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Abstract: In this paper, we study estimation of parameters in a two-
parameter Potts model with ¢ colors and coupling matrix Apy. We char-
acterize concrete sufficient conditions for existence of the pseudo-likelihood
estimator of the Potts model, in terms of the local magnetic fields, and
give sufficient conditions for the validity of the above characterization. We
then provide sufficient criteria for estimation of both parameters at the
optimal rate v/N. In particular, if Ay is the scaled adjacency matrix of
a graph Gy, then we show that joint estimation is possible if either G
has bounded degree or is irregular. In contrast, we give an example of a
graph sequence G which is approximately regular and dense, where no
consistent estimator exists. We also show that one-parameter estimation at
the optimal rate N holds under much milder conditions when the other
parameter is known. Along the way, we develop a concentration result for
mean-field Potts models using the framework of nonlinear large deviations.
Compared to the Ising case, our results for the Potts case require a novel
analysis across multiple colors.

Keywords and phrases: Potts model, pseudo-likelihood, random graphs,
phase transitions.

1. Introduction

The Potts model, whose origin can be traced back to the 1900s (see Ashkin
and Teller (1943)), is a statistical physics model for capturing dependence in
complex stochastic systems. What began as a generalization of the Ising model
(see Ising (1925)) in order to accommodate spins with more than two values (see
Potts (1952); Wu (1982)) has, over the past several decades, found widespread
applications in a number of diverse fields including biomedical problems (Boas
et al., 2018; Moltchanova, Pitkdniemi and Haapala, 2005), image processing and
computer vision (Celeux, Forbes and Peyrard, 2002; Levada, Mascarenhas and
Tannus, 2009), spatial statistics (Zukovic, 2008), social sciences (Bosconti et al.,
2015), finance (Takaishi, 2005; Bornholdt, 2021) and automata theory (Graner
and Glazier, 1992), among others.

The g¢-state Potts model, for any positive integer ¢ can be described as a
discrete probability distribution supported on the set [q]". Here and henceforth,
the notation [m], for any m € N, denotes the set {1,2,...,m}. The positive
integer N € N indicates the size of the system (number of interacting particles
in the system) under consideration. This distribution is given by the probability
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where § > 0 represents the inverse temperature, B := (B1,...,Bq-1) € Ra~!
represents the magnetic field vector, and Ay = ((ai;))1<i,j<n 1S a symmetric
matrix, with zeros on the diagonal. We will refer to Ay as the coupling/interaction
matriz. Note here that we did not include a non-zero magnetic field parameter
B, for identifiability reasons, since otherwise, the model remains unchanged if
the same constant is added to all the magnetic fields. Throughout the paper, we
will use by convention the notation B, := 0. Some of the commonest examples
of coupling matrices are suitably scaled adjacency matrices of graphs, defined
via

N
aij :

= —————1(¢ and j form an edge in G ), for all 4,5 € [N], 2

where Gy is any graph on vertex set [N] and edge set E(Gy).

Equation (1) takes the form of a discrete exponential family with natural
parameters 3 > 0 and B € R?~!. The problem we address in our paper is the
estimation of these parameters given a single sample X := (X3,..., Xy) from
this model. The unavailability of multiple, mutually independent random vectors
sampled from the same distribution (as is typical in epidemics, elections, or
criminal activity, where the underlying network is typically observed only once,
and replications are spatio-temporally dependent) is what poses the primary
challenge in this problem. Throughout this paper, we assume that all entries of
the matrix Ay are non-negative and completely known.

The choice ¢ = 2 corresponds to the Ising model, and in this special case,
changing the domain of « from [2]V = {1,2}" to {£1}", one can write

n 1 N N N
)SUTTTINEEE SUMINUNH I S S A1)
ij=1 ij=1 im1

Plugging these in (1), the pmf of the Ising model on {£1}" can thus be written
as

N
B
Ps (X =x) x exp{ﬂ:c’ANa}—l— ;le}, for € = (z1,...,25) € {£1}7,

4 ;
=1

(3)
Statistical inference for general Ising and Potts models traces back to the semi-
nal work Chatterjee (2007a), which analyzed the Ising model (3) in the absence
of an external field (B; = 0). Allowing the coupling matrix Ay to have both
positive and negative entries, under bare minimal conditions Chatterjee (2007a)
establishes v/ N-consistency of the mazimum pseudo-likelihood estimator of the
natural parameter § of this one-parameter exponential family. In particular,



Joint Estimation in Potts Model 3

the results of this paper apply to the well known spin glass models such as the
celebrated Sherrington-Kirkpatrick model, and the Hopfield model of neural
networks. One of the many open questions raised in Chatterjee (2007a) spec-
ulates whether the methods developed in Chatterjee (2007a) can be adapted
for estimation in multi-parameter models. As an answer to this, Ghosal et al.
(2020) considers the two-parameter Ising model in (3) when the coupling ma-
trix A has non-negative entries, and studies the joint estimation of the inverse
temperature parameter and the magnetization parameter, i.e. the pair (3, By).
In this paper, we will study the analogous question of joint estimation of (3, B)
for the more general Potts model (1).

1.1. Literature Review

The problem of statistical inference in statistical physics models has a body
of growing literature, and here we cite some of the relevant literature close
to our work. Some of the earliest rigorous studies for the Curie-Weiss Ising
model were done in Ellis, Newman and Rosen (1980); Ellis (1985), which es-
tablished the CLT for the magnetization for the Curie-Weiss Ising model ((3)
with An(i,j) = N7'1;4;). Subsequently, Comets and Gidas (1991) studied
asymptotics of the MLE in the Curie-Weiss Ising model, and showed that one-
parameter estimation is possible if the other parameter is known. Going beyond
the Curie-Weiss Ising model in a significant way, Chatterjee (2007a) studies
the performance of the pseudo-likelihood estimator for the one-parameter Ising
model with the temperature parameter 8 > 0 unknown for a general matrix
Ap, with the magnetization parameter By = 0. In this paper the author al-
lows the coupling matrix Ax to have both positive and negative values, and
gives a sufficient criterion for estimation of 8 at the optimal rate v/N, which
covers both graphical models as well as spin glass models. In a follow up work,
in Bhattacharya and Mukherjee (2018) the authors extend this to show that
the estimation rate for 8 depends on the order of the log normalizing constant
log Zn (-, B) in a local neighborhood of the truth 8. Using this, they demon-
strate phase transitions in the rate of the pseudo-likelihood estimator, which is
typically dictated by the critical temperature of the Ising model. The problem
of estimating both the parameters (8, By) in the Ising model was first studied
in Ghosal et al. (2020), where the authors assume that the coupling matrix Ay
is non-negative entry-wise. Under this assumption, Ghosal et al. (2020) show
that joint estimation is possible at the optimal rate v/N if either the coupling
matrix is irregular (see (14)) or non-mean field (see (13)). In contrast, if the cou-
pling matrix is both regular and mean-field, they give an example to show that
joint consistent estimation may be impossible. In a more recent paper Chen,
Sen and Wu (2024), the authors show that joint estimation is possible for spin
glass models, where the coupling matrix A can take both positive and negative
values.

Prior to this work, a number of studies have explored statistical inference
in Potts models and more general Markov random fields (see, for example, Ali,
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Farag and Gimel’farb (2008); Gimenez, Frery and Flesia (2013); Descombes et al.
(1999); Okabayashi, Johnson and Geyer (2011); McGrory et al. (2009); Song
et al. (2016); Pereyra et al. (2013, 2014); Rosu et al. (2015); Levada, Mascaren-
has and Tannus (2008); Levada et al. (2008)). While these contributions provide
valuable insights and methodological developments, a fully rigorous treatment
of consistency for joint parameter estimators in general Potts models with ¢ > 2
colors has not yet been established. To the best of our knowledge, the present
work is the first to address this question. In fact, even in the single-parameter
setting, rigorous results on consistent estimation in the Potts framework are
largely absent, with the notable exception of the Curie-Weiss Potts model (see
Ellis and Wang (1992); Bhowal and Mukherjee (2025a,b)). As indicated above,
studying general Potts models requires the development of new analytical tools
tailored to Potts models, which we expect will also be useful for future investi-
gations.

A natural motivation for our work arises from the extensive literature on expo-
nential random graph models (ERGMs), which can be thought of as analogues
of the Ising model with higher dimensional tensors. Sampling from ERGMs
plays a central role in both parameter estimation and hypothesis testing, and
Glauber dynamics provide a standard and widely used approach for this pur-
pose. The mixing properties of Glauber dynamics in ERGMs have been studied
in several key works, including Bhamidi, Bresler and Sly (2011) and DeMuse,
Easlick and Yin (2019), which demonstrate interesting phase transition proper-
ties in the mixing rate. In fact, even in the specialized Curie-Weiss Ising model,
mixing rates can be either polynomial or exponential depending on the pa-
rameter regime. For details, we refer the interested reader to Levin, Luczak and
Peres (2010); Ding, Lubetzky and Peres (2009); Samanta, Mukherjee and Zhang
(2024) and references therein. For the Curie-Weiss Potts model, He and Lok
(2025) have studied mixing rate for Glauber dynamics, whereas Eichelsbacher
and Martschink (2015), Ellis and Wang (1990) and Gandolfo, Ruiz and Marc
(2010) study CLT for the magnetization. On the inferential side, the problem of
parameter estimation in ERGMs has also received significant attention which
demonstrates challenges of their own; see, for instance, Chatterjee and Diaconis
(2013); Mukherjee and Xu (2023); Stivala, Robins and Lomi (2020). Similar to
the Potts case, the most well-studied tensor for higher order binary models is
the complete tensor case (p-spin Curie Weiss model), which has been studied
recently in Mukherjee, Son and Bhattacharya (2022, 2021, 2025); Mukherjee
et al. (2024) using the perfect symmetry of the complete tensor.

Going in a different direction, another question of interest is the problem of
structure learning, i.e. to recover the whole graph/matrix Ay, which is a high-
dimensional parameter estimation problem. Indeed, in this case one Ising/Potts
sample will not suffice, and one needs access to i.i.d. samples. In this setting,
Anandkumar et al. (2012); Ravikumar, Wainwright and Lafferty (2010); Bresler
(2015); Lokhov et al. (2018); Vuffray et al. (2016) study graph recovery and sup-
port recovery, and establish tight sample complexity bounds, for Ising models.
Other questions of interest for Ising-type models include community detection
on SBM (Berthet, Rigollet and Srivastava, 2019), property testing (Neykov and
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Liu, 2019), and structure detection (Cao, Neykov and Liu, 2022).

1.2. Our contributions

In this paper we study bivariate estimation of parameters in a Potts model with
q colors, using the pseudo-likelihood method of Besag (1974, 1975). Prior to our
work, the existing literature focuses exclusively on the Ising case (¢ = 2), or
on the Curie-Weiss Potts case. Going from the Ising to general Potts case re-
quires us to investigate conditions under which the pseudo-likelihood estimator
exists (see (48)). The exact characterization is delicate for ¢ > 2 colors, more
so because the characterization for ¢ = 2 in (Ghosal et al., 2020, Theorem 1.2
(a)) is not entirely correct. The correct characterization in the Ising case was
established recently in Chen, Sen and Wu (2024), and in this work we estab-
lish the corresponding result for the Potts model. In particular, we require that
there exist two colors for which the corresponding local fields are well separated
(see Theorem 1.1 for details). Another challenge is the characterization of the
subset of the parameter space for the Curie-Weiss Potts model where the local
magnetization vector has v/N fluctuation, in terms of the Hessian of the varia-
tional objective Hg g(-) (see (18)). This is carried out in Lemma H.4, utilizing
tools from linear algebra, coupled with a careful application of the inverse func-
tion theorem. This lemma is crucially used to show non-existence of consistent
estimators for Potts models on dense Erdds-Rényi graphs. Showing that the es-
timation is possible at the optimal rate of v/N in the irregular case (Theorem
1.4) is more delicate for the Potts case with ¢ > 2 colors. A fine analysis is
needed to show that the RHS of (53) is strictly positive, which translates into a
variation bound for the gradient of the free energy function ¢ (see (48)) from
its average. But perhaps most significantly, utilizing the non-linear large devi-
ations framework developed in Chatterjee and Dembo (2016) and Basak and
Mukherjee (2017), in this paper we develop a concentration result for mean-
field Potts models (see Lemma 1.6). This result shows that the local fields for all
colors are close to the optimizers of the variational problem resulting from the
non-linear large deviations. This is of possible independent interest, particularly
if one wants to go beyond the law of large numbers, and study a CLT under
Potts models.

1.3. Main Results

In this section, we state the main results of this paper. As mentioned above,
our main goal is to derive a consistent estimator of the parameter (5, B), when
a single vector X is observed from the model (1). The classical method of
maximum likelihood (ML) estimation is not practical in this framework, because
of the presence of the intractable normalizing constant Zy (3, B), which is hard
to compute and difficult to approximate using MCMC techniques; see Bhamidi,
Bresler and Sly (2011). A computationally efficient alternative in the literature
Besag (1974, 1975); Chatterjee (2007a); Bhattacharya and Mukherjee (2018);



Mukherjee, Mukherjee and Karmakar 6

Ghosal et al. (2020); Daskalakis, Dikkala and Panageas (2020) is to consider the
maximum pseudo-likelihood (MPL) estimator, given by:

(Bn,By) := argmax Ly(8, B) := argmax HIP’g, (X5|(X5)54)
(8,B)€ER? (8,B)eR ;4

provided the pseudo-likelihood function Ly has a unique maximizer. Indeed, the
conditional distribution of X; given (X};);; is easy to compute, and is given by:

eXp {Bmz,r(X) + Br}
2 iz exp {fmis(X) + By}

where m; () := Zjvzl aijly,— for @ € [q]V. We will often drop X from the
notation 6; , for simplicity. The pseudo-likelihood function Ly is thus given by:

exp {ﬂ Zf\; ZLl mim(X)]lXi:r + Zf\;l ZLl Br]le,:r}
1Y, S0, exp {Bmi (X) + By}

and hence, the log pseudo-likelihood function is given by:

Ps.B(Xi = r|(X;):) = = 0ir(X)  (4)

LN(ﬂ,B) =

EN(ﬂaB) -
N g

Bzzm ]lX—r""ZZB ]lX—'r Zlog (ZGXP{Bmzr )+Br}’>
i=1r=1 i=1r=1

(5)

The MPL estimator can be obtained by setting the partial derivatives of £y
to 0, which in turn requires the exact expressions of these partial derivatives.
Towards this, we have:

oln ﬁy Z mi,(X) exp {Bmi,(X) + By}
szzr ]]-X,L—T’_Z =1 q 1exp {ﬁmzr( )+Br} 9
(6)

=1 r=1

(%N ﬁ7 €Xp {ﬁmz s(X) + Bs}
Z]lX =S ZZ exp{ﬁmz’r( )"‘Br} (1<s<q—1).
(7)

Henceforth, we will call the equation VLy(8,B) = 0, the pseudo-likelihood
equation. Of course, if the MPL estimator (BN, EN) exists, then it is a solution
of the pseudo-likelihood equation.

Before stating our first main result about the behavior of the MPL estimator,
we introduce two assumptions on the coupling matrix Ay that we will assume
throughout the rest of the paper:

N

sup || A = sup max a;; =: v < 00, 8
NPH ~lh Sup max Zw Ly (8)
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VAN ]
lim inf = lim inf N Z a;; > 0. 9)

N—o00 N—o00 —
1<i,j <N

Here ||.||1 denotes the ¢; operator norm of a matrix, and 1 is the constant vector
of size N with all entries 1. These conditions are standard in the literature for
inference in Ising models, which corresponds to the case ¢ = 2 (see Eq. (1.2) and
(1.3) in Ghosal et al. (2020); also see Deb et al. (2024); Mukherjee, Mukherjee
and Yuan (2018)). Note that when Ay is the scaled adjacency of a graph (2),

condition (8) becomes equivalent to the maximum degree qux(G ~) of Gy being
of the same order as its average degree d(Gy) := + El 1 di(Gn), where d;(Gn)
denotes the degree of the vertex i in Gy (i.e. dnmax(Gn) = O(d(Gy))). What
this essentially says, is that there is no vertex in the graph with atypically high
degree. Condition (9) is always true in this case, and in fact, one has

1
jv E. a”'::l.
1<i,j<N

We are now ready to state the first main result of this paper, which gives an
upper bound to the estimation error in terms of the quantity T (x) defined as:

N
Tn(x) = Y ( Z mir(x) — mis(x))? — (7, (z) ms(a;))2> . (10)

1<r<s<gq

where m,.(z) := N~} Zi\il mi,q ().

Theorem 1.1. Suppose X is a sample from the Potts model (1), where the
coupling matriz Ay has non-negative entries, and satisfies conditions (8) and
(9). If (B, B) € © := (0,00) x RI7Y then the following conclusions hold:

(a) The MPL estimator (Bn, By) exists if X € Qn () An, where

Ay :={y € [q]N : for every r € [q] there exists i € [N], such that y; =1},
On :={y € [q)" : there exist 1 <r < s < q and 1 < i,3j,k, ¢ all distinct, such that

{visys b = {rost = {yr ved Amy " (y), m* (y)} < {my*(y), my* (y)}}
where My (Y) = My r(Y) — Ma,s(Y).
(b) If Tn(X)~' = 0p(V/'N) and the MPL estimator exists, then

R . 1
”(5N —B,Bn — B)||2 = Op (\/]VTN()C)> .
(¢c) In particular, if Tn(X)™! = Op(1), then

Pos (X € Qn(Ax) > 1 as N = oo, (11)
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Consequently, the MPL estimator (BN, BN) exists with probability tending
to 1, and satisfies

I(By — B, By — B)|l2 = Op <\/1]V> . (12)

Remark 1.2. Note that we are able to prove the existence of the joint MPL es-
timator (B, By) (with high probability) only in the regime T (X)~* = Op(1),
but not in the entire regime T (X)~' = op(V/N). This suffices to guarantee
the /N-consistency of the MPL estimator whenever Ty (X)™' = Op(1) (part
(b) of Theorem 1.1). In particular, this setting covers the cases where Ay is
the adjacency matriz of a sequence of bounded-degree graphs (see Section 1.3.1)
or asymptotically irreqular graphs (see Section 1.3.2). Part (c¢) extends the re-
sult to the full regime Ty (X)~! = op(v/N), though only under the additional
assumption that the MPL estimator exists in this regime.

The proof of Theorem 1.1 is given in Section 2. We now study the two most
general types of interaction structures to which the joint consistency result,
Theorem 1.1, applies. In fact, in both these cases, Tw(X)™! = Op(1), and
hence, the joint MPL estimator is v/ N-consistent.

1.3.1. Non mean-field interactions

Throughout this subsection, we will assume that:

| 2
hmmfﬁ Z aj; > 0. (13)

N—o0 — K
1<i,j<N

Condition (13) is often referred to as the non mean-field condition. Note that
if the coupling matrix is the scaled adjacency of a graph, then condition (13)
simply means that the average degree of the graph is bounded. This, coupled
with condition (8) implies that the maximum degree of the graph is bounded.
The following theorem shows that the joint MPL estimator is /N-consistent
for the Potts model with interaction matrix Ay satisfying (13).

Theorem 1.3. Suppose X is an observation from the Potts model (1) where
the interaction matric Ay satisfies the conditions (8), (9) and (13). Then,

. . 1
(G~ 5By~ B)la = 0: (1<)

The proof of Theorem 1.3 is given in Section A of the appendix. As mentioned
above, if the underlying interaction structure is the adjacency matrix of a deter-
ministic graph scaled appropriately (2), then Theorem 1.3 applies as long as the
graph is of bounded degree and liminfy _,o, d(Gx) > 0. This covers as special
cases, the classical Ising models on lattices, that have finite-range interactions,
and d-regular graphs with d fixed.
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1.3.2. Irregular interactions
Throughout this subsection, we will assume that:

1
lim inf

= C_ D\2
inf (Ri—R)?>0 (14)

WE

1

where R; := Z;vzl a;; and R = % Zfil R;. Note that if the coupling matrix
is the scaled adjacency of a graph (2), then Condition (14) says that the graph
is asymptotically irregular. The following theorem shows that the joint MPL
estimator is v/ N-consistent for the Potts model with interaction matrix Ax

satisfying (14).

Theorem 1.4. Suppose that B # 0, and X is an observation from the Potts
model (1) where the interaction matrix Ay satisfies the conditions (8), (9) and
(14). Then,
. . 1
(G~ 5By~ B)la = 0s (1<)

The proof of Theorem 1.4 is given in Section B of the appendix. Common
examples of interaction structures satisfying all the necessary assumptions of
Theorem 1.4 are the scaled adjacencies of the complete bipartite graph K,, ,
and a disjoint union of the cliques K., and K, where N =m+n and 7 — a €
(0,1)\ {3} as N — oo. In general, it follows from the theory of graphons (see
Lovész (2012) for a survey on graph limit theory and the literature of graphons)
that if G is a sequence of dense graphs converging to a graphon W such that the
function = — fol W (x,y)dy is not constant Lebesgue almost everywhere, then
all the necessary assumptions of Theorem 1.4 are satisfied. This includes the
above two examples as special cases, as well as dense stochastic block models
on N nodes with two communities C; and Cy of sizes m and n respectively,
where m/N — «, between-group connection probability ¢ and within-group
connection probabilities p; (within community Cy) and ps (within community
C5), satisfying:

alpr—q) # (1 —a)(p2 — q). (15)

In this case, the limiting graphon is given by:
Pp1, (%y) € [0,0é] X [0,0KL
W(%Z/) =9 P2 (I7y) € (Ol, 1] X (O{, 1]7
¢ (z,y) €[0,0] x (a,1] U (a,1] x [0,a].

If the block sizes are asymptotically equal (i.e. & = 1/2), then condition (15)
reduces to unequal within-group connection probabilities (i.e. p; # p3). On
the other hand, if the within-group connection probabilities are the same (i.e.
p1 = p2), and unequal to the between-group connection probability ¢, then
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condition (15) amounts to asymptotically unequal block sizes (i.e. v # 1/2). See
Section 1.2 in Ghosal et al. (2020) for a detailed discussion on such examples.

Having shown that joint consistent estimation at rate N~1/2 is possible for
non mean-field and irregular interactions, we now go to the opposite extreme,
where consistent joint estimation is impossible. This happens in the Curie-Weiss
Potts model where the coupling matrix is the adjacency of the complete graph
(scaled by N) (see (40)) and more generally, in the Erdés-Rényi Potts model,
where the coupling matrix is given by:

@ = N (16)
with G := ((¢i5))1<i,j<~ being the adjacency of an Erdés-Rényi random graph
G(N,p) with p > 0 fixed. Note that in the latter model, the coupling matrix is
random, so we will consider the problem of estimation under the joint law Pg’l}g
of X and G on [¢]V x {0, 1}(12V) Throughout the rest of the paper, we will use
the notation P([g]) to denote the set of all probability measures on [q], i.e.

P([q]) == {’U €1[0,1)7: ZUT = } (17)

Theorem 1.5. For each m € P([q]), let O, be the set of all (8, B) € (0, 00) x
R9™1 such that the function

q

q q
Hps p(t) = thi +Y Bit, — > tylogt, (18)
r=1 r=1 r

=1

has the unique global mazimizer m on the set P([q]), and

q
u'V2Hg g(m)u <0 for allu € T := {u € R?\ {0} : ZUT = 0}.

r=1

Then the product measure v := m” x G(N,p) is contiguous to the measure
Pg% for every (8,B) € ©On,. Consequently, whenever |Op,| = 2, under Pg%
there does not exist any sequence of estimators (functions of (X, G)) which is
consistent for (8, B) in Opm,.

The proof of Theorem 1.5 is based on a contiguity argument that is presented
in Section C of the appendix.

Remark 1.6. The ambient Hessian of the function Hg g is given by:
V2Hp p(t) := diag (8 — t; i<r<q) -

This implies that for 8 < 1, Hg g is negative definite for all t in (0,1)?, and
hence, the function Hg p is strictly concave in this case. Therefore, for § <1,
any stationary point of Hg p must be its unique mazimizer. By a Lagrangian
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argument (see the proof of Lemma H.4), an interior stationary point m € P([q])
of Hg B is characterized by the system of equations:

B(m,,—mq)—i—BT:log& forrelqg—1].
Mg

Therefore, for any m € P([q]), we have:

{(,B,log:nt—|—B(mq—m1),...,logn;2_1+B(mq—mq_1)) :0< B8 < 1} C O
(19)

q
and note that the LHS of (19) is a non-empty affine (straight) line segment in
RY, containing a continuum of points.

Finally, we establish consistency results for the partial MPL estimators of
B and B, treating each parameter as known while estimating the other. This
setting is comparatively simpler and requires weaker assumptions than those
needed for joint consistent estimation. For every fixed B, the partial MPL es-
timator of § is defined as the unique maximizer of the function 8§ — ¢x (8, B),
and for every fixed 3, the partial MPL estimator of B is defined as the unique
maximizer of the function B — {¢x(8, B), if they exist. The following theo-
rem gives consistency rates of the partial MPL estimator of § in terms of the
quantity

Un(@) = 3 Smir(@) — mis(w))? (20)

1<r<s<q i=1
and also that of B.

Theorem 1.7. Suppose X is a sample from the Potts model (1), where the
coupling matriz Ay satisfies conditions (8) and (9), and (8, B) € © := (0, 00) X
RI~L. Then, the following are true:

(a) The partial MPL estimator By ezists with probability 1 — o(1) for all
(8,B) € (0,00) x RI"Y and the partial MPL estimator By exists with
probability 1 — o(1) whenever

Un(X)"! = op(VN). (21)

(b) The partial MPL estimator By satisfies:

|By - Bll2 = 05 (&) .

(c) If Un(X)~' = op(V/N), then the partial MPL estimator By satisfies:

By — Bl = O (x/NUlN(X))
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(d) Define
B, = {q ifq<2

% log(g — 1) otherwise.

If B#0, orif B=0 and fliminfy_,.o YANL > 3. then Uy (X) ™! =
Op(1). In these cases, B is \/N-consistent for f3.

(e) Finally, for the model ]P’%}}B described above (see (16)), no consistent se-

quence of estimators exists for < B. (here limy_, II?VNl =1 almost

surely) when B = 0.

The proof of Theorem 1.7 is given in Section D of the appendix.

1.4. Future directions

As a possible future direction, a first question is to relax the assumption of non-
negativity of the coupling matrix Ay, and extend our results to the case of spin
glass Potts models (similar to what was done for the special case of ¢ = 2 in
Chen, Sen and Wu (2024)). Another interesting question is to go beyond concen-
tration results, and develop central limit theorems for the magnetization vector,
similar to what was done in Deb and Mukherjee (2023) for ¢ = 2. This will ul-
timately lead to the construction of asymptotically valid confidence intervals, a
very useful inferential task. Possibly a more challenging direction is to go beyond
quadratic interaction models, and study general Gibbs measures with higher or-
der tensors, such as cubics, quartics, and so on. The exponential random graph
models (ERGMs) fall under this class of higher order tensor models, and have
proved notoriously hard for inference purposes. In particular, the phenomenon
of “degeneracy” for ERGMs has a body of growing literature, both in empirical
and rigorous work (see Snijders et al. (2006); Handcock et al. (2003); Chatterjee
and Diaconis (2013); Mukherjee (2020) and references therein). Other related
and more general models in which one may seek to establish analogous results
on the joint consistency of parameter estimators include the XY model (Kenna,
2005), the Ashkin-Teller model (Ashkin and Teller, 1943; Aoun, Dober and
Glazman, 2024), and the O(N) model (Kirkpatrick and Nawaz, 2016).

1.5. Owutline of the paper

The rest of the paper is organized as follows. The proof of our main result (The-
orem 1.1) is given in Section 2. In Section 3 we illustrate our theoretical results
with a simulation study. In Appendices A and B, we prove Theorems 1.3 and 1.4,
respectively. Appendices C and D are dedicated to the proofs of the remaining
main results of the paper, namely Theorems 1.5 and 1.7, respectively. In Ap-
pendix E, we prove a general result on convergence of Z-estimators, whereas in
Appendix F, we develop necessary tools for bounding the derivatives of the log
pseudolikelihood, both of which are crucial in establishing consistency and rates
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of convergence for our MPL estimators (Theorems 1.1 and 1.7). In Appendix G
we prove Lemma A.1, which is a crucial step towards proving Theorem 1.3. In
Appendix H, we prove some results necessary for verifying Theorem 1.5. Finally,
Appendix I contains additional technical lemmas necessary for proving some of
the main results of the paper.

2. Proof of Theorem 1.1

This section is dedicated to proving the main result of this paper (Theorem 1.1).
Further technical lemmas necessary for proving these results are given in the
appendix.

(a) Suppose that X € Qn[)An. Then, there exist 1 < a # b < g and 1 <
i,j,k,l < N all distinct, such that {X;, X,;} = {a,b}, {Xk, X¢} = {a,b} and
{mi"(X),mi (X))} < {~ab( ), iy (X)} (recall that iy (X) := my,(X)—
May,s(X)). Smce the function £y is concave (see Lemma F.2), in order to show
the existence of the MPL estimator, it suffices to show that:

EN(ﬂ,B) = —0OQ.

lim
1(8,B)loc— 00

Without loss of generality, assume that X; = X3 = a and X; = X, = .
Since

hw (8, B)

q q q
= BY mu(X)Ix,=r + Y Brlx,= —log (Z oxp { B, (X) + Br}> <0
r=1
B)

r=1 r=1

forall 1 < w < N, it suffices to show that at least one of h; (3, B), h; (8, B), hi(8,
and hg(ﬂ, ) goes to —oo as ||(8, B)||oc — o0. Now, note that:

1
1+, 2x, &P (B(mwr(X) —mu x, (X)) + (By — Bx,,)) '
(22)
Setting w = 14, j, k, £ in (22), it suffices to show that at least one of the following
four quantities:

exp(hw (8, B)) =

1 ,B(m”( ) — Miq X))+( B.),
Bmi,r(X) —mio(X)) + (B — Ba),
B(mj(X) —m;p(X)) + (Br — By), and
B(mer(X) —myep(X)) + (Br — By)

goes to +00 as ||(8, B)|leo — o0, for at least one r € [g]. So, let us assume that
none of them goes to +o00, i.e. there exists a constant K € (0,00), such that
all of (1), (2), (3) and (4) are bounded above by K along the sequence (5, B)
whose norm goes to +o0, for all r € [g]. In this case, putting » = b in (1) and
r=ain (4), we get:

B (X) — (Ba— By) <K and Bml’(X)+ (B, — By) < K
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2K
- < =3 —ab
my”(X) —my”

(X)

K2

Similarly, putting » = b in (2) and r = a in (3), we get:

—Bm"(X) — (B — By) <K and  Bin"(X) + (Bo — By) < K
2K

— ﬁ>_~ab ~a,b !
m,’ (X)—mf (X)
Thus,
2K 2K
my " (X) —mg (X)) my” (X)) —my (X)

Now, choose any two distinct colors s,t € [g]. Since X € Ay, we can choose
1 < wu#v< N such that X,, = s and X, = t. If either h, (8, B) or h,(8,B) —
—00, then once again we are done. So, assume otherwise, i.e. both are bounded
below by some constant, which implies that there exists € > 0 such that:

min {exp (. (8, B)), exp(hv(8, B))} > €,
which, in view of (22), implies that:
pmi*(X) 4+ B, — Bs < —loge forallr#s (23)

and
Bmlt(X) + B, — By < —loge for all v # t. (24)

Now, putting » = ¢ in (23) and r = s in (24), we get:
By — By, < —loge — Bm%5(X) and B, — B; < —loge — Bm¥'(X).

By Assumption 8, there exists v € (0, 00) such that supy s ;e[n Z;V=1 ai; <,
which implies that |m!*(X)| < 2y and |m%(X)| < 2v. This now implies that
| By — Bs| < —loge + 2Ky7. Setting s = ¢, we thus have |B;| < —loge + 2Ky,
i.e. B; is bounded. Hence, (8, B) is a bounded sequence, a contradiction. This
proves (a).

(b) Tt follows from Lemma F.1 (taking A = 0) that |V{x (3, B)||2 = Op(vV/N).
Part (b) now follows from Proposition E.1 (on taking wy (8, B) = Vix(5, B),
an = VN and hy(X) = NTx(X)) and Lemma F.2. O

(c) It suffices to check (11), as the other conclusions follow from parts (a) and
(b). To this effect, define

En(©) = {z € [q]" : Tn(z) < d}.
It follows from the tightness of T (X)~?, that

lim sup P(X € En(d)) = 0. (25)
§—0 N>1
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Suppose that @ € En(§)¢ for some fixed § > 0. Fixing x, for notational conve-
nience, we will abbreviate m[*(x) by m;°. Then, we have:

Tn(z) = # STOST (mpt—wlt)? =6,

r<s t,j

Hence, there exist colors a < b, such that

1 ~a,b ~ab)2 49
— PP _me) > —. 26
NQ»ZJ:(ml i q(q—1) (26)

It follows from (8) that for any r,s € [¢] and i € [N], m.” € [—v,7], where
9gy

is defined in (8). Fixing a positive integer R > L and setting t, := & for
p € Z, note that

(=77 = U [ty tp+1]-

—R<p<R-1
Let us define »y
S::{‘ N:~.’b>—}

p (S [ ] mz R

and
po =pole) =max{p e ZN[-R,R+1]:|S,| 2eN} —1.

We now claim that whenever € € (0,6/(9(]272)), |Spo+1| = eN and S5 | >
eN.

Proof of Claim: Note that |[S_g| = N, |Sg+1| = 0 and |S,| is decreasing in p,
so such a pg exists. Also, it follows directly from the definition of pg, that:

|Spo+1] = N and  [Sp,42| <eN.

We claim that [Sg; ;| > eN. If this is not true, then there must exist at least

(1 — 2¢)N many i’s for which m®" € I := [(po — 1)7/R, (po + 2)7/R). Hence,
we have the following:

1 ~ab  ~ab
2 2 =it

4,
2 2
ST SR U S R
i1€Spg+2, <IN iese _ A<G<N
1 ~ab  ~ab
+ ﬁ Z (mf’ —m;’ )2
ig: gt ml el
2|Spy+2| 2S5, -1l 992
< %(472)4'%(472)4'?
9~2 46
< 165724— i

—_— < .
R* " q(g—-1)
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where the last inequality follows from the choice of ¢ and R above. But this
contradicts (26), thus verifying the claim.

Using the claim, the colors a and b satisfy ﬁl?’b < (po — 1)v/R for at least
eN many ¢ and ﬁz?’b > poy/R for at least e N many i. Let us now define the
following four events:

Sra={zelg iz #£aVieS,}, &p={xeclg" z;#£bVie Sy}

&g = {33 clgN :xi#aVie S;‘O}, Eaop = {ar: clgN cx; #£bVie S;O}.
We claim that each of the above four sets, intersected with Ex(6)¢, has proba-

bility o(1) of containing X as N — cc.

Proof of Claim: Define a function g : R — [0, 00) as:

0 ifz<0
g(x) == { 22 if z € (0,0.5)
x —0.25 if z > 0.5.
Then it is straightforward to check that g is differentiable on R with derivative

bounded by 1. Also, ¢ is non-decreasing, strictly positive on the positive axis,
and bounded on compact intervals. Let us now define:

N
hi(x) := max max (Lpyr —P(X; # 7| X = 25,5 #1)) g(m; " (x) — ¢),
ceEF r,s€lq] pat
N
hale) = mage mare " (L~ BOX: 11 = 2705 ) g e = (@)
Sl

where

F .= {%:pEZﬂ[—RJ{—i—l]}.

Whenever x € &, N En(6)¢, we have:

N

. . ~ Q p "y
m(@) > Y (Lo =B # alX; = 25,5 # 1) g (i "(2) - 221 )
=1
4 p _q PoY gl
> o T a2 za 5 oo ) e (}).
i€, 1€Spg+1

where

a:=q texp{=py 2| B} > 0. (27)

Here the first inequality in the second line uses the fact that z; # a fori € Sp,,
by definition of & 4, and the last inequality uses the fact that |Sp,41]| > eN.

Applying Lemma F.1 with bjys := Ly, A =1, 1 = N[asg(%)]Q and a union

bound we get

P(X € &1,.NEN)) <P (lhl(X>| = O‘ENQ(%))
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2
2(2R + 2)¢* exp ( —CN [aa‘g(%)] ) — 0.
One can similarly show that P(X € &, N En(6)¢) = o(1). Also, for € &, N
En(9)¢, a similar calculation gives

N

ale) > Z (Loita = BOG # alX; =25 # ) g (B — i ()
>« Z (pov ~ab(ar:)) a Y 9(1% —mgvb(m)) > aeNg (%)

ZGSC eS¢
(28)
Once again, by Lemma F.1, the probability that X satisfies (28) is o(1) as

N — oo, which proves that P(X € &, N En(6)°) = o(1). One can similarly
show that P(X € & NEN(§)°) = o(1), which completes the proof of the claim.

When x belongs to & , (€7, (€5, (&S, there exist 4,5, k,£ € [N], such
that: x; = a,z; = b,2, = a,z, = b, and

max{m{" (z), m* (z)} < (p;” < min{me’ (@), me " (@)}
and so z € Qp (as introduced in the statement of Theorem 1.1 (a)). Hence, for
all 6 > 0, we have:

P(X € Q%) <P(X € Ex(8)) + P(X € Q% N Ex(6)°)
<P(X € Ex(d)) + P (X e (sl,a U&LpU&raU 52,1,) N EN(§)C) :

The second term in the RHS converges to 0 on letting N — oo as shown above,
and the first term converges to 0 on taking a supremum over N followed by
N — oo using (25), thus showing that P(X € Q%) = o(1).

Next, we show that P(X ¢ Ax) = o(1). For & € AS, there exists r € [g] such
that x; # r for all ¢. This implies that for all ¢ € [N], we have

Z ]la;i:s =1= Z(]lll:é - 9175(.%)) =1- Zal,b(m) 5

S#T s#T S#ET
where 0; s(x) = P(X; = s|X; = z;,j #1) is as in (4). Now, we have 1 —
2 szr Ois(x) = a (see (27) for the definition of «v), which implies:

N N

T;=5 i,s 2 .
220 ) 2 exp(By + 2max, ey 1B,

s#r i=1

Now, by Lemma F.1 (taking b¢rs := l¢x, and g = 1), we have:

ZZ Ix,—s — 0;(x)) = Op(V'N).

s#r i=1
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Therefore, P(X € AS) = o(1), completing the proof of (11). The proof of (12)
will follow from part (b) above.

3. Numerical Study

To illustrate our theoretical results, we simulate observations from the Potts
model on the Erdés-Rényi graph G(V,p) with N = 100 and 200, and p = 0.025
and 0.25. The p = 0.025 case illustrates the sparse regime where joint estimation
is possible, and the p = 0.25 case illustrates the dense regime where joint esti-
mation is not possible on the level-sets of the map (5, B) + argmax; Hg g(t)
provided this maximizer is unique. We do this for ¢ = 3 for the ease of represen-
tation of the numerical results through 3D graphs. One can easily derive using
Lagrange multipliers, that for each such unique maximizer m, the inestimability
curve O,, is a straight line that has equation:

my exp(fms) my exp(Bms)

By =log <m3 eXp(ﬂm1)> and B, = log (mz eXP(ﬁm2))

We call this straight line the line of inestimability, which is plotted in blue in
Figure 1. We take m = (0.2,0.5,0.3), and for each value of 8 within the range 0
to 2 in increments of 0.01, compute the MPL estimates based on samples gener-
ated from the Erd6s-Rényi Potts model with the corresponding true parameters
lying on the line of inestimability. We use Gibbs sampling for the simulation.

For both V = 100 and N = 200, the green points, representing the MPL
estimates for the sparse case, lie very close to the line of inestimability, thereby
supporting our result that joint estimation is always possible in the sparse
(bounded-degree) case. The closeness increases from N = 100 to N = 200,
as indicated by the N~1/2 rate of convergence. On the other hand, the red
points, representing the MPL estimates for the dense case, seem to scatter away
from the blue line, a phenomenon which is best observed from the significantly
high number of red points that have very large values of B in comparison to
the height of the blue line. The green points, on the other hand, have B values
lying more or less within the height limits of the line of inestimability. This
demonstrates the inestimability phenomenon in the dense case.
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Fig 1: Plot of the MPL estimate (j3, B1, B) for the Potts model on G(N, p) with (a)
N =100 and (b) N = 200. Blue line denotes the line of inestimability, green points
denote the MPL estimates for p = 0.025 (the sparse case) and red points denote the

MPL estimates for p = 0.25 (the dense case).
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Appendix A: Proof of Theorem 1.3

In view of Theorem 1.1 (c), it suffices to show that under condition (13), we
have Ty (X))~ = Op(1). Now, for every & > 0, define the set:

En(8) :={x € [q)" : Tn(z) < 6}. (29)

In order to prove that T (X)~! = Op(1), it suffices to show the stronger con-
clusion that there exists ¢ € (0,1) such that Pg g(X € En(d)) = o(1). Towards
this, using the definition of Ty from (10), we have:

N
Tn(z) = Y (ziz Z(mi,r(w)—mi,s(w))z—(mr(w)—ms(w)F)
1<r<s<q i=1
1 N
= NZ (mi (@) —mis(®)” = Y (W (x) —m,(x))* (30)
i=11<r<s<q 1<r<s<q
LN q 2 q B
— Nz <qzmw(m)2 - (me(m)> — (qur(x)Q - R2>

where R; := Z;\le aj; and R := %Zf\; R;. (as in (14)). Hence, for « €
En(9) (as defined in (29)), we have by the Cauchy-Schwarz inequality:

Since Zf\]:l > (R — R)x, = Zilil(Ri — R) =0, the above display gives

N g q N
szi,r(w)xi,r - Zmr(w) me < NVG. (32)
i=1r=1 r=1 i=1
Next, define the following function:
exp{ft, + B,
frte, .. tg) = { ; (33)

Zg=1 exp{fts + B}
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Recalling that:

exp {Smi,(x) + B}
q 16Xp{ﬁm”( )+ Bs}

and noting that the first order partial derivatives of f, are bounded by 3, we
have the following from the mean-value theorem:

Oir(x) = = fr(mi(@), - miq(x)) (see (4))

fr(mia(@), ... omiqg(®) = fr(nia(@), ... ,m,q(w))‘ S D Imiu(@) = niu(@)
u=1

where

_ 1

This implies that for € En(9),

N

>

i=1

Z Imiu(@) — 1 u()|

u=1

N «q
< M\IZZ (miu(®) — niu(x))?

i=1 u=1

A
i Mz

0;..(x) — fr(nis(@),. .. 7ni,q(w))\

< NVG. (34)
Invoking (34) together with the observation that

exp{fm,(x) + B}

fr(nia(@), ... nig(x)) = q,_l exp{fms(x) + Bs}

implies that for & € En(d) we have:

() — N exp{pm,(x) + B, }
@) = S e (B @)

Again using (34) and the fact that R; <« (see (8)), for € En(J) we have:

<SNVG (35)

[9 z) — oM. (@) + By} ]

< NVS, e
T exp{Bms(z) + B} ||~ e

N N S
Z Z aijei’r(aj) _ NRZ eXp{ﬁmT(w) + Br} S N\/g (36)

i=1j=1 i_, exp{pms(x) + B}

Next, define the sets

Cn(9) == {sc € [¢]V : max
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DN((S) = {IB c [q]N : max Z (mi,r(:c) — Zaijei,r(:c)> < N(S} .

By the triangle inequality, we have:

N N
R Z iy — Z mi ()
z;l z:lN
szi,r - RZ zr
=1

i=1

N

& NRexp{fm, (z) + B,}
TR z:: - Z:l exp{fms(x) + B}

N N

s=1 eXp{Bm (

i=1 j=1 i=1 j=1

Suppose now, that @ € Fx(9) := Cn () Dn(6) N En(9) for some § € (0,1).
Since x € Cy(d), we have:

N

N
RY zip—R> 0;,(x)
=1

i=1

< Noy < NV,

Next, in view of (35) (since € En(J)), we have:

N = _
RZ ;. () NRexp{fm.(x)+ B,}

ST exp{ () + B}

By (36) (since « € En()), we have:

< NVoy < NVG.

N N

NRexp{Bm,(z) + B,} o
1, exp{fms(x) + Bs} D aibir(@)| S NV

i=1j=1
Finally, since © € Dy(d), we have:
N N N
ZZaijﬂm(w) — me(az) < N < N\/g
i=1 j=1 i=1

Plugging these inequalities in (37), we have:

N
Rg T — E mzr
=1

Denoting Z, := N~} Zf;l T, for all ¢ € [g]™ we have:

N ¢ q
> wigmip(x) - NRY Z)
r=1

i=1r=1

< ANVS. (38)

NRexp{pm,(z) + B, NN N
bl p{ ()+B}} S5 a0 (@) +ZZaij9m(:c)f;mi,r(m)

(37)
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N ¢
Z Z xwmi,T(x) — szr(w)i}

i=1r=1 r=1

< NVS,

where we use (32) and (38) respectively, along with the trivial bound z, < 1.
With K denoting the implied constant in the above display, we get

1 ﬁ N gq N g¢q
IED,fﬁ,B(X € FN(5)) = m a:e;(é) exp (2 ; ;mi,r(m)xi,r + ; ; Brx; ,
6KN\/S Nﬂ7 4q o q B
I, 2, ( 2 TN BT”) (39
KN\f Z (BR B) ]P;CW (X EFN((S))

Zn(B,B) B
< ofnvs 5O B) EﬂR ?) PSR p(X € Ex(0))

where for (3, B) € (0,00) x R?71, we define the Curie-Weiss Potts model with
parameter (5, B) as:

o= gigee (YL v ea)

Now, it follows from the Gibbs variational principle/mean field lower bound
(see Equation (1.8) in Basak and Mukherjee (2017)) that:

logZn(B,B) >  sup Za”2t2 NZt log t,, +N2Bt

teP([q])
=  sup th2 NZt logt, +NZBt
teP([q])
Also, it follows from equation (2.3) in Basak and Mukherjee (2017) that:
log ZGV(BR, B) = sup —RZtQ NZt log t, —l—NZB tr | +o(N
teP([a])
Combining the above two displays gives
Z§" (BR, B)
ZN (5; B)

< eoN)

which along with (39) gives
Ps.p(X € Fy(9)) < SNVt pOW (X € Ey(9)). (41)

The following lemma bounds PSY (X € En(0)).

BR.B
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Lemma A.1. Suppose the interaction matric Ay satisfies the conditions (8),
(9) and (13). There exist constants A, B > 0 depending only on 8, B,~,q, such
that:
Por p(X € En(A) <e PN
Lemma A.1 is proved in Appendix G. Using Lemma A.1 together with (41),
we know that for every ¢ € (0, A),

Ps.p(X € Fx(6)) < exp{N(KVé — B +0(1))}.

We can now choose § = min {%, %} small enough, such that

NB

Ps.p(X € Fy(0) <e 2 7o =o(1). (42)

Recalling that Fx(d) = Cn(6) N D () N En(0), we get
Ps.5(X € En(0)) < Ps (X € Fy(5)) +P (X ¢ Cn () ﬂDN(a)) .

By (42), the first term in the RHS of the above inequality is o(1). It also follows
directly from Lemma F.1 (on taking b5 := 1;=, and g = 1), that Pg g(X ¢
Cn(0)) = o(1). Finally, note that:

N N

N N N
Z mm(:lc) - Z aiﬂi,r(z) = Z ijj’T_Z Rﬂm(w) = Z Ri(xi,r—ei)r(:p)).
Jj=1 j=1 i=1

i=1 i=1

It now follows from Lemma F.1 (on taking b;trs :== R;1;—, and g = 1), that
P@B(X ¢ DN(5)) = 0(1). Hence, P@B(X ¢ CN((S)ﬂDN((S)) = 0(1). We
thus conclude that Pg (X € En(d)) = o(1), thereby completing the proof of
Theorem 1.3. O

Appendix B: Proof of Theorem 1.4

Since we have already established v/N-consistency of the MPL estimator (B ~, B N)
in the non mean-field setup of Subsection 1.3.1 (Theorem 1.3), we will assume
that condition (13) does not hold, i.e. we will assume the following mean-field
condition: 1
. 2
A}gnoo N Z a;; = 0. (43)
1<i,j<N

Note that if the coupling matrix is the scaled adjacency of a graph (2), then the
mean field condition says that the average degree of the graph goes to co. Once
again, in view of Theorem 1.1 (b), we just need to show that Ty (X))~ = Op(1).
The sequence of measures py = N ! ZZ\LI Or, are supported on the compact
set [0,7], and so by Prokhorov’s theorem and possibly passing to subsequences,
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we can assume that py —» g for some probability measure u on [0,~]. The
dominated convergence theorem now implies that:

: 1 52 _ 2
tim S (R - R)? = /Mw E,(0))2du(0). (44)

N—oc0 .
i=1

Using (31) we have

q al e 1 N 2
InX) = « ZZ (mi,r(X) — 7. (X) = =(R; — R))

Setting u; (X)) := m; »(X)— R;/q and recalling the definition of f, and 6; ,(X)
(see (33) and (4)),
exp{St, + B, }

r(l1, ... 1) = R
f ( 1 q) 321 eXp{5t5+B5}

we have:

10:,(X) = 050 (X)]

[fr(mia (X), .. mi (X)) = fr(ma(X), ... ,myq(X))|
[fr(ia (X)), ui g (X)) = fr(uj 1 (X), - w0 (X))

q
< B uio(X) = uyo( X))
s=1

where the last step follows from mean-value theorem, and the fact that all the
partial derivatives of f,. are bounded by (. Hence, we have:

1 N kl _ 9 1 q ,
N;;(Gi,r(X)—er(X)) = W Z Z(eiﬂ‘(X)_ej,r(X))

1<6,j<N r=1

292 q
q-p
< LY DX — (X))
1<4,j <N s=1
= Qﬂ2TN(X)7

where the last equality uses (45). Hence, for showing that Ty (X)™! = Op(1),
it is enough to show that:

-1

Op(N71) . (46)

N q
oD 0 (X) = (X))

i=1r=1
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Towards this, let Sy,q denote the set of all y := ((yi,r))ie(N),reg € 0,11V,

such that >7_,y;, = 1 for all ¢ € [N]. Define functions hy : Sy, — R and
In ZSN’q — R as:

N q
ﬁ Z Zamy1 rYj, T+ZZBryz T and IN( ) Zzyi,r 10g Yir -

1<1,3<N7~ 1 i=1 r=1 i=1 r=1
(47)
Also, define
Un(y) = hn(y) — In(y). (48)
Then, we have:
N
31;;(?) =B Z a;ijYjr + By — 1 —1logyi, . (49)

j=1
Denoting V..(y) := ((9¢n/0Yi,r))ie|n), we have:

VT(y) = 5ANy-'r + (Br - 1)1N - log Y.r (50)
where .. := ((yi,r))icn). Also, define V(y) € RN and V(y) € RV as:

V() =3 Voly) and V()= (T(),.... V(). (51)

Note that V(y) is obtained from V(1) by replacing each row (9t (Y)/0Yi.r)relq)
by the constant vector of its average. Therefore, whenever some vector y € Sn 4
satisfies the conditions:

N q
i r)° < NS and min i = Q 52
2.2 (wir =) N ictVreta (52

=1 r=1

for some non-negative sequence 6y — 0 and o > 0, then with y € Sy 4 defined
as ¥ r := g for all 4,r, we have:

IV.(y) = V(y)]
V(@) = V@) = V() = V@I = IV(y) = V(@)
1
q

||v.r<§>—v<§>|—||y.r—ﬂr||(5||AN||2+) S e — (ﬁAN||2+)

s=1

WV

WV

> [IV+(®) V@) -2V Non(By +a
= V@ - V@) -0 (VN).
In the above display, the second inequality uses the expression of ¥y (y) in (50),

and the third inequality uses (52). To bound the RHS above, again use (50) to
note that

IV (%) = V()?
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N q 2
1
= > /3yrRi+Br—1—logyr—qZ(ﬂysRﬁBs—l—logys)]
i=1 s=1
N 1 q 2
> inf B(t, —t)R; + B, — — B, — (logt, —q~! log t,
ot i=1( (tr — 1) q; (log ; gts)
2
' /7 (t, — D0+ B 12q:B (log 1 *1211:1 0
= N inf B r r s —Uogit, — ¢q Oog s
t€len1] Jo q s=1 ¢ s=1 g g
+ o(N),

where the last inequality uses the weak convergence of i to u. Using the above
two displays, and noting that 0, ,.(X) > a := ¢ 'exp {—B7 — 2|| B/}, on the
event SN SN (6;.,(X) — 0,(X))? < Néy we have:

r=1

N~V (8(X)) = V(O(X))] +o(1)

2
vy 1 q q
z inf / tr*to‘i’BT** Bs* lo ty — -1 lo ts d 0,
selane Jo <5< 2 g 2 D5~ logtr —a™t 3 log >> (6)

s=1

(53)

where 0(X) := ((0:r(X)))ic|N),relq- We now claim that the RHS of (53)
is strictly positive for at least one r € [g]. Given the claim, on the event

Zil ?_(0:,(X) - 6,(X))? < Ny we have the existence of a constant
c > 0, free of N, such that

max ||V..(0(X)) — V(6(X))|| = (¢ — o(1))V'N.

r€lq]

Consequently, for any non-negative sequence o — 0 we have

N ¢
P (Z Z('gi,r(X) - éT(X))Q < N(SN)

i=1r=1

< P <max||v.r<o<X>> ~TOX) > (e Ommv) o,

r€lq]

where the last limit uses Lemma 1.6 (b). This establishes (46) and completes
the proof of Theorem 1.4.

It thus remains to prove the claim that the RHS of (53) is strictly positive.
To this effect, assume by contradiction that the RHS is 0 for all r € [¢]. By the
dominated convergence theorem, the map

t— /7 (ﬁ(tr —t)0+ B, — ;iBs — (logt, —q~ ! iloth) du(0) (54)
0 s=1

s=1
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is continuous on the compact set [p,1]9, and hence, attains its infimum over

[p, 1]9 at some point (") € [p, 1]9. First suppose that ty) # 1) for some 7 € [q],
whence we must have the following under p:

14
0= gt — g1, — = logt -1 logt, T)
) B LY o) S

a contradiction, since y is not a degenerate measure in view of (44) and condition
(14).
This forces £\ = ) for all r € [¢]. In this case, Jensen’s inequality gives

logt -1 Zlogt

for all r € [q]. Suppose further, that there exists r € [¢q] such that

q
—q 'Y B, <0.
s=1

In this case, B, — % i1.,B (logt(r) ¢ty logt{")) < 0 and hence, the
integral (54) is strictly posmve for that r, a contradlctlon.

The only case left for consideration is when B, —% ! Bs>0forallr e [qg].
This however forces By = ... = By = 0, which was ruled out in the hypothesis
of Theorem 1.4 (in fact, in this case, the minimum value is exactly 0, attained
at any constant vector ¢ € [o, 1]?). This completes the proof of our claim, and

subsequently, the theorem. O

Appendix C: Proof of Theorem 1.5

In this section, we prove Theorem 1.5. To begin with, note that by Lemma H.5,
the product measure m" := @Y ;m is contiguous to the Curie-Weiss Potts
measure ]P’g}fé in (40). We next claim that for any (8, B) € (0,00) x R?7L, the

product measure ]P’gXVB X G(N,p) is contiguous to the measure Pg%. Towards
proving this, note that in view of Proposition 6.1 of Bhattacharya and Mukherjee
(2018) it suffices to show that:

D (PF%s x G(N, p)|[PETs) = O(1) (55)
where D denotes the Kullback-Leibler divergence. Now, we have:
D (P55 x G(N,p)|IPEs)
= > (BEEx IV G)lo

(@@l x{01}(3)

(P5% x G(N,p))(z,G)
PEs(x, G)
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]P;CW (m)
_ B8,B
= Egvp) Z ]P pg%(m‘g)

z€[q]N

= Eg(n,p)log <§CW> Z PB, [Eg(Np) (HB B(T )) - ﬁc,\g(m)}

p.B z€ gV

where ﬁﬁE%(w) and ﬁg\g(a}) follow from the expression

n g
g Z (0 R pp— +ZZBT11i:r

1<i,5<k i=1r=1

with a;; replaced by (16) and 1/N, respectively. Note that Eg(y ) (I}g%(w)) =

.FNI[?V;(:E) and hence, we have by Jensen’s inequality:

Z5% Eg(n.p)(Z5'5)
D (P58 x G(N,p)|[P5'g) = Eg(v,p) log (ZCW> < log (ZI’%@ :

(56)
Finally, note that:
Eg(np)(Z55)
= Z Eg(NP) exp W Z gzg Ti=x; +ZZB ]]-11—7“
x€lq]V 1<6,j<N i=1r=1
i B
B Z R H EQ(NJ?) {eXp (Ngij]]'mi—$1>:|
zE[q]Y 1<i<j<N p
2
PORIND DLEND: % P B B
< Z e2i=1 Zur=1 H exp (N]lxi—xj + SNT?
z€q]N 1<i<j<N

N
< Z 6/32/(16[)2) exp % Z ]lIizwj + Z i Br]lwi:r

zelq]N 1<i<j<N i=1 r=1
2/(16p?) ,CW
< eP7/(16p )Zﬂ7B

where in going from the second to the third line, we used the fact that for a
Bernoulli random variable Y with EY = p,

2
Ee!Y =) L exp (tS) ,

which is a direct consequence of Hoeffding’s lemma. It now follows from (56)
that: )
)< 15

D (Pg,\;vg X Q(N,p)IIIF’%f% S @
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thereby establishing (55) and completing the proof of our claim.

Lemma H.5 coupled with our claim, establishes that the product measure
v :=m" x G(N,p) is contiguous to the measure ng}g for every (8, B) € O,
thereby completing the proof of Theorem 1.5. O

Appendix D: Proof of Theorem 1.7

In this section, we prove Theorem 1.7.
(a) Fixing 8 > 0, it follows from Lemma F.2 part (b) that V4¢y (3, B) is
negative definite, hence B +— ¢y (53, B) is strictly concave. Define:

Ay n = {zx € [g]" : there exists r € [g] such that for alli € [N], z; # r}. (57)

Lemma I.1 part (b) gives that if X € Af v, then {n(8, B) — —oc as | B|| —
oo. Consequently, we have the existence of a unique global maximizer at some
B e RI7!, ie. By exists on the event {X € Af y}.

Similarly, fixing B € R?7!, on the event {Uyx(X) # 0}, the function 38
In (B, B) is stictly concave (see Lemma F.2 part (¢)). Define:

Ay i={z € [q]N :mia, () = ml[n] my (x) for all i € [N]} (58)
relq

Ay ={z gV :mia,(z) = ma[u]<mi,r(w) for all i € [N]}. (59)
relq

Once again, it follows from Lemma 1.1 part (a) that if X € A§ N Ag y and
Un(X) # 0, then the function 8 — ¢y (8, B) attains a unique global maximum
at some 3 € R, i.e. By exists on the event {X € A5 y N A3 v} N{Un(X) # 0}.

To complete the proof of part (a), noting that (21) implies P(U,(X) = 0) —
0, it suffices to show that

]P(X S A47N) = O(].)7 IP)(X € A27N U AgﬁN) = 0(1)

Towards showing that P(X € A4 n) = o(1), note that by Lemma F.1 with
bitrs := Lizr, and g = 1, we have

N
Z Z (Lx,=t — 0;.1(X)) = O(V'N), (60)

i=1 t#rg

where 0; ;(bmx) = P(X; = t|X; = x;,j # i) as in (4). Assume X € Ay n. Let
ro € [gq] be such that X; # rq for all 4. This implies that for all 4, ZS¢T0 Ix,—s =
1. Hence, we have:

Z (]lXizs - ei,s(X)) =1- Z ez,s(X) 2 q_l eXp(—ﬂ'y - 2||BH<X>) .
SF#To S#To

This says that the left side of (60) is (V) whenever X € A4 n, thereby showing
that P(X S A4’N) = 0(1).
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Next, towards showing that P(X € As n) = o(1), invoking Lemma F.1 ap-
plied with b;,.s :== 14—, A := 0 and g(x) = z, a union bound gives:

Z Z (]lXi:T - Hi,r(X)) mi,r(X) = OP(\/N) (61)

=1 r=1

Now, suppose that X € Az y. Then, Y7 m; (X)lx,= = m;x,(X) =
max, m; (X)), and hence

Z ]lX—r_ 1,7 X))mzr(X

M=

=1 r=1
N
= Z(maxm” )—me >
=1 T
N
> 7 XD 6’7_2Boo mzr _mi,sX 2
-1 (= 1Bl 2; (X))
1

= Pa-1)n exp (=87 — 2| Bl|o) NUn(X) = anQp(VN).

In the above display, the inequality on the third line invokes Lemma 1.9 with
the choices

Wy = Hir(X) = q_l eXp(_B’V - 2||B||oo) =a, t.= mi,r(X) € [07’7]7

and the last equality holds for some sequence ay — oo, by (21). The above,
combined with (61) now gives P(X € Az n) = o(1). The proof of the fact
P(X € Ay n) = o(1) follows similarly, and we skip the details.

(b) The proof will be carried out by an application of Proposition E.1 with
wn(B) = Vpln(5,B). To begin with, noting the expression of Vgly (8, B)
(see (7)), it follows from Lemma F.1 that |Vglx (3, B)|l2 = Op(vV/N). Conse-
quently, Assumption (i) of Proposition E.1 follows with ay = v/N. Assumption
(ii) of Proposition E.1 follows from Lemma F.2 (b) with hy(X) = N. This
completes the proof of part (b).

(c¢) The proof of this part is similar to the proof of part (b), so we skip it.
(d) Define the set

Gn(8) = {x € [¢]N : Un(x) < 6}.
Note that for all © € G (0), we have by the Cauchy-Schwarz inequality,

() <§\/qW LU}Z](XK%N\/S,

i.e.
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where m;(x) := ¢~ >.7_; m; - (x). Therefore, we have:

PsB(X € Gn(9))

Z exp { ZL 1 =1 €y rm1 r( ) + ZZI\Ll Zg=1 Brxi,r}
xzeGN () ZN(B7 )

ex BTN g—l-\/g N ¢
S p{ZN((B,B) ) 2 exp{ZZBT%}

xeGn () i=1r=1

where R; = Z;\;l a;j and R= % Zfil R;. Now, note that:

N

> exp{ZiBﬂcm} = xez[q]exp{éBr]lw_r} = <Zq:eBT>N .

z€[q]™ r=1i=1 r=1

Hence, we have:

1 B 1
Ps (X € Gn(9)) < Wexp{Z (q +\[) + Nlog <;eBT>},

flogPﬁB(XeGN(m f( +\f>+1og<1+z )ngN]éﬁB)

(62)
Now, it follows from (1.8) and (1.9) in Basak and Mukherjee (2017) (by choosing
q:(r) = t,) that:

log Zn (8, B) Bax~p2 v !
— N > sup §RZtT, + ZBrtr — Ztr log t, (63)

We now divide the proof into two cases.
Case-1: B # 0. In this case, choosing

B

ts = qieB (fOl" S € [q]),
=1

Then, t := (t1,t2,...,t;) € P([q]), we have:

i B,t, — i t, logt,

B q B,
_ ZT- 1 6 Z . - log( q€ _ )
Z € eBs

s=1
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q
I o
s=1
= log (Z eBS) .
s=1

Using (63) for this choice of t gives

log Zn (8, B
og+ RZt2+log<Ze >>R+log(ZeBT>,

1

where the last inequality uses the fact that t # (¢~ %,...,q~!) for B # 0. Along
with (62), this gives the existence of ¢ > 0 such that

1
lim sup NlogP@B(X eGn(d)) <0

N—oc0

thereby establishing part (d) for the case B # 0.

Case-2: B =0,3> B.(q). In this case, it follows from Theorem 2.3 (iv) in
Gandolfo, Ruiz and Marc (2010) that the constant vector %1(1 is not a maximizer

of the function in the RHS of (63)). With ¢ denoting a maximizer, using (63)
we again have

WéZNN(ﬁvB)>§(; R—Hog(Ze >>R+1°g(ze )

r=1

As before, this along with (63)) gives the existence of § > 0 such that

hmsup — logIP’/g, (X € Gn(0)) <0,

N—o0

thereby completing the proof of part (d).

(e) Finally, the non-existence of consistent estimators for the model IF’ER for
B < B, follows from the contuiguity of % ;lax g (N, p) to the measure ]P’g% from
Theorem 1.5, on noting that (0, 5.) x {Oq 1} C 6(1 y- Uniqueness of the

global maximizer follows from (Gandolfo, Ruiz and Marc 2010, Thm 2.3 (iii)),
and positive definiteness follows from (Gandolfo, Ruiz and Marc, 2010, Lemma

47 (1))

Appendix E: Convergence of Z-estimators

In this section, we prove a general result about convergence of Z-estimators
of the true parameter 7o in a parametric family (P;),cgcre for some d > 1.
To begin with, suppose that 7y = 7n(X) € R? is an approximate root of a
function wy : R? x [¢]N — R?, i.e. the following is satisfied:

wN(f'N,X) =0.
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Proposition E.1. Suppose that the objective function w satisfies the following
two conditions:

(1) |lwn (70, X)|l2 = Op(an) for some non-negative sequence an, where o €
© is the true parameter,

(i) There exists a function ¢ : © — R which is continuous and strictly positive
at To, and a non-negative function hy : [q]Y +— [0, 00) on the sample space,
satisfying:

)‘min(_va (T)> 2 C<T)hN <X>

forall T € O©.

Then, as long as ay = op(hy (X)), we have:

. a

I = 7ol = e, (72055 )

Proof. For each t € [0,1], define
=ty + (1 — )70

and introduce the following function gy : [0,1] = R :

gn(t) == (Fn — 70) Twn (1, X).
Then we have

g (t) = (Fn — 70) ' Vwn (01, X) (7 — To)-

Setting Y := |7~ — Tol|2, using assumption (ii) along with the above display

gives
In(8) < —e(m) hy(X) |[7n — 7oll3 = —e(m) hn (X) Y.

Since ¢ is continuous at 9 and ¢(79) > 0, there exists r > 0 such that

> 0.

() > 40

in >
lm—7oll<r 2

For t < ﬁ, we have:

[7: — 7oll2 = tYNy <1

and consequently

Using the above bound gives
1
an(D) - gx(0)] == | gh®yat
0

min{l, r/Yn}
-/ ole)di
0
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min{1, r/Yn}
/ C(;J) h(X) Y2 dt
0

WV

_ C(;'O) h(X) Y2 min{l, %}
= c(;’o) hy(X) Yy min{Yy,r}.

On the other hand, using the definition of gy (-) gives
lgn (1) = g (0)| = |(Fx = 1) Twn (70, X)| < Yov[lwn (10, X) |2 = Op (anYnv).

where the last equality uses assumption (i). Combining the above two displays
gives

c(7o)
2

hN(X) YN min{YN,r} = Op (G,NY'N)7

which implies that

min{Yy, 7} = 0P<]W‘1&)> .

Proposition E.1 now follows from the fact that an/hy(X) Ly 0and r > 0is
fixed. O

Appendix F: Necessary tools for analyzing the derivatives of the log
pseudo-likelihood

The goal of this section is to develop necessary tools for bounding the first and
second derivatives of the log pseudolikelihood, which (in view of Proposition
E.1) is crucial in establishing consistency and rates of convergence of the MPL
estimators. The first step towards doing this, is to bound the L?-norm of the
gradient of the log pseudo-likelihood with high probability. This can be achieved
via the following general concentration inequality for sums of the random vari-
ables 1x,—; centered by their conditional means given (X;);»;, which actually
holds at all temperatures.

Lemma F.1. For every constant M > 0 (not depending on N) and every
differentiable function g : [-M, M] — R such that ¢’ is bounded, there exists
a constant C > 0 (depending only on g,,B,q,v) such that for every t > 0,
A € [0,1], every array (bitrs)ic[N)t,rselq € RN and every r, s € [q], we have:

&

where m;*(X) = mi (X)) — dmy (X)), Li = Livs = >ty |bitrsl, L =
(Li,....Ln)T, and 0, 4(z) = P(X; = t|X; = 2,5 # 1) as in (4).

N ¢
Z Z bitrs (Lx,—t — 0;,4(X)) g(m;* (X))

i=1 t=1

> th) < 2exp (—ﬁ;ﬂg) (64)
2
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Proof. Fix r,s € [q], ¢ € F and define

Zzbms Ix,=t = 0:.4(X)) g(m;* (X))

=1 t=1

We now construct an exchangeable pair (X, X') in the following way:

Let U be a discrete uniform random variable on [N] independent of X, and
conditioned on U = i, we simulate X from the conditional distribution of X;
given (X;);-;. Then, we replace the ™ entry of X by X/ and call the resulting
vector X’. Then it is easy to check that (X, X’) is an exchangeable pair, i.e.

(X,X") 2 (X', X). Define:

—_

= S S b (@) + 9 @) (Lt — L)

i=1 t=1

[\

Plugging in « = X, 2’ = X’ we get
q
F(X,X') = g(mi* (X)) Y buers(Lxp=t — Ixy=1), (65)
t=1

which in turn gives

BIFCEXX) = 3 D2 by (O (s = 0(X)) = T

Since (X, X’) is an exchangeable pair, we have EG(X) = EF(X,X’) = 0.
Setting

K
AX) < LI (66)

A(X) = 5 (|(G(X) — GX)FX, X))

if we can show the existence of K > 0 such that

then (Chatterjee, 2007b, Thm 1.5) gives, for t > 0

G(X) N2
A S < -
P( N Z1) S PP\ TR

which further implies that

P(|G(X)| > VNt) < 2exp {_2Kjl\lflt3H§}

thereby establishing (64). Therefore, all that remains to complete the proof of
(64), is to show (66). Towards this, for every 1 <i < N, u € [¢] and x € [¢]V

define:

T

7
() (‘rla"'awi717u7xi+l7~-~>$N) .
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Then using the definition of A(X) we have:

INA(X) = NZZ| (G(X IF(X, X )0, (x)
i=1 u=1
1 N q )
S B LYl - Gx),

where in the last inequality we use (65) to get
q
IF(X, X< Nglloo Y itrs] = llglloo L

Now, for any X,Y € [¢]"™, using the definition of G(-), we have:
G(X) - G(Y)]

q

N
ZZ'I)J“‘S‘ ‘9 Xt _g<m;7s(Y))Yj,t‘

N
<.
IL
il

[bjers| [0.6(X)g(m* (X)) — 0,(Y)g(m}*(Y))]

+
M=
M=

<

I
-
~

Il
-

N ¢
g0m5* XN bytrsl X0 = Vial 3D Vialbgersl [9(m5* (X)) = g(m* (1))

j=1t=1

M=
M=

<
Il
—
-
Il
—_

[bjtrs| [05.6(X)g (M} (X)) = 05, (Y )g(my* (Y)]

+
M=
B

j=1t=1
N ¢q N q
< glloe DD bjers| X0 = Yidl 4119 lloo D D YVielbjers|m}* (X) = m}* (V)]
j=1t=1 j=1t=1
N q
b 303 Brirel [856(X)g(m (X)) — 6, (¥ )g(m?*(Y)| (67)

t

<.
Il

—
Il

—

We now bound each of the terms in the RHS of (67), for the special choice
Y = Xq(f). In this case, noting that X;, = Y}, for all j # 4, the first term in
the RHS of (67) can be bounded as follows:

N gq q q
Z Z |bjt'r's‘ |Xj,t - Yrj,t| = Z |bit7‘s‘ |Xi,t - Y;,t| Z| ztrs‘ -
t=1 t=1

j=11t=1
For bounding the second term in the RHS of (67), recalling that m;*(X) =
ml(X) — AImf(X) we get

K3

q N N g
Z Z t|bjtrs‘|mr (X) Z Z Z ij ta]k:‘b]trs |Xk7‘ Ykr - )\st + )\Yk:s|

j=1t=1 j=1k=1t=1
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N ¢
Z Zaji|bjtrs||Xir - }/ir - )\Xzs + )\}/zs‘

j=1t=1

N
<A+N)D ajL; = (1+NA.L,
j=1

where A;, denotes the i** row of A. Proceeding to bound the third term in the
RHS of (67), define the function

eXp{ﬁO&t + Bt}
>t exp{Bas + B}’

and note that ||Vi):|| is bounded, since g has a bounded derivative. Using this
definition we can write 0;+(X)g(m}*(X)) = ¢(m;1(X),...,m;jq(X)), and
hence mean-value theorem gives

wt(ala---vaq) = g(ar Ao )

16;.(X)g(my* (X)) = 0;,(Y)g(my*(Y))| S Z (M0 (X) = 15,00 (Y]

Using this, the the third term in the RHS of (67) can be bounded as follows:

[bjtrs| |05, (X)g(m* (X)) — 0;,(Y)g(my*(Y)))|

M=
M=

<
Il
—
-
I
—

|Djtrs| 1,0 (X)) =m0 (Y)]

2
M=
] =
M-Q

g
Il
-
<.
I
—
~
Il
-

MQ
M=
MQ

aji |bjtrs | ‘Xi,w - Y%,w|
1

€
Il
i
<.
Il
—
o~
Il

N
ajilbjirs| = QZ ajilj = qAuL .
j=1

MQ
M=
MQ

<

g
I
-
<.
Il
_
~
I
-

Combining the last three bounds to the RHS of (67) we get
G(X) = GX)| S Li + A L,

and consequently,
XN
+
2NAX NZ iLi+ AnL) = & (IL|E+ LT AL)

N

< (4 AL < (1 + L3

N SN 2
This establishes (66), and consequently, (64).
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The second crucial step towards establishing consistency and rates of con-
vergence of the MPL estimators is to provide a lower bound on the minimum
eigenvalue of the negative Hessian of the log pseudo-likelihood function. The
following lemma achieves this.

Lemma F.2. There exists a continuous strictly positive function Cy  on [0, 00)x
R97Y, such that:

(@) Amin (=V?In(B,B)) > Cy (8, B)NTN(X).
(b) Amin (=ViIn(B,B)) > C4(8, B)N and
(c) ~T153) > €, (8. B)NUy(X)
where Ty and Uy are as defined in (10) and (20), respectively.

Proof. Tt follows from (6), (7) and a simple calculation, that the second-order
partial derivatives of £ are given by:

TB) - —Z 2 a3 = mis(X) 610 (K)010(X)
w — _izN;azl(mm(X)—mi’a(X))Oi}a(X)Oi}S(X) (I<s<qg—1),
32@(}%3) - i;e X) (1<s<q-1),

(M - ;ei,AX)ei,s(X) (1<r#s<g-1)

Here 0, 4(x) = P(X; = t|X; = x;,j # i) is as in (4). Using the above expressions,
for any y := (yo,v1,- -, Yq—1) € RY, we have:

- TVQZN(B7 )

N
Z ST (ma(X) = mip(X)) 0:.0(X)0:4(X)
i=1 1<a<b<q

+2y02ysz mzs ) - mi,a(X))ei,a(X)ei,s(X)
+Zy29i,s(X) Zei,a(X) -2 Z yrysai,r(X)ei,S(X)}SS)
s=1 a#s 1<r<s<qg—1

The first term in the RHS of (68) (without y2) can be simplified as follows:

3 (mia(X) = mi (X)) 00,0 (X)0:5(X)

1<a<b<q
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= Z (miﬂ‘(X) - mi,s(X))Qei,r(X)oi,s(X)

1<r<s<q 1
q—

+ Z i (X) = mig(X))

%0, (X)0i(X)

The second term in the RHS of (68) (without 2yg) can be simplified as follows:

Zysz mz s mi,a(X))gi,a(X)ei,s(X)
- Z (mz,s(X) - mz,r(X))ysaz,s(X)gz,r(X)
Oy
+ (mi7s(X) - mi,q(X))ysei,s(X)ei,q(X)

= Z (mi75(X) - mi,r(X))(ys - yr)ezé(X)al,T(X)

1<r<s<q 1

+ Z Mo (X) = Mg (X)) yss.6(X)0, 4(X)
s=1

The third term in the RHS of (68) can be simplified as follows:

qg—1
D y20:4(X) Y 0ia(X)

s a;és

Il
=

- Z]lr?és z +Zys ’LS X)

= Z (v; +yg)9i7r(X)9i,8(X) + Zy§9i75<X>9i,q(X)

1<r<s<g—1

2

w
Il
—

= Z (yr - ys)zai,T'(X)ei,s(X) +2 Z y'r'yseiﬂ'(X)ei,s (X)

1<r<s<g—1 1<r<s<g—1

qg—1
+) Y20 (X)0;.(X).
s=1

Using the three displays above the RHS of (68) simplifies to

SR S (min(X) = mis(X))0:(X)6; o (X)

i=1 1<r<s<g—1
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8 Y (M (X) = mig(X)) 05,0 (X)85.4(X)

)

290 Y (min(X) = mi s (X)) (Ur — ys)0in(X)0;.4(X)

1<r<s<g—1

200 3 (4 () = 104 () 01 (X610 (X)

qg—1
D W= )0 (X0 (X) + Y 570 (X)0ig(X)
1<r<s<g—1 r=1
N

{(mi,r(X) - mi,s(X))yO +Yr — ys}20i,r(X)0i,s(X)

=1 1<r<s<q—1
N 1

_|_

{(mi,r(X) = mig(X))yo + yr}205,0(X)0:4(X).  (69)

i=1r=1

Now, it follows from Condition (8) that m, .(X) < v, and so
0;r(X) > a:=q exp{—B7—2|B|ls}>0.

Hence,

N

—y ' VANB.By = o> Y {(min(X) —mio(X))yo + yr — ys )}
i=11<r<s<qg—1
N g—1

+ o Z Z{(mz,r(x) —miq(X))yo + yr}2

=1 r=1

= o’y Hyy (70)
where

— Zz Zl<r<s<q(mi;T(X) - mi,S(X))Q [ ,UiT
Hv '_( > Vi N(qI—J)>

i

with I and J being the (¢ — 1) x (¢ — 1) identity matrix and matrix of all ones,
respectively, and

v = (qmia(X) =Y mi(X),.. . qmig_1(X) =Y mi (X)) e R

The above equality (70) follows from repeating the above calculations, and (69)
replacing 6; ,(X) by 1 throughout. Thus H is non-negative definite, and de-
noting A\; < ... < A, to be eigenvalues of Hy we have:

q
Mtr(HN) ™ =M Y A, 2 [N =det(Hy). (T1)
=1

1<i1,..008g—1<9
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Next, using the fact that (¢ — J)~! = %(I + J), along with the expression for
the determinant of a block partitioned matrix, we get:

det(HN)

.
= det(N(qI —J)) [szw —mLS(X))Q—A}q(Zvi) (I+J)<Zvi>].

1 r<s

Next, on noting that the 7' entry of 3", v; is given by Ng(m,.(X)—1 >7_, ms(X))
for 1 <r < q— 1, we have:

L(>0) aen(3w)

i=1 =1
= Nq (mr(X)_;l]st(X)> + (mr(X)_;st(X)>> ]
- Ng <mr<X> — Ym0 )+ (—m0+ ;stm) ]
= qu <mr(X) - ;st(X)>
Hence, we have:
det(HN)
= N2 |55 (e (X) = man(X))2 - Ng Y (mT(X) - 2ZmS(X)>
i r<s r=1 s=1

S [Z S min(X) = mis(X))2 = N Y (. (X) - ms<X>>2]

17 r<s r<s
= NI ?Tn(X),

where the last equality uses (30). Also, note that:

V)= 303 0 (X) — mi o (X)) 4 N — 1) < N [(g)vz (g 1)2} |

1 r<s

Hence, (71) implies that
A1 2 CyyNTN(X)
where

q??

Copy =
(D2 + (g —1)?)"
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It now follows from (70) that

~y V2N (B, B)y = Cy0°(8, B,7)|ly|3NTn (X)

for all y € RY, from which part (a) follows on taking y as an eigenvector of
—V2ix(B, B) corresponding to its minimum eigenvalue. Part (b) follows from
(70) on taking y = (0,9), and noting that the smallest eigenvalue of the (g —
1) x (¢ — 1) matrix ¢I — J is 1. Part (c¢) follows on taking y in (70) to be the
vector (1,0,...,0) of length q. O

Appendix G: Proof of Lemma A.1

The proof of Lemma A.1 is based on reducing the Curie-Weiss Potts model to a
product measure, by conditioning on a suitable random variable. Towards this,
conditional on X ~ }P’g,‘g, let Z1,...,Z4 be independent random variables with
Z, ~ N(X,, (BN)~Y). Define Z := (Z;....,7Z,).

Lemma G.1. If X follows the Curie-Weiss Potts model PEXVB, then the entries
of X|Z are independent and identically distributed, with

BZrtBr

PSW(X, =rZ) = —— .
5.8 r12) S0, efZs+Bs

Proof. Recall from (40) that:
NB . - _
PG (X) o exp <2 ZXE + NZ BTXT> .
Hence, we have:

PSR(X,Z) o« PGR(X)[][P(ZX)

K

exp {Nf SR (2 R+ szm}

T r=1

’BZZ2+NBZXZ +NZBX} .

Il
/—/H

Therefore,

N ¢
PS% (X |Z) ocexp{zz ir(BZ, + B, )}
and so given Z the random variables (Xi,---, Xy) are iid, with
BZntB,

PEB(X; =1|Z) = ST A7

This completes the proof of Lemma G.1. O
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Returning to the proof of Lemma A.1, let us define for every r € [q] and
x € [q]V:
N 1 N2
Snr(x) := Z (m”(az) —m,(x) — Q(Ri - R)) .
i=1
For ease of notation, we will abbreviate Sy ,.(X) by Sy . Then, we have:
1
- = VA
q

N B 2

N
_ 1
> Y Var |m(X) —m(X) - a(Ri—R) z
=1
N [~ | | X R
— 1 ‘G Y. = 2
- YV gx N;RJXW qg( N)‘z

N
= ZVar
i=1

where in going from the second to the third line in the above display, we have
used the following identity:

1 N N 1 N N 1 N
WT(X) = N ZZainjm = N ZijTZaij = NZRij’T'
j=1 i=1 j=1

i=1 j=1

The RHS above can be bounded below, as follows:

N
i=1

where the last equality uses the non mean-field condition (13). Hence, we have
shown that

N RJ 2 N N ) 1 N )
Zl<“iJ_N) :ZZ%‘_N;Ri >

N
j= i=1 j=1 = i=

Za?j _72 = Q(N)’

14=1

E(Sy-|Z) = Q(N) Var(Xy.|Z) . (72)

Next, we will show that for any sequence Sy which is bounded away from 0
and oo, the quantity VargyB(X 1,r|Z) is bounded away from 0. For this, it only
suffices to show that IPSJXYB(Xl = r|Z) is bounded away from both 0 and 1. To
this effect, Lemma G.1 gives:

PGV (X, = 112) = cp D 2 B} ! .
An.B gzl eXp{BNZs + Bs} 14 Zs#r eXp{BN(Zs - Zr) + B, — Br}
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Define the event & := {Z € [—2,2]?}, and note that on & we have:
! < PSWVE(X 1Z) < 1
— < =7r
I+ (- Dep{4f+2[Blxy —

T 1+ (g - exp{—45 — 2| B[}
where 3 < oo is an upper bound of Sy. The above bound along with (72) gives:

ESJXYB(SN7T|Z) P CN

on the event &, for some constant C' > 0 not depending on N.

We will now show, using McDiarmid’s inequality, that Sy, concentrates
around ESJXYB(SMAZ). For this, fix two vectors  and z’ in [¢]V that differ

exactly in the k' coordinate. Then, we have:

S () = S ()]

i [(mi,m) (@) — (R, - R>)2 = (o) e - L R))2

q

N
< 472 [mi - (x) — T (x) — my (') + ()]
i=1
Also we have:

Z [mir(x) — M (x) — mz}r(w/) + ()]

N N
- / 1 /
= ik (T, — l’k,r) N aok(Tk,r — xk:,r)
=1 (=1
N N
< ai, + agr, < 27.
i=1 (=1

Combining the above two, we thus have:
SN (@) — Sn.r(z')] < 892
Hence, by McDiarmid’s inequality, we have the following on the event &

d

N

Z) -

CN
P 5 <5N,r <5

Z) < ]}DSX{B (SNJ- < ESXB(SN,T

C2N? NC?
S P T agnat ) T P T 1as

‘)

Hence, we have:

CN CN
5 (s, < GY) = B oa (55, < G
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< Poy () +ESY 5 POV <SN,7~ < —

NC?
< Ppy.B(E°) +exp <_128’Y4) .

Also, we have

CW c
Pav,p(6°) < g max Psy p(1Z:] > 2)
= qmax Epy p Psy.B(1Z:] > 2|X)
< quf‘é{qEﬁN’B Psy.B(|Z, — X:| > 1|X) (since |X,| < 1)
= quTa?q]EﬂN’B PﬁN7B<V ﬁNN|ZT_XT’| > \/ﬁNN ‘X)
= ¢P(|Z] > \/BnN) (where Z ~ N(0,1))
< 2qe 0N

where 8 > 0 is a lower bound of 3y. Combining all these, we conclude:

P B (SN,r < 2) <e iV

for some constant K > 0 (not depending on N), which invoking (31) gives:

C _ C _
PL%XYB <TN(X) < 2(]) <ge BV — PSXB <X € En (;)) < ge KN
where the set En(-) is as in (29). B
To complete the proof, it suffices to verify that the sequence Sy = SR is
bounded above by # < oo, and bounded below by 8 > 0. But this follows on
using (8) and (9), and recalling that 8 > 0.

Appendix H: Necessary results for proving Theorem 1.5

In this section, we state and prove some lemmas which will be used to verify
Theorem 1.5.

Lemma H.1. Let X = (Xi,...,Xn) € [q) be distributed according to the
Curie-Weiss Potts measure ng (40). Let

_ exp{Bt,+ B}
B 23:1 exp{fts + Bs}’

be as in (33), and f: R? — P([q]) (see (17)) as f(t) := (f1(t),..., fq(t)). Then
for every r € [q] and every t > 0,

fr(t) teRY relq

Pg\g(HX *f(X)Hoo > £ +t> < 2qexp<

2Nt?
ON :

2+



Mukherjee, Mukherjee and Karmakar 52

Proof. To begin with, use (4) to note that for all i € [N],r € [q] we have:

P(X;=r|X_;) = f(XD), where X : ZXM and X .= (X", ..., X{).
1751

(73)
Define X’ from X by choosing an index I uniformly at random from [N],
and updating the I*" entry of X by a sample from the conditional distribu-
tion PgEVB(XI = |X_;) = £(XD), keeping the other entries unchanged. It is
straightforward to verify that (X, X’) is an exchangeable pair. Fix r € [¢] and
define the antisymmetric function

F.(X,Y):=N(X, - Y,), whichgives F.(X,X')=X;, X}, €[-1,1].

Set u,(X) :=E[F,(X,X’) | X], and use the tower property to get

N
:%Z{XLT—IP(Xi:MX )| = X——Zer (74)

where we used (73) in the last equality. Next, observe that for ¢ € R? and
r, s € [g] we have

()= 10 (11 = 5} - 1.0) @
Hence
950 = 3|52 0] = 850 (1= 0+3 £.0) = 2850050 < 5.
s=1 s#T

Consequently, we have:

1B

[r(XO) = p (X' D)y < 2 b maX\X“) X0 < N =N

s€lq]

I\D\Q

Hence, it follows from (74) that:

/ 1 B
e (X) = ur(X)] < 5 + 5

Consequently, setting

0,(X) 1= 5 B (Jur(X) = un(X)] |F(X, X)| | X).

NN

the above display gives v,.(X) < 2+ﬁ . Hence, by Theorem 1.5 in Chatterjee
(2007b) we have:

2Nt2
PSW (Ju, (X)| > t) < 2exp| —
S (X)| > 1) < 200 57
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Next, define g,(X) := X, — f,(X), and use (74) to get:

N
FXD) = £,00] € 5 30 Fmax X0 - X, <

N
r X - ur AT
19:(X) <% ; > g e
Therefore, we have:
ow B ow 2Nt
P65 (1000 > g+ ¢) < PSS ()] > 0 < 20wp( - 355
The proof of Lemma H.1 is now complete by a further union bound. O

Lemma H.2. Suppose the following assumptions hold:

(i) Let m € P([q]) (see (17)) be a solution to the equation &(t) = 0, where
Et):=t— f(t), and f : RY— P([q]) is as in (4).
(i1) Setting H = Hg g : P([q]) = R by

3 q q q
=3 Z:: ;Bﬂr — Zt’" logt,,

as in (18), we have u' VZH (m)u < 0 for all w € T*\ {0}, where

T = {u eRY?: zq:u,. = 0}. (76)
r=1

Then, the Jacobian operator DE(m) viewed as a linear map on the domain T*,
18 1njective.
Proof. Since m = f(m) (assumption (i)), using (75) the Jacobian of f at m is
given by

Ofr

Ot

which can be written in matrix form as

Df(m) = ﬂ(diag(m)fmmT) =: fX(m) = D¢(m) = I-Df(m) = I-FX(m).

(m) = fm,(1{r = s} —m,),

On the other hand, for ¢ € P([g]) with strictly positive coordinates, the Hessian
of H at m is given by

V2H(m) = BI — diag(1/my,...,1/m,).

Now, for any u € R? we have:

q q 2 1 O
m)u = Zmruf - (Zm,,ur) =3 Z mym(u, — ug)? > 0.
r=1 r=1

r,s=1
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Thus X(m) is positive semidefinite. Moreover, u' 3(m)u = 0 if and only if
u, = ug for all r, s, which implies that the null space of ¥(m) is span{1}. Con-
sequently, the map u — X(m)u restricted to T* is invertible.

Now, suppose that u € T*. Then

¥ (m) diag(1/m)u = (diag(m) — mm ") diag(1/m)u = u — m Z Up = U,

r=1
since Y, u, = 0. Using the explicit form of V?H (m), this yields
S(m)VPH(m)u = X(m)(BI — diag(l/m))u
BE(m)u —u
—(I — BX(m))u = —D&(m)u.

Therefore, for all w € T,
D¢(m)u = —X(m)VZH (m)u.

Now, suppose that DE(m)u = 0 for some u € T*. Then, the above display
gives V2H (m)u € Null(X(m)), which implies that VZH (m)u = cl for some
constant c¢. Hence, u' VZH (m)u = 0, which by assumption (ii) gives u = 0.
Hence, D&(m) is injective on the domain T*. This completes the proof of Lemma
H.2. O

Lemma H.3. Assume the setting of the Curie—Weiss Potts model defined in
(40). Suppose that Hz g (as in (18)) admits a unique global mazimizer m €
P(lg]) (cf- Theorem 1.5). Then for every § > 0,

1 _
limsupﬁlog}}”g}g(HX —m|o > 6) <O0.

N—oo
In particular,
x Lom.
Proof. To begin with, define:
Pyn :={ve€P(q]): Nv, € Z for all r},
where Z denotes the set of all integers. For v € P, y define
Ay(v) ={z € gV : 2 =v}.

Then for any Borel set G C RY,

ZvePQ,NmG |An ()] exp{N (g v+ Br%)}

Euqu,N [An (v)] exp{N (§ v+ Brvr> }
(A1)

PER(X €G) =
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By Lemma S.4.1 in Bhowal and Mukherjee (2023),

|An (v) —exp{ NZvrlogvr}ﬁo(N)

uniformly over v € P, n. Substituting this estimate for |Ay(v)| into (A.1) and
using the fact that |P, x| < (N +1)? = e°N) | we have:

_ su eNHp,B(v)
PSY(X € G) < oot TSR0 T (T
s Supve’Pq,N e 3,B(V
Now, note that
sup Hp p(v) < sup Hgp(v). (78)

vEPy, N vEP([q])

On the other hand, if m is the unique maximizer of Hg g on P([q]), then by
Lemma S.4.3 in Bhowal and Mukherjee (2023), there exists a sequence vy €
Py, N such that vy — m. By continuity of Hg g, we have:

sup Hg pg(v) > Hgp(vy) = Hpgg(m)= sup Hgpg(v). (79)
VEP, N veP([q])

Combining (78) and (79), we have:

sup Hgpg(v) — sup Hpgp(v) as N — oo.
vEPy, N veP([q])

Hence, we have the following from (77):

hmsup—logIP’ W(XeG) < sup Hzp(w)— sup Hzp(v). (80)
N—o0 veP([dh NG veP ()

Choosing G := {v € P([q]) : |[v — m||c = 0}, the RHS of (80) equals a negative
constant C. (since m is the unique maximizer of Hg g and m ¢ G). This
completes the proof of Lemma H.3. O

Lemma H.4. Suppose that X is sampled from the Curie-Weiss Potts model
(40) and conditional on X, let Z1, ..., Zy be independent random variables with

Zp ~N(X,, (BN)™Y). Let Z .= (Zy,...,2Z,) and X := (X1,...,X,).
(i) Suppose that (B, B) € (0,00) x RI™1 is such that the function

Hs p( Zt2+ZBt —Zt log t,.

(as defined in (18)) has a unique global maximizer m on the set P([q]).
(ii) Suppose further that the quadratic form uw'V?Hg g(m)u is strictly nega-
tive for allu € T := {u € R?\ {0} : >°7_, u, = 0}.

Then both the random variables VN (X —m) and vVN(Z —m) are tight.
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Proof. Set fr : P([¢]) = R as in (33), setting f = (f1,---, fy), and &(t) =
t— f(t) as in the statement of Lemma H.2. We now claim that there exists open
sets U C R? containing m, and V C R? containing {(m) = 0, such that the
function € : U N P([q]) — V NT* is invertible, with

D¢ (u)vl|z > 0,

€:= inf inf
ueUNP([q]) vET*:||v][2=1

where DE(u) is the Jacobian of the function £ : R? — R? at u € R.

We now complete the proof of the lemma, deferring the proof of the claim.
By Lemma H.3 we have P(X € U) — 1, as m € U, and on the set X € U we
have

IVNX =m)l. = [VN (€ €x0) - ¢ )],
VRIEX) 2 sup D67 w)]

N

) 2 < eTVN[EX)l2-

VNJE(X)]l2 sup 1(DE(u)

Since VN[ &(X)|l2 = Op(1) by Lemma H.1, tightness of v/N(X — m) follows.
Tightness of v/ N(Z — m) follows on noting that

(VN(Z = m)|X) ~ N(VN(X —m),57).
It thus remains to verify the claim, for which we will invoke the Inverse

function theorem. We break the proof into the following steps:

e m satisfies £(m) = 0.
A Lagrangian argument gives that the global maximizer m of the function
Hp p(-) satisfies the fixed point equation

B+ B

Zg:l eﬁms+Bs

= fr(m) ) (81)

m, =
and so we have m = f(m), i.e. {(m) = 0.

o ¢ maps P([q]) into T*, where T* is as in (76).
Since f(t) € P([q]) for all £ € P([g]), we have > .?_, &.(¢) = 0, and hence

q
) eT" ={uecR?: Y u, =0}
r=1
o For uw € P([q]), the Jacobian operator D&(u) induces a linear map
D¢(u)

To see this, use (75) to note that for any u € R? we have

Dé(u) = I — B(diag(f) — ££7)

T T — T,
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where f := f(u) € P([¢]), and hence,
1 Dg(u) =17 = B(fT =17 ff7) =17,

which implies that for v € T*, one has 1" D&(u)v = 1Tv = 0. So,
Dé&(u)|p+ indeed maps T* to T™*.

o Completing the proof
By Lemma H.2, the linear map D&(m)|p- : T* — T is injective, which
along with the rank-nullity theorem and the previous step shows DE(m) |7« :
T* — T* is invertible. By continuity of D&(u)|r~ in u, there exists a non-
empty neighborhood U’ C R? of m such that

= inf inf | DE(u)v]| >0,
weU'NP((q)) T Jvll2=1

By the inverse function theorem applied to the map & : P([g]) — T*, there
exist non-empty neighborhoods U C U’ of m and V C T* of £(m) = 0
such that the restriction £ : U N P([q]) — V NT* is a bijection (hence,
invertible). This verifies the claim, and hence completes the proof of the
Lemma.

O
Lemma H.5. Let (3,B) € (0,00) x R1™! be such that:

(i) The function Hg g(t) = 559 12 + 39_ Bt — 30_, t. logt, (as de-
fined in (18)) has the unique global mazimizer m on the set P([q]),
(i) " V2H(m)u <0 for allu € T = {u € R?\ {0} : >7_, u, = 0}.

N

Then, the product measure m” = ®@N m is contiguous to the Curie-Weiss

Potts measure Pg}g .

Proof. Suppose that X is sampled from the Curie-Weiss Potts model (40) and
conditional on X, let Zi,...,Z, be independent random variables with Z, ~
N(X,,(BN)™Y. Let Z = (Z1,...,7Z,;) and X = (X1,...,X,). Also, let P
denote the joint distribution of X and Z. By Lemma G.1 and (33), we have
P(X; =r|Z) = f.(Z), where

Btet B,
fr(t) == ST LB
Next, define
W, = \/N(fr(z) - fr(m)) : (82)

Note that ||V f.(-)||ec < o0 and vN(Z —m) is tight (by Lemma H.4), and hence
W, = Op(1). Since m,. = f.(m) (see (81)), we get the following from (82):

W,
VN

P(X; = r|Z) = m, +
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Next, define a product measure Q on [¢]N x R? as Q := m"¥ ® p, where u
denotes the marginal distribution of Z. Setting T, := |{i € [N]: X; =1},
the standard central limit theorem gives the following under Q:

TN,’I“ - Nmr
VN

Now, for every K > 0, on the intersection of the events |[W,| < K and [Ty,
Nm,.| < KV/N for all r € [g], we have:

= 0g(1) .

Q(X|Zz) W,
e pX|Z) " ‘,ZlTNT1°g(1+mrm>

- 2 (oo (¥))

—~ m.VN
g—1 q
Tn Tn,r
= W, 4 ’ + O(K? since W, =
2 (mq\/ﬁ mr\/ﬁ> (K7) ( ; )
q—1
< Wl (ot )+ o)
r=1 r q
< KQXq: L1 +O(K?) =: ¢
X m, mg — VK-

Thus, if Ay C [g]" is a sequence of sets such that P(X € Ax) — 0 as N — oo,
then:

Q(XeAN,|W| K Vr € [q], [T — Nm,| < K\FWG[])

= EQ(X € Ay, |W,| < K ¥r € [g), [T, — Nimy| < Kfvre[]\)

N

eO<BP (X € Ay, |W,| < K Vr € [q], [T, — Nm,| < KVN Vr [q]‘Z)

- ¢KIP’(X6AN,\W\ K Vr € [q), [T — Nmy| < K\ere[})
< e?P(X € Ay).

Hence, we have:
a a
Q(X € Ay) < e P(X € An)+Y_ Q(W,| > K)+Y_Q(|Ty,r—Nm,| > KVN)
r=1 r=1

which on letting N — oo followed by K — oo gives Q(X € Ay) — 0. This
completes the proof of Lemma H.5. O
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Appendix I: Other Technical Lemmas

In this section, we state additional technical lemmas necessary for proving some
of the main results of the paper. We start with the following lemma, which is
crucial in establishing existence of the partial MPL estimators Sy and By.

Lemma L.1. Define the sets As n, A3 n, Aa N

Ay v ={x € [q]N S My, () = ml[n] my.(x) for all i € [N]},
re|q

Ay ={z € [qN i mi. () = m?ﬁmi,r(w) for all i € [N]},
relq

Ay n ={x € [q] : There exists r € [q] such that for alli € [N], x; # 1},
as in (59), (58) and (57) respectively. Then, the following conclusions hold:

(a) If X € A5 y(AS . then for every B € RI71, {n(B,B) — —o00 as
18] = oo.
(b) If X € Af v, then for every B € R, {n(B, B) — —o0 as || Bl[oc — 0.

Proof. To begin with, use (5) to note that:

N
(n(B,B) = log(6i x.),
=1

where 0, , is as in (4), and satisfies the inequality

0. exp{ﬂmi,xi(X) + Bxl} < 1

XS ST B () + Be} S 1 e Bl (X) —myx, (X)) + Br = B} )

for all t # X;. Since 6, , < 1 for all ¢,r, showing x5 (8, B) — —oc is equivalent
to proving that there exists ¢ € [N] such that 6; x, — 0.

(a) [B] = oo
Case 1.2 (8 — —o0). If X € A3 y, there exists i € [N] and r € [q] such
that m; »(X) < m; x,(X) (and so X; # r). Then, (83) with t =r gives:

1

0; x. <
XS T exp{B(ma (X) — mi x, (X)) + B, — Bx,}

which implies that 0; x, — 0 as  — —ooc.

Case 1.3 (8 — 00). If X € A3y, there exists i € [N] and r € [q] such
that m; -(X) > m; x,(X) (and so X; # r). Then, (83) with t = r gives:

1
0; x. <
KOS T exp{B(mi (X) — mix,(X)) + B, — Bx,}

which implies that 6; x, — 0 as § — oo.
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(b) [ Blloc — 00
This ensures the existence of an r € [¢] such that |B,| — co. Also r # ¢,
as B, = 0 by convention.

Case 1.4 (B, — —o0). If X € A y, there exists i € [N] such that X; =,
in which case (83) with t = q gives:

1
S T o (Bmig(X) —mn (X)) = B}

0 x

which implies that §; x, — 0 as B, — —ooc.

Case 1.5 (B, — c0). If X € Af y, there exists i € [N] such that X; #r
(otherwise the whole vector {X;}1<i<n have the same color, which con-
tradicts Aq n). Using (83) with t = r we have:

1
i x, <
XS T exp{B(mi (X) — myx,(X)) + By — Bx,}

0

which implies that 0; x, — 0 as B, — oc.
This completes the proof of Lemma I.1.
O

The next result gives a concentration for the vector of conditional probabili-
ties, and will be used to prove Theorem 1.4.

Lemma 1.6. Suppose X is an observation from the Potts model (1), where the
coupling matriz An satisfies the assumptions (8), (9) and (43). Let Sy 4 denote
the set of all y == ((yi,r))ieN]refq € 0,1V, such that Y7 v, =1 for all
i € [N]. Set the functions hn : Sng — R and Iy : Sy g — R as:

q N q
hn(y) = g Z Zaijyi,ryj,r+z ZBryi,r and In(y) = Z Zyi,r log y;

1<i,j<N r=1 i=1r=1 i=1r=1

(aé’din (47)), and let n (y) = hn(y)—In(y) (asin (48)), (X) = ((0i.r(X)))icN].refq)

(as in (51)) where V. .(y) := ((0¥N/Oyir))icin) (as in (50)). Then, we have
the following.
(a) As N — oo,
N (8(X)) = sup ¥n(y)+op(N).!

YESN,q

1By a slight abuse of notation, for a function £ : [0,1]¥9 — R and a vector = € [q]V, we
will often refer to £((z:,r)ic[N],relq]) @8 £(x), where x; » := Lg;=r
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(b) For allr € [q], as N — oo,
IV (8(X) = V(8(X))|| = op(VN).

Proof. (a) Choosing b;srs = 14—, and g = 1 in Lemma F.1 gives L; = 1, and so

P <‘ iv:(Xir - el,T(X))‘ = m) < 2€Xp(—Ct).

Similarly, choosing b;trs = 1=, g(z) = z and A = 0 in Lemma F.1 gives L, = 1,
and so

N
P <‘ Z(er - ai,r(X))mi,T(X)‘ 2 m) < 2exp(—Ct).

Fixing € > 0, a union bound over all the colors r € [¢] gives P(X € An () Bn,) —
1, where:

N . Al R
Z(x 0;..(x))
N

Z(mi,r - ei,r(w))mi,r(w)

i=1

AN,E = {"B € [Q]

< Neforall r € [q]},

By = {m € [q]N :

< Neforallr € [g }

Also, it follows from the proof of Theorem 1.1 in Basak and Mukherjee (
(see (Basak and Mukherjee, 2017, Lem 3.2)), that under Conditions (8
(43) we have:

2017
) an d
E [ (hv(X) = hn(0(X))*] = o(N?)

and hence P(X € Cn ) — 1, where

Cnei={x e (g™ : |hy(x) — hn(0(x))| < Ne}.
This shows that P(X € Dy.) — 1, where Dy, = An () Bn,e[)Cn,e. Conse-
quently, setting

Wy = {x € g : ¥n(0(z)) < ry — NG}
where ry 1= supycs, YN (y), we have:

> (@
c€EWN sNDN e

S ey €@ +o(1).

(84)
Also, the Gibbs variational principle gives a variational mean field lower bound
to the denominator of (84) as follows (see, for example, (Basak and Mukherjee,

2017, Eqn 1.8)):

P(X € Wys) <P(X € WysNDn ) +P(Dy ) =

Z V@ > gqup e¥N@) — TN, (85)

ze[q]N z€P([a)N
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The task now is to bound the numerator of the ratio in the right-hand side
of (84). Towards this, define gy : [0,1]*V7 — R as

N q
gN(Zv UJ) = Z Z Zi,r IOg Wiy -
i=1r=1

Note that In(y) = gn(y, y). It follows from the proof of (Basak and Mukherjee,
2017, Thm 1.1) (see (Basak and Mukherjee, 2017, Page 575 last display)) that:

gn(X,0(X)) — IN(e(X))( =| Y (Xip—0:(X))(Bmin(X) + B,)
i€[N],relq]
DN,E
<(B+ B)aNe (86)
where B := || B||o, and for any @ € [g]", we denote T := (%;,)ic[n],rejq) € SN.q-

At this point, we need the following definition:

Definition I.7. For S C RY and € > 0, a set D is called an e-net of S, if given
any s € S there exists d € D such that ||s — d||]2 <e.

The following result ((Basak and Mukherjee, 2017, Lem 3.4)) guarantees that
under Condition (43), the set {Ayv,v € [0,1]V} has an ev/N-net of size e?(V).

Proposition 1.8. If Ay satisfies Condition (43), then for every e > 0, the set
{Ayv:ve 0,1V}

has an ev/N -net JIne of cardinality e°N)

For every p € Jy ¢, define:

L(p) i={@ € [0V : |p — m.(@)] < VN }

N

where m..(z) := (M, ())ie[n), and my,(z) =325,

Z ehN(m)

x€WnN,5s (N Dn,e
SO eNe Z eh (O
z€EWnN 5 (N Dn,e
< (Ne(1+q(B+B)) Z o (0(2))+9n (Z,0(2))—In (6(x)) (by (86))

ceWnN, s (N Dn,e

aijly;=p. Then, we have:

< NOHBB) gy v OE) § can(@o)
e wefo™
<Was eNe(1+4(B+B))+rN—Nd Z eIN (Z,0(2))

z€[q]V
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Since Jy . is a ev/N net of the set {Ayv,v € [0,1]V}, and ||Anv|/e < 7 for
all v € [0,1]V (see (8)), by replacing ¢ by a factor of 2 if necessary, without
loss of generality we can assume ||p|loc < 7 for all p € J,, .. Thus, noting that
m..(x) = Anxx.,. where x4 = 1,,—,., for every = € [¢]V and every r € [q],
there exists p € Jy. such that ||p — m..(z)| < eVN, i.e. « € L,(p). For
P = (p1,...,p,) € J§ . we can write:

Z ehw (@) < o Ne(l+q(B+B))+ry—N§ Z Z eIN(@0®) (g7)

z€EWN,s (1 Dn,e PeJ}  xzeL(P

where L(P) := Ny¢q Lr(pr). Next, define the matrix w(P) := (u;r(P))ie[n],relq)»
where:

exp{ﬂpl r+ By }
q =1 eXp{sz t + Bt}

i, (P) = > q 'exp(—fy—2B) =q,

where a is as in (27). Since 0(z) > « as well, mean-value theorem gives

lgn (2, 0(x)) — gn (2, u(P |<0122|9” ) = uir(P)].

=1 r=1

Also observe that

Oir(®) = fr(min(®), - mig(®)), wir(P)=frpirs---Pig)s

where
exp(St, + By)

(t1, e ) =
Fr(t a) 1_, exp(Bts + By)

as in (33). Since |V fr||oo < 00, another mean value theorem gives

|0i,7"( ) uzr | <022|m15 — P, s|

Combining the last two bounds we get

|gN(579($)) —gN(i,'u, | <Clc2qzz‘mzs — Di, s|

1=1 s=1

<Cngq\ﬁZHm — ps|| < CgeN,

s=1

where the last equality uses the fact that © € L(P), and C = C1Caq.
Hence, from (87),

Z ehN(z)

ceWnN,s (N Dn,e
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< eNe(14+4q(B+B+C))+ry—No Z Z 9N (@:u(P))
PeJy . zEL(P)
< eNe(+a(B+B+C)+rn—Nb Z Z eIN (&u(P))

PeJf  ze[gN
Finally, since u; .(P) = v; . satisfies >.7_, v;,, = 1 for any P € J% _, we have

N q
Z eIN(Zu(P)) Z exp{zzxi,rlogvi,r}

z€[q]V xz€q]N

Hence, using the fact that |Jy | = e®™) we have:

Z ehN(:n) < €N5(1+q(ﬁ+B+C))+rN—N5|Jn18|q
xeWnN,s (N Dn,e
Ne(l+q(B+B+C))+rn —Nd+qo(N) (88)

Combining (85) and (88), the above display gives
P(X c WN&) < eNE(l-‘,—q(,B-‘,—B-‘,—C))—N(S-‘rqO(N) +O(1)

Since € > 0 is arbitrary, we conclude that P(X € Wy 5) = o(1), i.e.

P ( sup Yn(y) — YN (0(X)) > N5> =o(1)

for all § > 0, which implies that

sup YN (y) — Y (0(X)) = op(N)

YESN ¢
and completes the proof of part (a) of Lemma I1.6.

(b) Fixing 6 > 0, note that it suffices to show the following for all r € [¢]:

B (||V..(0(X)) — V(O(X))| > N3) = o(1).
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To begin with, use the expression of ; (X)) in (4) to note that for all i € [N]
and r € [q],
1 1

0< = <0;.(X) <
PU= T g neries S Pl X) S Ty e

=:po < 1,

where B := ||B|«. Now, suppose that y € [p1,p2]N9 N Sn,q is such that
IV..(y) — V(y)||> > N§ for some r € [g], where V. and V are as in the
statement of the lemma. Also set V(y) := (V(y),...,V(y)) as in (51). Then,
setting y) 1= y+t (Vl/)N(y) — %(y)), we claim that y(*) € [0, 1]V for t € [0, €]
for some fixed € > 0 not depending on N. Towards showing this, note from (49)
that:
VN (Y)lloo < By + B+ 1—logp:

and hence, we can take £ := Z(8y + B + 1 — logpy) ' min{p;, 1 — p2}. Since
Yy € Snq, and

Z (Vi/}N(y) - 6(y)) =0 for all 4 € [N] using (51),

i,T

r=1

we also have y¥) ¢ Sn,q- Now, a two-term Taylor expansion of the function
t = P (yW) for t € [0,¢] gives some & € (0,t) satisfying:

Un(y") —vn(y)
= Vo) - V@I + 5 (Vo) - Fw) Venw®) (Vex(y) - V@)

> V() ~ V)P~ 5 IV6() — V)P A (-T2 ()
> HVen(y) - V@I - SIVen(y) - ) IV )l

~ 5 t? ~ 5 1
> V() - T - IV - T (574 )

— i Ven(y) - @) [1 -3 (5’” pi )} ‘

In the above display, the last inequality uses the fact

V2N (2)irjs = —z; ifi=jandr=s,
= Pay ifi#jandr=s,
= 0 ifr+#s

to get the bound ||V2¥n(2)[1 < By + p% uniformly in z € Sy 4. Choosing

t € [0, ¢] sufficiently small such that 1 — %(67 + pil) > %,
that:

Un (YD) —vn(y) >

we can thus conclude

Nt§ . Nt§
5 e sup Yy (y) < sup 7JJN(’!I)*i2 .
y€[p1,p2) V|| V. ()~ V (¥)[|2>Ns YESN.q
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Therefore, on the event F,. := {||V..(0(X)) — V(8(X))||> > N6}, we have:

Nt
N (B(X)) < swp unly) -
YESN ¢
Therefore, we have by part (a),
P(F,) <P < sup ¥ (0(X)) — o (8(X)) > N;‘S) — o(1)
YESN ¢

which completes the proof of part (b).

The following is a technical lemma needed in the proof of Theorem 1.7.

Lemma 1.9. Suppose that wy,...,w, € (a,1] with & > 0, and Y !_ w, = 1.

Then, for positive real numbers t1,...,t; bounded above by 7y, we have:
e
maxt, — Y wpt, > —— Y (t, —t5)?.
p r 2 rlpy q(q — 1)7 TZQ r s

Proof. Without loss of generality, suppose that ¢t; = max, ¢, and to = min, t,.
Then,

maXtT — Z’wﬂfr = tl(l — wl) — tg’wg — Zt,«wr
! T r>3
z 4 1—w1—zwr — tawy
r>3
= tle — tg’LUQ
2 a|tr - ts‘

for every r, s. Hence, using the fact max, < |t, — ts| < 27, we have

2a
— > - —
mf}xtr Er wet, = =1 E [t — ts]

r<s

> o« Z(t,. — ts)z

qlqg — 1)y =

This completes the proof of Lemma 1.9. O
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