7 enq rnld i ∈ {1.2{: O1 qdlnudr vdhfgs �J� j� 6(

eqnl sgd dcfd BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + 1.
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v1�BC( + 1 e �j()fl1P� e �j(l)�j)1(. v1�DE( + j.

vghbg hr ne sgd enql —304( vhsg q + 3: r+ 1 Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0
He j ∈ {fl.1.2.3.J� 4{: sgdm sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql ldmshnmdc hm

KdllZ 308: vhsg >fl+ 3: >1+ �J�4( Zmc vfl�DE( + j: rn sgZs dhsgdq lhm{>fl. >1{⩾ j nq j∈ {>fl. >1{0
Bnmrdptdmskx: O1 vhmr ax KdllZ 3080 He j ∈ {J�2. � � � .J{: sgdm O1 qdlnudr �J)fl� j( eqnl �A
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll) j� �J�2(. v1�AB( + 1. v1�BC( + 1P)fll)�J�4(. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + J� 2( nq q + fl —vgdm j + J� 1( nq q + 2
—vgdm j + J(: nq ne sgd enql —306( vhsg q + 1 Zmc r + 1 —vgdm j + J� fl(0 He j + �J� 3(: O1
qdlnudr vdhfgs 3 eqnl �A Zmc vdhfgs fl eqnl AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll. v1�AB( + fl. v1�BC( + 1P)fll)�J�4(. v1�DE( + �J�3(.

vghbg hr ne sgd enql —303( vhsg q+ 90 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc )606:
vd jmnv sgZs Ofl knrdr0 He j ∈ {4.5.7{: O1 qdlnudr vdhfgs �J� j( eqnl BC Zmc vdhfgs fl eqnl AB
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�j�4(. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + 4( nq q + fl —vgdm j + 5( nq q + 2 —vgdm
j + 7(, he j + 6: O1 qdlnudr vdhfgs �J�5( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)fl. v1�DE( + 6.

vghbg hr ne sgd enql —303( vhsg q + fl, he j + 8: O1 qdlnudr vdhfgs �J�7( eqnl BC hm sgd rdbnmc
qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)2. v1�DE( + 8.

vghbg hr ne sgd enql —303( vhsg q + 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704 Zmc )707: vd
bnmbktcd sgZs Ofl knrdr0 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl sgd dcfd AB hm sgd zqrs qntmc: vhsgnts chrstqahmf
sgd dcfd/vdhfgsr ne �A Zmc BC0 He vfl�AB( + fl: Zmc J ≡ h lnc 7 enq rnld h ∈ {9.3.4.5.6{: sgdm
O1 qdlnudr vdhfgs fl eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�J�4(. v1�DE( + J.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708: vd
bnmbktcd sgZs Ofl knrdr0 He vfl�AB( + fl Zmc J ≡ fl lnc 7: O1 qdlnudr vdhfgs 8 eqnl DE hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�J�4(. v1�DE( + �J�7(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708: vd
bnmbktcd sgZs Ofl knrdr0 He vfl�AB( + 9: sgdm O1: Zesdq sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog
bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll)3: vfl�BC( + 1P)fll)�J�4(
Zmc vfl�DE( + �J)fl(: Zmc rgd vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl1( hr knrhmf: Zmc sgdqdax: sgd oqnne ne ntq
bkZhl sgZs ZbnmzftqZshnm sgZs hr dhsgdq ne sgd enql —304( nq ne sgd enql —305(: vhsg q + 3 Zmc r+ 1: hr knrhmf0
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70flfl0 Opnne sgWs bnmzftpWshnmr rWshrewhmf —304( np —305(. vhsg q + 3 Wmc r+ 2. Wpd knrhmf0 Sgd aZrd bZrd
bnqqdronmchmf sn —305( vhsg q + 3 Zmc r+ 2 hr nasZhmdc ax rdsshmf j + fl1: vghbg xhdkcr sgd bnmzftqZshnm

v9��A( + fl5l)3. v9�AB( + 2. v9�BC( + fl5l)4. v9�DE( + fl1� —70fl2(

Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr bnmzftqZshnm tmenkcr Zr enkknvr.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl

AB: hm sgd zqrs qntmc0 Sghr bZm ad etqsgdq chuhcdc hmsn sgd enkknvhmf onrrhahkhshdr.
—Z( He vfl�BC( + fl5l) > enq > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs �7�

>� s( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)3. v1�AB( + s. v1�BC( + fl5l) >. v1�DE( + 3) >) s.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r ⩾ 1 —vgdm > + 1 Zmc s ⩾ 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707: )605 Zmc )606: vd jmnv sgZs Ofl knrdr0

—a( He vfl�BC( + fl5l) 3 Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs �fl1� s( eqnl sgd dcfd
DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 3�3l)fl(. v1�AB( + s. v1�BC( + 3�3l)fl(. v1�DE( + s.

vghbg hr ne sgd enql —303( vhsg q + 9: rn sgZs Ofl knrdr ax vgZs vd gZud ZkqdZcx oqnudc hm )6030
—b( He vfl�BC( + fl5l) > enq rnld > ∈ {9.fl.1.2.3{ Zmc vfl�AB( + 9: O1: Zs sgd dmc ne sgd zqrs

qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( +
fl5l)3: vfl�BC( + fl5l) > Zmc vfl�DE( + fl1: Zmc rgd vhmr ax KdllZ 30fl20

—c( EhmZkkx: he vfl�BC( + fl5m) >fl enq rnld m , l Zmc >fl ∈ {9.fl. � � � .fl4{: sgd bnmzftqZshnm Zesdq
sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Vd ZfZhm bnmrhcdq sgd uZqhntr onrrhahkhshdr rdoZqZsdkx.
—Z( He vfl��A( + fl5l) > enq > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs �6�

>� s( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l) >. v1�AB( + s. v1�BC( + fl5l)4. v1�DE( + 4) >) s.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r ⩾ 1 —vgdm > + 1 Zmc s ⩾ 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr0

—a( He vfl��A( + fl5l) > enq > ∈ {9.fl.1.2{ Zmc vfl�AB( + 9: O1: Zs sgd dmc ne sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + fl5l) >:
vfl�BC( + fl5l)4 Zmc v1�DE( + fl1: Zmc rgd vhmr ax KdllZ 30fl20

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j⩽ flfl0
He j ∈ {7.8.fl9.flfl{: O1 qdlnudr vdhfgs �fl1� j( eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)�j�7(. v1�AB( + 2. v1�BC( + fl5l)4. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + 7( nq q + fl —vgdm j + 8( nq q + 2 —vgdm
j + flfl(: nq ne sgd enql —306( vhsg q + 1 Zmc r+ 2 —vgdm j + fl9(0 He j ∈ {5.6{: O1 qdlnudr vdhfgs
3 eqnl �A Zmc vdhfgs �7� j( eqnl AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l. v1�AB( + �j�4(. v1�BC( + fl5l)4. v1�DE( + j.
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vghbg hr ne sgd enql —303( vhsg q + 90 Ax vgZs vd gZud oqnudc hm )603: )704: )707 Zmc )606: vd
bnmbktcd sgZs Ofl knrdr0 He j ∈ {fl.1.2.3.4{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql
ldmshnmdc hm KdllZ 308: vhsg >fl + 3: >1 + 4: Zmc vfl�DE( + j rZshrexhmf dhsgdq lhm{>fl. >1{⩾ j nq
j ∈ {>fl. >1{: rn sgZs O1 vhmr ax KdllZ 3080 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( EhmZkkx: rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf
sgd dcfd/vdhfgsr ne �A Zmc BC: rn sgZs vfl�AB( + s ∈ {9.fl.1{0 Enq s ∈ {fl.1{: O1 qdlnudr vdhfgs
�flfl� s( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 3�3l)fl(. v1�AB( + s. v1�BC( + 3�3l)fl()fl. v1�DE( + s)fl.

vghbg hr ne sgd enql —303( vhsg q + 90 Ax vgZs vd gZud oqnudc hm )603: vd bnmbktcd sgZs Ofl knrdr0
He s + 9: O1 hr kdes vhsg Z fZkZwx fqZog Zs sgd dmc ne sgd zqrs qntmc: bnmrhrshmf ne sgd dcfdr �A:
BC Zmc DE : vgdqd vfl��A( + fl5l) 3: vfl�BC( + fl5l) 4 Zmc vfl�DE( + fl1: Zmc rgd vhmr ax
KdllZ 30fl20

Sghr oqnudr ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl2( hr knrhmf nm Gfl0 Sgd aZrd bZrd bnqqdronmchmf sn —304(
vhsg q + 3 Zmc r+ 2 hr nasZhmdc ax rdsshmf j + 2: vghbg xhdkcr sgd bnmzftqZshnm

v9��A( + fl5l)3+ 3�3l)fl(. v9�AB( + 2. v9�BC( + fl5l)3+ 3�3l)fl(. v9�DE( + 2.

vghbg hr knrhmf rhmbd hs hr ne sgd enql —303( vhsg q + 90
Rtoonrd: enq rnld J ∈ �: vd gZud rgnvm sgZs Z bnmzftqZshnm sgZs hr dhsgdq ne sgd enql —304( nq ne sgd

enql —305(: vhsg q + 3 Zmc r+ 2: hr knrhmf Zr knmf Zr v9�DE( + j ⩽ J0

70flfl0fl0 Vgdm J ⩾ fl9 Xmc J ≡ 1 lnc 70 Enq l ∈ �9: vd bnmrhcdq sgd bnmzftqZshnm
v9��A( + 1P)fll)3. v9�AB( + 2. v9�BC( + 1P)fll)J)1. v9�DE( + J)fl. —70fl3(

vgdqd P+ e �J)fl(0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm tmenkcr Zr enkknvr.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB
hm sgd zqrs qntmc0 Sgd enkknvhmf onrrhahkhshdr lZx Zqhrd.
—Z( He vfl�BC( + 1P)fll)�J)fl(: sgd bnmzftqZshnm: Zesdq sgd zqrs qntmc: hr ne sgd enql ldmshnmdc

hm KdllZ 308: vhsg >fl + 3: >1 + �J)fl( Zmc vfl�DE( + j+ �J)fl( ∈ {>fl. >1{: rn sgZs O1 vhmr
ax KdllZ 3080

—a( He vfl�BC( + 1P)fll)J Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs 3 eqnl �A: Zmc vdhfgs
�s�fl( eqnl AB: hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll. v1�AB( + fl. v1�BC( + 1P)fll)J. v1�DE( + J)fl.

vghbg hr ne sgd enql —303( vhsg q + 9: Zmc Ofl knrdr ax vgZs vd gZud ZkqdZcx oqnudc hm )6030 He
vfl�BC( + 1P)fll)J Zmc vfl�AB( + 9: vqhshmf J + 7m)1 enq rnld m ∈ �: vd rdd sgZs O1 hr
kdes: Zs sgd dmc ne sgd zqrs qntmc: vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :
vgdqd vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll) 7m) 1 Zmc vfl�DE( + 7m) 2: Zmc rhmbd sgd
sqhokd �1P)fll)fl.1P)fll)7m)1.7m)2( hr aZkZmbdc: O1 vhmr ax Sgdnqdl 1020

—b( Rtoonrd vfl�BC( + 1P)fll)�J�fl(0 He vfl�AB( + s ∈ {1.2{: O1 qdlnudr vdhfgs �s�1( eqnl
sgd dcfd AB Zmc vdhfgs 3 eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll. v1�AB( + 1. v1�BC( + 1P)fll)�J�fl(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg q + 90 He vfl�AB( + fl: O1 qdlnudr vdhfgs 2 eqnl �A hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)fl. v1�AB( + fl. v1�BC( + 1P)fll)�J�fl(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg q + fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603 Zmc )704:
vd jmnv sgZs Ofl knrdr0 He vfl�AB( + 9: vqhshmf J + 7m) 1 enq rnld m ∈ �: O1: Zs sgd dmc
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ne sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd
vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll) 7m) fl Zmc vfl�DE( + 7m) 2: Zmc rhmbd sgd sqhokd
�1P)fll)1.1P)fll)7m)fl.7m)2( hr aZkZmbdc: O1 vhmr ax Sgdnqdl 1020

—c( Rtoonrd vfl�BC( + 1P)fll)�J� 1(0 He vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs �s ) fl(
eqnl sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�2� s(. v1�AB( + s. v1�BC( + 1P)fll)�J�1(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm s + 2( nq q + fl —vgdm s + 1(: nq ne sgd enql
—305( vhsg q + 1 Zmc r + fl —vgdm s + fl(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704 Zmc
)605: vd bnmbktcd sgZs Ofl knrdr0 He vfl�AB( + 9: vqhshmf J + 7m) 1 enq rnld m ∈ �: O1: Zs
sgd dmc ne sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :
vgdqd vfl��A( + 1P)fll)3: vfl�BC( + 1P)fll)7m Zmc vfl�DE( + 7m)2: Zmc rhmbd sgd sqhokd
�1P)fll)2.1P)fll)7m.7m)2( hr aZkZmbdc: O1 vhmr ax Sgdnqdl 1020

—d( Rtoonrd vfl�BC( + 1P)fll)�J�2(0 He vfl�AB( + s ∈ {fl.1.2{: sgdm O1 qdlnudr vdhfgs s eqnl
sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�3� s(. v1�AB( + s. v1�BC( + 1P)fll)�J�2(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + fl —vgdm s + 2( nq q + 2 —vgdm s + fl(: nq ne sgd enql
—306( vhsg q + 1 Zmc r + 1 —vgdm s + 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )704: )707 Zmc
)606: vd bnmbktcd sgZs Ofl knrdr0 He vfl�AB( + 9: vqhshmf J + 7�m)fl()1 enq rnld m ∈ �9: O1:
Zs sgd dmc ne sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:BC Zmc DE :
vgdqd vfl��A( + 1P)fll)3: vfl�BC( + 1P)fll)7m)6 Zmc vfl�DE( + 7m)flfl: Zmc rhmbd sgd
sqhokd �1P)fll)3.1P)fll)7m)6.7m)2( hr aZkZmbdc: O1 vhmr ax Sgdnqdl 1020

—e( He vfl�BC( + 1P)fll) K enq rnld K ∈ {9.fl. � � � .J � 3{: Zmc vfl�AB( + 9: sgdm: Zs sgd dmc
ne sgd zqrs qntmc: O1 hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :
vgdqd vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J) fl(: Zmc rgd vhmr ax
KdllZ 30fl20

—f( Rtoonrd vfl�BC( + 1P)fll)�J�3(0 He vfl�AB( + s ∈ {1.2{: O1 qdlnudr vdhfgs �s�fl( eqnl
sgd dcfd �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)�4� s(. v1�AB( + s. v1�BC( + 1P)fll)�J�3(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —306( vhsg q + 1 Zmc r + 2 —vgdm s + 2( nq ne sgd enql —303( vhsg q + 2
—vgdm s + 1(0 He vfl�AB( + fl: O1 qdlnudr 7 eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�J�3(. v1�DE( + �J�6(.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )606: )707
Zmc )708: vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgd Zanud sgqdd bZrdr0

—g( Rtoonrd vfl�BC( + 1P)fll)�J�4(0 He vfl�AB( + 2: O1 qdlnudr vdhfgs fl eqnl sgd dcfd �A
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)2. v1�AB( + 2. v1�BC( + 1P)fll)�J�4(. v1�DE( + �J)fl(.

vghbg hr ne sgd enql —303( vhsg q + 20 He vfl�AB( + 1: O1 qdlnudr vdhfgs 7 eqnl sgd dcfd DE
hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)�J�4(. v1�DE( + �J�6(.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 10 He vfl�AB( + fl: O1 qdlnudr vdhfgs 8 eqnl sgd
dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�J�4(. v1�DE( + �J�7(.
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48

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )707: )708
Zmc )70fl9: vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—h( He vfl�BC( + 1P)fll) K enq K ∈ {3.4. � � � .J � 5{: vhsg K ≡ 3 lnc 7: Zmc vfl�AB( + 2: O1
qdlnudr vdhfgs �J)1�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�fl()fl1P� e �K�fl(l)3. v1�AB( + 2.

v1�BC( + 1 e �K�fl()fl1P� e �K�fl(l)K. v1�DE( + K�fl.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 2: Zmc rhmbd v1�DE( + �K�fl( , J: Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0 Sghr bZrd bnudqr vfl�BC( + 1P)fll)�J�5( Zmc vfl�AB( + 20

—i( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J� 6{: vhsg K ≡ h lnc 7 enq h ∈ {9.fl.1.2.4.5.6{:
Zmc vfl�AB( + 2: O1 qdlnudr vdhfgs �J�5�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)6()fl1P� e �K)6(l)3. v1�AB( + 2.

v1�BC( + 1 e �K)6()fl1P� e �K)6(l)K. v1�DE( + K)6.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ 2: Zmc rhmbd v1�DE( + �K)6( ⩽ J: Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0

—j( He vfl�BC( + 1P)fll) K enq K ∈ {3.4. � � � .J � 5{: vhsg K ≡ i lnc 7 enq i ∈ {3.4{: Zmc
vfl�AB( + 1: O1 qdlnudr vdhfgs �J)2�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�1()fl1P� e �K�1(l)3. v1�AB( + 1.

v1�BC( + 1 e �K�1()fl1P� e �K�1(l)K. v1�DE( + �K�1(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9:
vd bnmbktcd sgZs Ofl knrdr0

—k( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J� 5{: vhsg K ≡ i lnc 7 enq i ∈ {9.fl.1.2.5.6{:
Zmc vfl�AB( + 1: O1 qdlnudr vdhfgs �J�4�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)5()fl1P� e �K)5(l)3. v1�AB( + 1.

v1�BC( + 1 e �K)5()fl1P� e �K)5(l)K. v1�DE( + �K)5(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9:
vd jmnv sgZs Ofl knrdr0

—l( He vfl�BC( + 1P)fll) K enq K ∈ {3.4. � � � .J � 5{: vhsg K ≡ i lnc 7 enq i ∈ {3.4.5{: Zmc
vfl�AB( + fl: O1 qdlnudr vdhfgs �J)3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + �K�2(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd jmnv sgZs Ofl knrdr0

—m( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J�5{: vhsg K≡ i lnc 7 enq i ∈ {9.fl.1.2.6{: Zmc
vfl�AB( + fl: O1 qdlnudr vdhfgs �J�3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd jmnv sgZs Ofl knrdr0
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—n( He vfl�BC( + 1P)fll) K enq K ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs
�J)fl(� �3) s)K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + s. v1�BC( + 1P)fll)K. v1�DE( + 3) s)K.

vghbg hr ne sgd enql —303( vhsg dhsgdq q+ 9 —vgdm K+ 9( nq q+ fl —vgdm K+ fl( nq q+ 2 —vgdm
K + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm K + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r + s ⩾ 1 —vgdm K + 1 Zmc s ⩾ 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603:
)704: )707: )605 Zmc )606: vd jmnv sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—o( EhmZkkx: he vfl�BC( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Nmbd ZfZhm: vd bnmrhcdq sgd uZqhntr onrrhahkhshdr.
—Z( He vfl��A( + 1P)fll) > enq > ∈ {9.fl.1.2{: Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs

�>) s)fl( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll) >. v1�AB( + s. v1�BC( + 1P)fll)J)fl� >� s. v1�DE( + J)fl.

vghbg hr ne sgd enql —303( vhsg q+ 9 —vgdm > + 9( nq q+ fl —vgdm > + fl( nq q+ 2 —vgdm > + 2(:
ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306( vhsg q + 1
Zmc r ⩾ 1 —vgdm > + 1 Zmc s ⩾ 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707: )605
Zmc )606: vd jmnv sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—a( He vfl��A( + 1P)fll) > enq > ∈ {9.fl.1.2{: Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr kdes
vhsg Z fZkZwx fqZog bnmrhrshmf ne �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) >: vfl�BC( +
1P)fll)�J)1( Zmc vfl�DE( + �J)fl(0 Vqhshmf J + 7m)1 enq rnld m ∈ �: rhmbd sgd sqhokd�
1P)fll) >.1P)fll)7m)2� >.7m)2


hr aZkZmbdc: O1 vhmr ax Sgdnqdl 1020

—b( EhmZkkx: he vfl��A( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + J)10
Rhmbd m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
He j + 9: O1 vhmr ax QdlZqj 30fl10 He j ∈ {fl.1.2.3{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne
sgd enql ldmshnmdc hm KdllZ 308: vhsg >fl + 3 Zmc >1 + �J ) 1(: rn sgZs vfl�DE( + j rZshrzdr
sgd hmdptZkhsx j ⩽ lhm{>fl. >1{0 Bnmrdptdmskx: O1 vhmr ax KdllZ 3080 He j ∈ {4.5. � � � .J{ Zmc
j ≡ 2 lnc 7: sgdm O1 qdlnudr vdhfgs �J)fl� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 2. v1�BC( + 1P)fll)�j)fl(. v1�DE( + j.

vghbg hr ne sgd enql —304( vhsg q + 3: r+ 2 Zmc v1�DE( + j ⩽ J: rn sgZs Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0 He j ∈ {6.7. � � � .J{ Zmc j ≡ i lnc 7 enq rnld i ∈ {9.fl.1.3.4.5.6{: sgdm O1 qdlnudr
vdhfgs �J)8� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 2. v1�BC( + 1P)fll)�j�6(. v1�DE( + j. —70fl4(

vghbg: vgdm j⩾ fl1: hr ne sgd enql —305( vhsg q+ 3: r+ 2 Zmc v1�DE( + j⩽ J: rn sgZs Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0 He j ∈ {6.7.8.fl9{: sgd bnmzftqZshnm hm —70fl4( hr ne sgd enql —303( vhsg
dhsgdq q + 9 —vgdm j + 6( nq q + fl —vgdm j + 7( nq q + 2 —vgdm j + fl9(: nq ne sgd enql —306( vhsg
q + 1 Zmc r + 2 —vgdm j + 8(0 He j ∈ {4.5{: O1 qdlnudr vdhfgs �J) 1( eqnl sgd dcfd BC Zmc
vdhfgs �6� j( eqnl sgd dcfd AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + j�3. v1�BC( + 1P)fll. v1�DE( + j.
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5fl

vghbg hr ne sgd enql —303( vhsg q+ 90 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc )606:
vd jmnv sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd
dcfd/vdhfgsr ne �A ZmcBC: rn sgZs vfl�AB( + s ∈ {9.fl.1{0 He s ∈ {fl.1{: O1 qdlnudr vdhfgs �2� s(
eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + s. v1�BC( + 1P)fll)�J)1(. v1�DE( + �J�1) s(.

vghbg hr ne sgd enql —304( vhsg dhsgdq q + 3 Zmc r+ 1 —vgdm s + 1( nq q+ 3 Zmc r+ fl —vgdm s + fl(0
Ax vgZs vd gZud ZkqdZcx oqnudc hm )708 Zmc )70fl9: vd jmnv sgZs Ofl knrdr0 He s + 9: O1: Zs sgd
dmc ne sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd
vfl��A( + 1P)fll)3: vfl�BC( + 1P)fll)�J)1( Zmc vfl�DE( + �J)fl(0 Vqhshmf J + 7m)1 enq
rnld m ∈ �: rhmbd sgd sqhokd �1P)fll)3.1P)fll)7m)3.7m( hr aZkZmbdc: O1 vhmr ax Sgdnqdl 1020

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl3( hr knrhmf nm Gfl0

70flfl010 Vgdm J ⩾ fl1 Xmc J ≡ h lnc 7 enq rnld h ∈ {9.fl.2.3.4.5.6{0 Enq l ∈ �9: vd enbtr nm

v9��A( + 1P)fll)3. v9�AB( + 2. v9�BC( + 1P)fll)�J�5(. v9�DE( + �J)fl(. —70fl5(

vgdqd P+ e �J)fl(0 Sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm tmenkcr Zr enkknvr.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl

AB: hm sgd zqrs qntmc0 Sgd enkknvhmf bZrdr Zqd onrrhakd.
—Z( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J�6{: vhsg K≡ i lnc 7 enq i ∈ {9.fl.1.2.4.5.6{:

Zmc vfl�AB( + 2: O1 qdlnudr vdhfgs �J�5�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)6()fl1P� e �K)6(l)3. v1�AB( + 2.

v1�BC( + 1 e �K)6()fl1P� e �K)6(l)K. v1�DE( + �K)6(.

vghbg hr ne sgd enql —305( vhsg q+ 3: r+ 2 Zmc v1�DE( + �K)6(⩽ J: rn sgZs Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr0

—a( He vfl�BC( + 1P)fll) K enq K ∈ {3.4. � � � .J � 6{: vhsg K ≡ 3 lnc 7: Zmc vfl�AB( + 2: O1
qdlnudr vdhfgs �J)1�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�fl()fl1P� e �K�fl(l)3. v1�AB( + 2.

v1�BC( + 1 e �K�fl()fl1P� e �K�fl(l)K. v1�DE( + �K�fl(.

vghbg hr ne sgd enql —304( vhsg q + 3: r + 2 Zmc v1�DE( + �K�fl( ⩽ �J�7( , J: rn sgZs Ofl
knrdr ax ntq hmctbshnm gxonsgdrhr0

—b( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J� 6{: vhsg K ≡ i lnc 7 enq i ∈ {9.fl.1.2.5.6{:
Zmc vfl�AB( + 1: O1 qdlnudr vdhfgs �J�4�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)5()fl1P� e �K)5(l)3. v1�AB( + 1.

v1�BC( + 1 e �K)5()fl1P� e �K)5(l)K. v1�DE( + �K)5(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9:
vd bnmbktcd sgZs Ofl knrdr0

—c( He vfl�BC( + 1P)fll) K enq K ∈ {3.4. � � � .J � 6{: vhsg K ≡ i lnc 7 enq i ∈ {3.4{: Zmc
vfl�AB( + 1: O1 qdlnudr vdhfgs �J)2�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�1()fl1P� e �K�1(l)3. v1�AB( + 1.

v1�BC( + 1 e �K�1()fl1P� e �K�1(l)K. v1�DE( + �K�1(.
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vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 1: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9:
vd bnmbktcd sgZs Ofl knrdr0

—d( He vfl�BC( + 1P)fll)K enq K ∈ {3.4. � � � .J�6{: vhsg K≡ i lnc 7 enq i ∈ {9.fl.1.2.6{: Zmc
vfl�AB( + fl: O1 qdlnudr vdhfgs �J�3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd bnmbktcd sgZs Ofl knrdr0

—e( He vfl�BC( + 1P)fll) K enq K ∈ {3.4. � � � .J � 6{: vhsg K ≡ i lnc 7 enq i ∈ {3.4.5{: Zmc
vfl�AB( + fl: O1 qdlnudr vdhfgs �J)3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + �K�2(.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )708:
vd bnmbktcd sgZs Ofl knrdr0

—f( He vfl�BC( + 1P)fll) K enq K ∈ {9.fl.1.2{: Zmc vfl�AB( + s ∈ {fl.1.2{: O1 qdlnudr vdhfgs
�J�2� s�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + s. v1�BC( + 1P)fll)K. v1�DE( + �3) s)K(.

vghbg hr ne sgd enql —303( vhsg dhsgdq q+ 9 —vgdm K+ 9( nq q+ fl —vgdm K+ fl( nq q+ 2 —vgdm
K + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm K + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r ⩾ 1 —vgdm K + 1 Zmc s ⩾ 1(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704:
)707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—g( He vfl�BC( + 1P)fll)K enq K ∈ {9.fl. � � � .J�6{: Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog: bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE :vhsg vfl��A( + 1P)fll) 3:
vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J)fl(: Zmc O1 vhmr ax KdllZ 30fl20

—h( EhmZkkx: he vfl�BC( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Sgd enkknvhmf rbdmZqhnr Zqd onrrhakd.
—Z( Rtoonrd vfl��A( + 1P)fll) > enq rnld > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1.2{0 �r knmf

Zr —h( > ∈ {9.fl.2{: —hh( nq > + 1 Zmc s ∈ {1.2{: —hhh( nq > + 1: s + fl Zmc J ≡ h lnc 7 enq rnld
h ∈ {fl.2.4.5.6{: O1 qdlnudr vdhfgs �6� >� s( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll) >. v1�AB( + s. v1�BC( + 1P)fll)J�5. v1�DE( + J) >) s�5.
vghbg hr ne sgd enql —303( vhsg q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm > + 1: s + fl Zmc J ≡ h lnc 7 enq rnld
h ∈ {fl.2.4.5.6{(: nq ne sgd enql —306( vhsg q + 1 Zmc r ⩾ 1 —vgdm > + 1 Zmc s ∈ {1.2{(0 Ax
vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707: )605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr0
He > + 1: s + fl Zmc J ≡ h lnc 7 enq rnld h ∈ {9.3{: O1 qdlnudr vdhfgs 7 eqnl DE hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)1. v1�AB( + fl. v1�BC( + 1P)fll)J�5. v1�DE( + J�6.
vghbg hr ne sgd enql —304( vhsg q + 1 Zmc r + fl: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )605:
vd bnmbktcd sgZs Ofl knrdr0
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—a( He vfl��A( + 1P)fll) > enq > ∈ {9.fl.1.2{: Zmc vfl�AB( + 9: O1: Zs sgd dmc ne sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + 1P)fll) >:
vfl�BC( + 1P)fll)�J�5( Zmc vfl�DE( + �J)fl(: Zmc rgd vhmr ax KdllZ 30fl20

—b( EhmZkkx: he vfl��A( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 + l Zmc >1 + J�50
Rhmbd m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl sgd dcfd DE hm sgd zqrs qntmc: rn sgZs vfl�DE( +
j ⩽ J0 He j + 9: O1 vhmr ax QdlZqj 30fl10 He j ∈ {fl.1.2.3.J� 5{: sgd bnmzftqZshnm Zesdq sgd zqrs
qntmc hr ne sgd enql ldmshnmdc hm KdllZ 308: vhsg >fl + 3: >1 + �J�5( Zmc vfl�DE( + j rZshrexhmf
dhsgdq lhm{>fl. >1{⩾ j nq j ∈ {>fl. >1{0 Sgdqdenqd: O1 vhmr ax KdllZ 3080 He j ∈ {J�2.J�1.J�
fl.J{: O1 qdlnudr �J)fl� j( eqnl �A hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)2) j�J. v1�AB( + 2. v1�BC( + 1P)fll)J�5. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + J� 2( nq q + fl —vgdm j + J� 1( nq q + 2
—vgdm j+ J(: nq ne sgd enql —306( vhsg q+ 1 Zmc r+ 2 —vgdm j+ J�fl(0 He j ∈ {J�4.J�3{: O1
qdlnudr vdhfgs 3 eqnl �A Zmc vdhfgs �J� j�2( eqnl AB hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll. v1�AB( + j)5�J. v1�BC( + 1P)fll)J�5. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg q+ 90 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc )606:
vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0
He j ∈ {6.7.8.fl9.fl1.fl2. � � � .J � 6{ vhsg j ≡ i lnc 7 enq i ∈ {9.fl.1.3.4.5.6{: O1 qdlnudr

vdhfgs �J)fl� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 2. v1�BC( + 1P)fll)�j�6(. v1�DE( + j. —70fl6(

vghbg: enq j ⩾ fl1: hr ne sgd enql —305( vhsg q + 3 Zmc r + 2: Zmc Zr v1�DE( + j ⩽ J: Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0 Sgd bnmzftqZshnm hm —70fl6( hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm
j + 6( nq q + fl —vgdm j + 7( nq q + 2 —vgdm j + fl9(: nq ne sgd enql —306( vhsg q + 1 Zmc r + 2
—vgdm j + 8(0 Mnsd sgZs sgd bZrd ne j + �J� 6( hr sZjdm bZqd ne gdqd0 He j ∈ {flfl.fl1. � � � .J� 7{
vhsg j ≡ 2 lnc 7: O1 qdlnudr vdhfgs �J�6� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + 2. v1�BC( + 1P)fll)�j)fl(. v1�DE( + j.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 2: Zmc Zr v1�DE( + j ⩽ J: Ofl knrdr ax ntq hmctbshnm
gxonsgdrhr0 He j ∈ {4.5{: O1 qdlnudr vdhfgs �J�5( eqnl BC: Zmc vdhfgs �6� j( eqnl AB: hm sgd
rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + j�3. v1�BC( + 1P)fll. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg q+ 90 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc )606:
vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—hu( EhmZkkx: rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf
sgd dcfd/vdhfgsr ne �A Zmc BC: rn sgZs vfl�AB( + s ∈ {9.fl.1{0 He s + 1 Zmc J ≡ h lnc 7 enq
h ∈ {9.fl.3.4.5.6{: O1 qdlnudr vdhfgs fl eqnl DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)�J�5(. v1�DE( + J.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + 10 He s + 1 Zmc J ≡ 2 lnc 7: O1 qdlnudr vdhfgs 8
eqnl DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)�J�5(. v1�DE( + �J�7(.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9: vd
bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0
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He s + fl Zmc J ≡ h lnc 7 enq h∈ {9.fl.4.5.6{: O1 qdlnudr vdhfgs 1 eqnl DE hm sgd rdbnmc qntmc:
kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + fl. v1�BC( + 1P)fll)�J�5(. v1�DE( + �J�fl(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ fl0 He s + fl Zmc J ≡ h lnc 7 enq h ∈ {2.3{: O1 qdlnudr
vdhfgs fl9 eqnl DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + 1P)fll)3. v1�AB( + 1. v1�BC( + 1P)fll)�J�5(. v1�DE( + �J�8(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )708: vd
bnmbktcd sgZs Ofl knrdr0
He s + 9: O1 hr kdes vhsg Z fZkZwx fqZog Zs sgd dmc ne sgd zqrs qntmc: bnmrhrshmf ne dcfdr �A: BC

Zmc DE : vhsg vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll)�J� 5( Zmc vfl�DE( + �J) fl(: Zmc rgd
vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl5( hr knrhmf: sgdqdax oqnuhmf ntq bkZhl
sgZs Zmx bnmzftqZshnm sgZs hr dhsgdq ne sgd enql —304( nq ne sgd enql —305(: vhsg q + 3 Zmc r+ 2: hr knrhmf0

70fl10 Opnne sgWs Wmw bnmzftpWshnm ne sgd enpl —306(. vhsg q + 3 Wmc r ⩾ 3. hr knrhmf0 Sgd aZrd bZrd
bnqqdronmchmf sn —306( vhsg q + 3 hr nasZhmdc ax rdsshmf r+ 3 Zmc j + fl1: vghbg xhdkcr sgd bnmzftqZshnm

v9��A( + v9�BC( + fl5l)3. v9�AB( + 3. v9�DE( + fl1� —70fl7(

Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sghr hmhshZk bnmzftqZshnm.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnlBC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc —ZmZknfntrkx: Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud
hmsdfdq vdhfgs eqnl AB: hm sgd zqrs qntmc(0
—Z( He vfl�BC( + fl5l)> enq rnld >∈ {9.fl.1.2{: Zmc vfl�AB( + s ∈ {fl.1.2.3{: O1 qdlnudr vdhfgs

�7� >� s( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)3. v1�AB( + s. v1�BC( + fl5l) >. v1�DE( + 3) >) s.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r⩾ 1 —vgdm > + 1 Zmc s ∈ {1.2{(0 Ax vgZs vd gZud oqnudc hm )603: )704: )707:
)605 Zmc )606: vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0

—a( He vfl�BC( + fl5l) > enq > ∈ {9.fl.1.2{: Zmc vfl�AB( + 9: O1: Zs sgd dmc ne sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog sgZs bnmrhrsr ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + fl5l) 3:
vfl�BC( + fl5l) > Zmc vfl�DE( + fl1: Zmc rgd vhmr ax KdllZ 30fl20

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd rdbnmc qntmc: rn sgZs vfl�DE( + j ⩽
flfl0 He j ∈ {7.8.fl9.flfl{: O1 qdlnudr vdhfgs �fl1� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + fl5l)3. v1�AB( + 3. v1�BC( + fl5l)�j�7(. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm j + 7( nq q + fl —vgdm j + 8( nq q + 2 —vgdm
j+ flfl(: nq ne sgd enql —306( vhsg q+ 1 Zmc r+ 3 —vgdm j+ fl9(0 He j ∈ {4.5.6{: O1 qdlnudr vdhfgs
3 eqnl BC Zmc vdhfgs �7� j( eqnl AB hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + fl5l)3. v1�AB( + �j�3(. v1�BC( + fl5l. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg q+ 90 Ax vgZs vd gZud oqnudc ZkqdZcx hm )603: )704: )707 Zmc )606:
vd bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0 He j ∈ {fl.1.2.3{: sgd bnmzftqZshnm Zs sgd dmc ne
sgd zqrs qntmc hr ne sgd enql rsZsdc hm KdllZ 308: vhsg >fl + >1 + 3 Zmc vfl�DE( + j rZshrexhmf
lhm{>fl. >1{⩾ j: rn sgZs O1 vhmr ax KdllZ 3080 He j + 9: O1 vhmr ax QdlZqj 30fl10
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—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd
dcfd/vdhfgsr ne �A Zmc BC: rn sgZs vfl�AB( + s ∈ {9.fl.1.2{0 Enq s ∈ {fl.1.2{: O1 qdlnudr vdhfgs
�fl1� s( eqnl sgd dcfd DE hm sgd rdbnmc qntmc: rn sgZs Ofl hr kdes vhsg

v1��A( + v1�BC( + fl5l)3+ 3�3l)fl(. v1�AB( + v1�DE( + s.

vghbg hr ne sgd enql —303( vhsg q + 90 Ax vgZs vd gZud oqnudc hm )603: vd bnmbktcd sgZs Ofl knrdr0
Enq s + 9: O1 qdlnudr DE hm sgd rdbnmc qntmc: Zmc Ofl knrdr ax Sgdnqdl 1020

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl7( hr knrhmf nm Gfl0
Rtoonrd vd gZud oqnudc: enq rnld J ∈ � vhsg J ⩾ fl1: sgZs Zmx bnmzftqZshnm nm Gfl sgZs hr ne sgd enql

—306( vhsg q + 3 Zmc j ⩽ J: hr knrhmf0 Vd bnmrhcdq sgd zqrs qntmc ne sgd fZld okZxdc nm sgd bnmzftqZshnm

v9��A( + 1P)fll)3. v9�AB( + J�K�2. v9�BC( + 1P)fll)K. v9�DE( + J)fl. —70fl8(

vgdqd P+ e �J)fl(: K ∈ {3.4. � � � .J�6{ Zmc l ∈ �9.
—h( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl BC: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl

AB: hm sgd zqrs qntmc0 Sgd enkknvhmf bZrdr lZx Zqhrd.
—Z( He vfl�BC( + 1P)fll) > enq > ∈ {3.4. � � � .K� fl{ Zmc vfl�AB( + s ∈ {3.4. � � � .J� K� 2{: O1

qdlnudr vdhfgs �J�2� >� s( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>)s)3()fl1P� e �>)s)3(l)3. v1�AB( + s.

v1�BC( + 1 e �>)s)3()fl1P� e �>)s)3(l) >. v1�DE( + >) s)3.

vghbg hr ne sgd enql —306( vhsg q + 3: r ⩾ 3 Zmc v1�DE( + >) s) 3 ⩽ J: rn sgZs Ofl knrdr ax
ntq hmctbshnm gxonsgdrhr0

—a( He vfl�BC( + 1P)fll)> enq >∈ {3.4. � � � .K�fl{vhsg >≡ 3 lnc 7: Zmc vfl�AB( + 2: O1 qdlnudr
vdhfgs �J)1� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>�fl()fl1P� e �>�fl(l)3. v1�AB( + 2.

v1�BC( + 1 e �>�fl()fl1P� e �>�fl(l) >. v1�DE( + >�fl.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + 20 He > ≡ h lnc 7 enq h ∈ {9.fl.1.2.4.5.6{: O1
qdlnudr vdhfgs �J�5� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>)6()fl1P� e �>)6(l)3. v1�AB( + 2.

v1�BC( + 1 e �>)6()fl1P� e �>)6(l) >. v1�DE( + >)6.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )70flfl: vd
jmnv sgZs O1 knrdr hm dZbg ne sgdrd bZrdr0

—b( Rtoonrd vfl�BC( + 1P)fll) > enq > ∈ {3.4. � � � .K� fl{ Zmc vfl�AB( + 10 He > ≡ h lnc 7 enq
h ∈ {3.4{: O1 qdlnudr vdhfgs �J)2� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>�1()fl1P� e �>�1(l)3. v1�AB( + 1.

v1�BC( + 1 e �>�1()fl1P� e �>�1(l) >. v1�DE( + >�1.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + 10 He > ≡ h lnc 7 enq h ∈ {9.fl.1.2.5.6{: O1
qdlnudr vdhfgs �J�4� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>)5()fl1P� e �>)5(l)3. v1�AB( + 1.

v1�BC( + 1 e �>)5()fl1P� e �>)5(l) >. v1�DE( + >)5.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r+ 10 Ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9: vd
jmnv sgZs O1 knrdr hm dZbg ne sgdrd bZrdr0
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—c( Rtoonrd vfl�BC( + 1P)fll) > enq rnld > ∈ {3.4. � � � .K�fl{ Zmc vfl�AB( + fl0 He > ≡ h lnc 7
enq h ∈ {3.4.5{: O1 qdlnudr vdhfgs �J)3� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>�2()fl1P� e �>�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �>�2()fl1P� e �>�2(l) >. v1�DE( + >�2.

vghbg hr ne sgd enql —304( vhsg q+ 3 Zmc r+ fl0 He > ≡ h lnc 7 enq h∈ {9.fl.1.2.6{: O1 qdlnudr
vdhfgs �J�3� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �>)4()fl1P� e �>)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �>)4()fl1P� e �>)4(l) >. v1�DE( + >)4.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )708: vd
jmnv sgZs O1 knrdr hm dZbg ne sgdrd bZrdr0

—d( He vfl�BC( + 1P)fll) > enq > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1. � � � .J�K�2{: O1 qdlnudr
vdhfgs �J�2� s� >( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1P)fll)3. v1�AB( + s. v1�BC( + 1P)fll) >. v1�DE( + 3) s) >.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r + fl —vgdm > + 1 Zmc s + fl(: nq ne sgd enql —306(
vhsg q + 1 Zmc r ⩾ 1 —vgdm > + 1 Zmc s ∈ {1.2. � � � .J� K� 2{(0 Ax vgZs vd gZud ZkqdZcx
oqnudc hm )603: )704: )707: )605 Zmc )606: vd jmnv sgZs O1 knrdr hm dZbg ne sgdrd bZrdr0

—e( He vfl�BC( + 1P)fll) > enq > ∈ {9.fl. � � � .K� fl{ Zmc vfl�AB( + 9: O1: Zesdq sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vhsg vfl��A( + 1P)fll) 3:
vfl�BC( + 1P)fll) > Zmc vfl�DE( + �J)fl(: Zmc rgd vhmr ax KdllZ 30fl20

—f( EhmZkkx: he vfl�BC( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + 30 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl �A: Zmc Z mnm/mdfZshud hmsdfdq vdhfgs eqnl AB:
hm sgd zqrs qntmc0 Sgd enkknvhmf bZrdr lZx Zqhrd.
—Z( Rtoonrd vfl��A( + 1P)fll)> enq rnld > ∈ {9.fl.1.2{ Zmc vfl�AB( + s ∈ {fl.1. � � � .J�K�2{0

�r knmf Zr —h( dhsgdq > ∈ {9.fl.2{: —hh( nq > + 1 Zmc s ∈ {1.2. � � � .J�K�2{: —hhh( nq > + 1: s + fl
Zmc K ≡ i lnc 3 enq rnld i ∈ {9.fl.2{: O1 qdlnudr vdhfgs �J) fl(� �K) s) >( eqnl DE hm
sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)s)>()fl1P� e �K)s)>(l) >. v1�AB( + s.

v1�BC( + 1 e �K)s)>()fl1P� e �K)s)>(l)K. v1�DE( + K) s) >.

vghbg hr ne sgd enql —303( vhsg dhsgdq q + 9 —vgdm > + 9( nq q + fl —vgdm > + fl( nq q + 2 —vgdm
> + 2(: nq ne sgd enql —305( vhsg q + 1 Zmc r+ fl —vgdm > + 1: s + fl Zmc K≡ i lnc 3 enq rnld
i ∈ {9.fl.2{(: nq ne sgd enql —306( vhsg q + 1 Zmc r⩾ 1 —vgdm > + 1 Zmc s ∈ {1.2. � � � .J�K�
2{(0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )603: )704: )707: )605 Zmc )606: vd jmnv sgZs Ofl knrdr0
He > + 1: s + fl Zmc K≡ 1 lnc 3: O1 qdlnudr vdhfgs �J)1�K( eqnl DE hm sgd rdbnmc qntmc:
kdZuhmf Ofl vhsg

v1��A( + 1 e �K�fl()fl1P� e �K�fl(l)1. v1�AB( + fl.

v1�BC( + 1 e �K�fl()fl1P� e �K�fl(l)K. v1�DE( + �K�fl(.
vghbg hr ne sgd enql —304( vhsg q+ 1 Zmc r+ fl: Zmc ax vgZs vd gZud oqnudc hm )605: vd jmnv
sgZs Ofl knrdr0
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—a( He vfl��A( + 1P)fll) > enq > ∈ {9.fl.1.2{: Zmc vfl�AB( + 9: O1: Zs sgd dmc ne sgd zqrs qntmc: hr
kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A: BC Zmc DE : vgdqd vfl��A( + 1P)fll) >:
vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J)fl(: Zmc rgd vhmr ax KdllZ 30fl20

—b( EhmZkkx: he vfl��A( + 1P)flm)>fl enq rnld m,l Zmc >fl ∈ {9.fl. � � � .1P)fl�fl{: sgd bnmzftqZshnm
Zesdq sgd zqrs qntmc hr ne sgd enql fhudm ax KdllZ 308 vhsg lfl + m: l1 +l Zmc >1 + K0 Rhmbd
m , l +⇒ lfl ̸+ l1: O1 vhmr ax KdllZ 3080

—hhh( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl DE hm sgd zqrs qntmc: rn sgZs vfl�DE( + j ⩽ J0
Enq j ∈ {J�K)fl. � � � .J{: O1 qdlnudr �J)fl� j( eqnl BC hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + �J�K�2(.

v1�BC( + 1 e �j()fl1P� e �j(l)�j)K�J�fl(. v1�DE( + j.

vghbg hr ne sgd enql —306( vhsg q + 3 Zmc r ⩾ 3 vgdm j ∈ {J� K) 4. � � � .J{: ne sgd enql —303(
vhsg dhsgdq q + 2 —vgdm j + �J� K) 3(( nq q + fl —vgdm j + �J� K) 1(( nq q + 9 —vgdm j +
�J�K)fl((: nq ne sgd enql —306( vhsg q+ 1 Zmc r⩾ 3 vgdm j+ �J�K)2(0 Hm sgd zqrs bZrd: rhmbd
v1�DE( + j⩽ J: Ofl knrdr ax ntq hmctbshnm gxonsgdrhr, hm dZbg ne sgd kZssdq bZrdr: Ofl knrdr ax vgZs
vd gZud ZkqdZcx oqnudc hm )603: )704: )707 Zmc )6060
Enq j ∈ {4.5. � � � .J�K{: O1 qdlnudr vdhfgs K eqnl BC Zmc vdhfgs �J�K)fl� j( eqnl AB hm

sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �j()fl1P� e �j(l)3. v1�AB( + �j�3(. v1�BC( + 1 e �j()fl1P� e �j(l. v1�DE( + j.

vghbg hr ne sgd enql —303( vhsg q + 9: Zmc ax vgZs vd gZud ZkqdZcx oqnudc hm )603: vd bnmbktcd
sgZs Ofl knrdr0 Enq j ∈ {fl.1.2.3{: sgd bnmzftqZshnm Zesdq sgd zqrs qntmc hr ne sgd enql ldmshnmdc
hm KdllZ 308: vhsg >fl + 3: >1 + K Zmc vfl�DE( + j rZshrexhmf lhm{>fl. >1{ ⩾ j: rn sgZs O1 vhmr ax
KdllZ 3080 He j + 9: O1 vhmr ax QdlZqj 30fl10

—hu( Rtoonrd Ofl qdlnudr Z onrhshud hmsdfdq vdhfgs eqnl AB hm sgd zqrs qntmc: vhsgnts chrstqahmf sgd
dcfd/vdhfgsr ne �A ZmcBC: rn sgZs vfl�AB( + s ∈ {9.fl. � � � .J�K�3{0 He s ∈ {3.4. � � � .J�K�3{:
O1 qdlnudr vdhfgs �J�K�2� s( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)s)3()fl1P� e �K)s)3(l)3. v1�AB( + s.

v1�BC( + 1 e �K)s)3()fl1P� e �K)s)3(l)K. v1�DE( + �K) s)3(.

vghbg hr ne sgd enql —306( vhsg q + 3 Zmc r⩾ 3: Zmc Zr v1�DE( + �K) s)3( ⩽ J: Ofl knrdr ax ntq
hmctbshnm gxonsgdrhr0
He s + 2 Zmc K≡ 3 lnc 7: O1 qdlnudr �J)1�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�fl()fl1P� e �K�fl(l)3. v1�AB( + 2.

v1�BC( + 1 e �K�fl()fl1P� e �K�fl(l)K. v1�DE( + �K�fl(.
vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r+ 20 He s + 2 Zmc K≡ i lnc 7 enq i ∈ {9.fl.1.2.4.5.6{:
O1 qdlnudr �J�5�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)6()fl1P� e �K)6(l)3. v1�AB( + 2.

v1�BC( + 1 e �K)6()fl1P� e �K)6(l)K. v1�DE( + �K)6(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + 20 Ax vgZs vd gZud ZkqdZcx oqnudc hm )70flfl: vd
bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0
He s + 1 Zmc K ≡ i lnc 7 enq i ∈ {3.4{: O1 qdlnudr vdhfgs �J)2�K( eqnl DE hm sgd rdbnmc

qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�1()fl1P� e �K�1(l)3. v1�AB( + 1.
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v1�BC( + 1 e �K�1()fl1P� e �K�1(l)K. v1�DE( + �K�1(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + 10 He s + 1 Zmc K ≡ i lnc 7 enq i ∈ {9.fl.1.2.5.6{:
O1 qdlnudr vdhfgs �J�4�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)5()fl1P� e �K)5(l)3. v1�AB( + 1.

v1�BC( + 1 e �K)5()fl1P� e �K)5(l)K. v1�DE( + �K)5(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + 10 Ax vgZs vd gZud ZkqdZcx oqnudc hm )70fl9: vd
bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0
He s + fl Zmc K≡ i lnc 7 enq i ∈ {3.4.5{: O1 qdlnudr vdhfgs �J)3�K( eqnl DE hm sgd rdbnmc

qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K�2()fl1P� e �K�2(l)3. v1�AB( + fl.

v1�BC( + 1 e �K�2()fl1P� e �K�2(l)K. v1�DE( + �K�2(.

vghbg hr ne sgd enql —304( vhsg q + 3 Zmc r + fl0 He s + fl Zmc K ≡ i lnc 7 enq i ∈ {9.fl.1.2.6{: O1
qdlnudr vdhfgs �J�3�K( eqnl DE hm sgd rdbnmc qntmc: kdZuhmf Ofl vhsg

v1��A( + 1 e �K)4()fl1P� e �K)4(l)3. v1�AB( + fl.

v1�BC( + 1 e �K)4()fl1P� e �K)4(l)K. v1�DE( + �K)4(.

vghbg hr ne sgd enql —305( vhsg q + 3 Zmc r + fl0 Ax vgZs vd gZud ZkqdZcx oqnudc hm )708: vd
bnmbktcd sgZs Ofl knrdr hm dZbg ne sgdrd bZrdr0
He s + 9: O1: Zs sgd dmc ne sgd zqrs qntmc: hr kdes vhsg Z fZkZwx fqZog bnmrhrshmf ne sgd dcfdr �A:

BC Zmc DE : vgdqd vfl��A( + 1P)fll) 3: vfl�BC( + 1P)fll)K Zmc vfl�DE( + �J) fl(: Zmc rgd
vhmr ax KdllZ 30fl20

Sghr bnlokdsdr sgd oqnne ne ntq bkZhl sgZs sgd bnmzftqZshnm hm —70fl8( hr knrhmf: Zmc sgdqdax Zkrn bnlokdsdr
ntq hmctbshud oqnne ne sgd bkZhl sgZs Zmx bnmzftqZshnm nm Gfl sgZs hr ne sgd enql —306( vhsg q + 3: hr knrhmf0

�bimnvkdcfdldmsr Sgd Ztsgnqr RJ: LO: RQ Zmc RR vntkc khjd sn Zbjmnvkdcfd sgd qdrdZqbg fqZmsr
MRE CLR 1fl13111: RDQA BQF“191fl“995674: �MQE“�QF“1914“9flfl6fl4“PRR Zmc HHSJ“L�SG“191fl184
qdodbshudkx enq oZqshZkkx rtoonqshmf sgdhq qdrdZqbg0

QDEDQDMBDR

�KADQS: L0 G0 �MC Q0 I0 MNV�JNVRJH —1993(. ”Mhl qdrsqhbshnmr:‘ Hmsdfdqr: 3: Ffl0
ANTSNM: B0 K0 —fl89fl(. ”Mhl: Z fZld vhsg Z bnlokdsd lZsgdlZshbZk sgdnqx:‘ �mmXkr ne lXsgdlXshbr: 2:
24-280

AQNVM: C0 D0 �MC S0 J0 VHKKH�LR —19fl8(. ”FqZog MHL:‘ Bnmfqdrrtr MtldqXmshtl: 122: fl4fl-fl530
AQT�KCH: Q0 �0 —fl866(. Hmsqnctbsnqx bnlahmXsnqhbr: OdZqrnm DctbZshnm HmchZ0
B�KJHM: M0 I0: J0 I�LDR: I0 D0 I�MNRJH: R0 KDFFDSS: A0 QHBG�QCR: M0 RHS�Q�L�M: �MC R0 L0
SGNL�R —19fl9(. ”Bnlotshmf rsqZsdfhdr enq fqZoghbZk Mhl:‘ hm Oqnbddchmfr ne sgd Enqsx;Ehqrs RntsgdXrs;
dqm HmsdqmXshnmXk Bnmedqdmbd nm BnlahmXsnqhbr: FqXog Sgdnqx Xmc Bnlotshmf: unk0 191: fl6fl-fl740

BNMV�X: I0 G0 —1999(. Nm mtladqr Xmc fXldr: �J Odsdqr“BQB Oqdrr0
CTBGD̈MD: D0: L0 CTENTQ: R0 GDTA�BG: �MC T0 K�QRRNM —19fl5(. ”Athkchmf mhl:‘ HmsdqmXshnmXk
IntqmXk ne FXld Sgdnqx: 34: 748-7620

DQHBJRNM: K0 �0 —19flfl(. Sgd fXld ne Mhl nm fqXogr: Mnqsg CZjnsZ RsZsd Tmhudqrhsx0
EDQFTRNM: S0 R0 —1919(. � bntqrd hm fXld sgdnqx: Vnqkc Rbhdmshzb0
ETJTX�L�: L0 —1992 �(. ”� Mhl fZld okZxdc nm fqZogr:‘ SgdnqdshbXk Bnlotsdq Rbhdmbd: 293: 276-2880
––– —1992 A(. ”� Mhl fZld okZxdc nm fqZogr HH:‘ SgdnqdshbXk bnlotsdq rbhdmbd: 293: 39fl-3fl80
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F�KD: C0 —fl863(. ”� btqhntr Mhl/sxod fZld:‘ Sgd �ldqhbXm LXsgdlXshbXk Lnmsgkx: 7fl: 765-7680
FQTMCX: O0 L0 —fl828(. ”LZsgdlZshbr Zmc fZldr:‘ DtqdjX: 1: 5-70
FTQUHBG: U0 �MC M0 A0 GN —19fl4(. ”Rknv j/Mhl:‘ XqWhu oqdoqhms XqWhu.fi4870845550
KH: R0/X0 —fl867(. ”M/odqrnm mhl Zmc m/odqrnm lnnqd§r fZldr:‘ HmsdqmXshnmXk IntqmXk ne FXld Sgdnqx: 6:
2fl-250

KNV: Q0 L0 �MC V0 G0 BG�M —19fl5(. ”Mnsdr nm sgd bnlahmZsnqhZk fZld. fqZog Mhl0‘ Dkdbsqnm0 I0 FqXog
Sgdnqx �ook0: 3: fl89-1940

KU: W0: Q0 WT: �MC W0 YGT —19fl7(. ”Fqddcx Mhl j FZld:‘ IntqmXk ne BnlahmXsnqhXk NoshlhyXshnm: 24:
fl13fl-fl1380

LNNQD: D0 G0 —fl8fl9(. ”� fdmdqZkhyZshnm ne sgd fZld bZkkdc mhl:‘ �mmXkr ne LXsgdlXshbr: flfl: 82-830
QNAHM: �0 —fl878(. ”� onhrnmdc bgnbnkZsd oqnakdl: Oqnakdl bnqmdq:‘ Sgd LXsgdlXshbXk FXydssd: 62: 23fl-
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