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Abstract: In this paper, we study estimation of parameters in a two-
parameter Potts model with q colors and coupling matrix AN . We char-
acterize concrete sufficient conditions for existence of the pseudo-likelihood
estimator of the Potts model, in terms of the local magnetic fields, and
give sufficient conditions for the validity of the above characterization. We
then provide sufficient criteria for estimation of both parameters at the
optimal rate

√
N . In particular, if AN is the scaled adjacency matrix of

a graph GN , then we show that joint estimation is possible if either GN

has bounded degree or is irregular. In contrast, we give an example of a
graph sequence GN which is approximately regular and dense, where no
consistent estimator exists. We also show that one-parameter estimation at
the optimal rate

√
N holds under much milder conditions when the other

parameter is known. Along the way, we develop a concentration result for
mean-field Potts models using the framework of nonlinear large deviations.
Compared to the Ising case, our results for the Potts case require a novel
analysis across multiple colors.

Keywords and phrases: Potts model, pseudo-likelihood, random graphs,
phase transitions.

1. Introduction

The Potts model, whose origin can be traced back to the 1900s (see Ashkin
and Teller (1943)), is a statistical physics model for capturing dependence in
complex stochastic systems. What began as a generalization of the Ising model
(see Ising (1925)) in order to accommodate spins with more than two values (see
Potts (1952); Wu (1982)) has, over the past several decades, found widespread
applications in a number of diverse fields including biomedical problems (Boas
et al., 2018; Moltchanova, Pitkäniemi and Haapala, 2005), image processing and
computer vision (Celeux, Forbes and Peyrard, 2002; Levada, Mascarenhas and
Tannús, 2009), spatial statistics (Zukovic, 2008), social sciences (Bosconti et al.,
2015), finance (Takaishi, 2005; Bornholdt, 2021) and automata theory (Graner
and Glazier, 1992), among others.

The q-state Potts model, for any positive integer q can be described as a
discrete probability distribution supported on the set [q]N . Here and henceforth,
the notation [m], for any m ∈ N, denotes the set {1, 2, . . . ,m}. The positive
integer N ∈ N indicates the size of the system (number of interacting particles
in the system) under consideration. This distribution is given by the probability
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mass function

Pβ,B(x) :=
1

ZN (β,B)
exp

β
2

∑
1⩽i,j⩽N

aij1xi=xj
+

N∑
i=1

q∑
r=1

Br1xi=r

 for x ∈ [q]N ,

(1)
where β > 0 represents the inverse temperature, B := (B1, . . . , Bq−1) ∈ Rq−1

represents the magnetic field vector, and AN := ((aij))1⩽i,j⩽N is a symmetric
matrix, with zeros on the diagonal. We will refer to AN as the coupling/interaction
matrix. Note here that we did not include a non-zero magnetic field parameter
Bq for identifiability reasons, since otherwise, the model remains unchanged if
the same constant is added to all the magnetic fields. Throughout the paper, we
will use by convention the notation Bq := 0. Some of the commonest examples
of coupling matrices are suitably scaled adjacency matrices of graphs, defined
via

aij :=
N

2|E(GN )|
1(i and j form an edge in GN ), for all i, j ∈ [N ], (2)

where GN is any graph on vertex set [N ] and edge set E(GN ).
Equation (1) takes the form of a discrete exponential family with natural

parameters β > 0 and B ∈ Rq−1. The problem we address in our paper is the
estimation of these parameters given a single sample X := (X1, . . . , XN ) from
this model. The unavailability of multiple, mutually independent random vectors
sampled from the same distribution (as is typical in epidemics, elections, or
criminal activity, where the underlying network is typically observed only once,
and replications are spatio-temporally dependent) is what poses the primary
challenge in this problem. Throughout this paper, we assume that all entries of
the matrix AN are non-negative and completely known.

The choice q = 2 corresponds to the Ising model, and in this special case,
changing the domain of x from [2]N = {1, 2}N to {±1}N , one can write

n∑
i,j=1

aij1{xi = xj} =
1

2

N∑
i,j=1

aij(1 + xixj),

N∑
i=1

1{xi = 1} =
N

2
(1 + x̄).

Plugging these in (1), the pmf of the Ising model on {±1}N can thus be written
as

Pβ,B(X = x) ∝ exp

{
β

4
x′ANx +

B1

2

N∑
i=1

xi

}
, for x = (x1, . . . , xN ) ∈ {±1}N ,

(3)
Statistical inference for general Ising and Potts models traces back to the semi-
nal work Chatterjee (2007a), which analyzed the Ising model (3) in the absence
of an external field (B1 = 0). Allowing the coupling matrix AN to have both
positive and negative entries, under bare minimal conditions Chatterjee (2007a)
establishes

√
N -consistency of the maximum pseudo-likelihood estimator of the

natural parameter β of this one-parameter exponential family. In particular,
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the results of this paper apply to the well known spin glass models such as the
celebrated Sherrington-Kirkpatrick model, and the Hopfield model of neural
networks. One of the many open questions raised in Chatterjee (2007a) spec-
ulates whether the methods developed in Chatterjee (2007a) can be adapted
for estimation in multi-parameter models. As an answer to this, Ghosal et al.
(2020) considers the two-parameter Ising model in (3) when the coupling ma-
trix AN has non-negative entries, and studies the joint estimation of the inverse
temperature parameter and the magnetization parameter, i.e. the pair (β,B1).
In this paper, we will study the analogous question of joint estimation of (β,B)
for the more general Potts model (1).

1.1. Literature Review

The problem of statistical inference in statistical physics models has a body
of growing literature, and here we cite some of the relevant literature close
to our work. Some of the earliest rigorous studies for the Curie–Weiss Ising
model were done in Ellis, Newman and Rosen (1980); Ellis (1985), which es-
tablished the CLT for the magnetization for the Curie-Weiss Ising model ((3)
with AN (i, j) = N−1

1i̸=j). Subsequently, Comets and Gidas (1991) studied
asymptotics of the MLE in the Curie-Weiss Ising model, and showed that one-
parameter estimation is possible if the other parameter is known. Going beyond
the Curie-Weiss Ising model in a significant way, Chatterjee (2007a) studies
the performance of the pseudo-likelihood estimator for the one-parameter Ising
model with the temperature parameter β > 0 unknown for a general matrix
AN , with the magnetization parameter B1 = 0. In this paper the author al-
lows the coupling matrix AN to have both positive and negative values, and
gives a sufficient criterion for estimation of β at the optimal rate

√
N , which

covers both graphical models as well as spin glass models. In a follow up work,
in Bhattacharya and Mukherjee (2018) the authors extend this to show that
the estimation rate for β depends on the order of the log normalizing constant
logZN (·,B) in a local neighborhood of the truth β. Using this, they demon-
strate phase transitions in the rate of the pseudo-likelihood estimator, which is
typically dictated by the critical temperature of the Ising model. The problem
of estimating both the parameters (β,B1) in the Ising model was first studied
in Ghosal et al. (2020), where the authors assume that the coupling matrix AN

is non-negative entry-wise. Under this assumption, Ghosal et al. (2020) show
that joint estimation is possible at the optimal rate

√
N if either the coupling

matrix is irregular (see (14)) or non-mean field (see (13)). In contrast, if the cou-
pling matrix is both regular and mean-field, they give an example to show that
joint consistent estimation may be impossible. In a more recent paper Chen,
Sen and Wu (2024), the authors show that joint estimation is possible for spin
glass models, where the coupling matrix AN can take both positive and negative
values.

Prior to this work, a number of studies have explored statistical inference
in Potts models and more general Markov random fields (see, for example, Ali,
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Farag and Gimel’farb (2008); Gimenez, Frery and Flesia (2013); Descombes et al.
(1999); Okabayashi, Johnson and Geyer (2011); McGrory et al. (2009); Song
et al. (2016); Pereyra et al. (2013, 2014); Rosu et al. (2015); Levada, Mascaren-
has and Tannús (2008); Levada et al. (2008)). While these contributions provide
valuable insights and methodological developments, a fully rigorous treatment
of consistency for joint parameter estimators in general Potts models with q > 2
colors has not yet been established. To the best of our knowledge, the present
work is the first to address this question. In fact, even in the single-parameter
setting, rigorous results on consistent estimation in the Potts framework are
largely absent, with the notable exception of the Curie–Weiss Potts model (see
Ellis and Wang (1992); Bhowal and Mukherjee (2025a,b)). As indicated above,
studying general Potts models requires the development of new analytical tools
tailored to Potts models, which we expect will also be useful for future investi-
gations.

A natural motivation for our work arises from the extensive literature on expo-
nential random graph models (ERGMs), which can be thought of as analogues
of the Ising model with higher dimensional tensors. Sampling from ERGMs
plays a central role in both parameter estimation and hypothesis testing, and
Glauber dynamics provide a standard and widely used approach for this pur-
pose. The mixing properties of Glauber dynamics in ERGMs have been studied
in several key works, including Bhamidi, Bresler and Sly (2011) and DeMuse,
Easlick and Yin (2019), which demonstrate interesting phase transition proper-
ties in the mixing rate. In fact, even in the specialized Curie-Weiss Ising model,
mixing rates can be either polynomial or exponential depending on the pa-
rameter regime. For details, we refer the interested reader to Levin,  Luczak and
Peres (2010); Ding, Lubetzky and Peres (2009); Samanta, Mukherjee and Zhang
(2024) and references therein. For the Curie–Weiss Potts model, He and Lok
(2025) have studied mixing rate for Glauber dynamics, whereas Eichelsbacher
and Martschink (2015), Ellis and Wang (1990) and Gandolfo, Ruiz and Marc
(2010) study CLT for the magnetization. On the inferential side, the problem of
parameter estimation in ERGMs has also received significant attention which
demonstrates challenges of their own; see, for instance, Chatterjee and Diaconis
(2013); Mukherjee and Xu (2023); Stivala, Robins and Lomi (2020). Similar to
the Potts case, the most well-studied tensor for higher order binary models is
the complete tensor case (p-spin Curie Weiss model), which has been studied
recently in Mukherjee, Son and Bhattacharya (2022, 2021, 2025); Mukherjee
et al. (2024) using the perfect symmetry of the complete tensor.

Going in a different direction, another question of interest is the problem of
structure learning, i.e. to recover the whole graph/matrix AN , which is a high-
dimensional parameter estimation problem. Indeed, in this case one Ising/Potts
sample will not suffice, and one needs access to i.i.d. samples. In this setting,
Anandkumar et al. (2012); Ravikumar, Wainwright and Lafferty (2010); Bresler
(2015); Lokhov et al. (2018); Vuffray et al. (2016) study graph recovery and sup-
port recovery, and establish tight sample complexity bounds, for Ising models.
Other questions of interest for Ising-type models include community detection
on SBM (Berthet, Rigollet and Srivastava, 2019), property testing (Neykov and
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Liu, 2019), and structure detection (Cao, Neykov and Liu, 2022).

1.2. Our contributions

In this paper we study bivariate estimation of parameters in a Potts model with
q colors, using the pseudo-likelihood method of Besag (1974, 1975). Prior to our
work, the existing literature focuses exclusively on the Ising case (q = 2), or
on the Curie–Weiss Potts case. Going from the Ising to general Potts case re-
quires us to investigate conditions under which the pseudo-likelihood estimator
exists (see (48)). The exact characterization is delicate for q > 2 colors, more
so because the characterization for q = 2 in (Ghosal et al., 2020, Theorem 1.2
(a)) is not entirely correct. The correct characterization in the Ising case was
established recently in Chen, Sen and Wu (2024), and in this work we estab-
lish the corresponding result for the Potts model. In particular, we require that
there exist two colors for which the corresponding local fields are well separated
(see Theorem 1.1 for details). Another challenge is the characterization of the
subset of the parameter space for the Curie-Weiss Potts model where the local
magnetization vector has

√
N fluctuation, in terms of the Hessian of the varia-

tional objective Hβ,B(·) (see (18)). This is carried out in Lemma H.4, utilizing
tools from linear algebra, coupled with a careful application of the inverse func-
tion theorem. This lemma is crucially used to show non-existence of consistent
estimators for Potts models on dense Erdős-Rényi graphs. Showing that the es-
timation is possible at the optimal rate of

√
N in the irregular case (Theorem

1.4) is more delicate for the Potts case with q > 2 colors. A fine analysis is
needed to show that the RHS of (53) is strictly positive, which translates into a
variation bound for the gradient of the free energy function ψN (see (48)) from
its average. But perhaps most significantly, utilizing the non-linear large devi-
ations framework developed in Chatterjee and Dembo (2016) and Basak and
Mukherjee (2017), in this paper we develop a concentration result for mean-
field Potts models (see Lemma I.6). This result shows that the local fields for all
colors are close to the optimizers of the variational problem resulting from the
non-linear large deviations. This is of possible independent interest, particularly
if one wants to go beyond the law of large numbers, and study a CLT under
Potts models.

1.3. Main Results

In this section, we state the main results of this paper. As mentioned above,
our main goal is to derive a consistent estimator of the parameter (β,B), when
a single vector X is observed from the model (1). The classical method of
maximum likelihood (ML) estimation is not practical in this framework, because
of the presence of the intractable normalizing constant ZN (β,B), which is hard
to compute and difficult to approximate using MCMC techniques; see Bhamidi,
Bresler and Sly (2011). A computationally efficient alternative in the literature
Besag (1974, 1975); Chatterjee (2007a); Bhattacharya and Mukherjee (2018);
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Ghosal et al. (2020); Daskalakis, Dikkala and Panageas (2020) is to consider the
maximum pseudo-likelihood (MPL) estimator, given by:

(β̂N , B̂N ) := argmax
(β,B)∈Rq

LN (β,B) := argmax
(β,B)∈Rq

N∏
i=1

Pβ,B(Xi|(Xj)j ̸=i)

provided the pseudo-likelihood function LN has a unique maximizer. Indeed, the
conditional distribution of Xi given (Xj)j ̸=i is easy to compute, and is given by:

Pβ,B(Xi = r|(Xj)j ̸=i) =
exp {βmi,r(X) +Br}∑q
s=1 exp {βmi,s(X) +Bs}

=: θi,r(X) (4)

where mi,r(x) :=
∑N
j=1 aij1xj=r for x ∈ [q]N . We will often drop X from the

notation θi,r for simplicity. The pseudo-likelihood function LN is thus given by:

LN (β,B) :=
exp

{
β
∑N
i=1

∑q
r=1mi,r(X)1Xi=r +

∑N
i=1

∑q
r=1Br1Xi=r

}
∏N
i=1

∑q
r=1 exp {βmi,r(X) +Br}

and hence, the log pseudo-likelihood function is given by:

ℓN (β,B) :=

β

N∑
i=1

q∑
r=1

mi,r(X)1Xi=r +

N∑
i=1

q∑
r=1

Br1Xi=r −
N∑
i=1

log

(
q∑
r=1

exp {βmi,r(X) +Br}

)
.

(5)

The MPL estimator can be obtained by setting the partial derivatives of ℓN
to 0, which in turn requires the exact expressions of these partial derivatives.
Towards this, we have:

∂ℓN (β,B)

∂β
=

N∑
i=1

q∑
r=1

mi,r(X)1Xi=r−
N∑
i=1

∑q
r=1mi,r(X) exp {βmi,r(X) +Br}∑q

r=1 exp {βmi,r(X) +Br}
,

(6)

∂ℓN (β,B)

∂Bs
=

N∑
i=1

1Xi=s −
N∑
i=1

exp {βmi,s(X) +Bs}∑q
r=1 exp {βmi,r(X) +Br}

(1 ⩽ s ⩽ q − 1) .

(7)
Henceforth, we will call the equation ∇LN (β,B) = 0, the pseudo-likelihood

equation. Of course, if the MPL estimator (β̂N , B̂N ) exists, then it is a solution
of the pseudo-likelihood equation.

Before stating our first main result about the behavior of the MPL estimator,
we introduce two assumptions on the coupling matrix AN that we will assume
throughout the rest of the paper:

sup
N⩾1

∥AN∥1 = sup
N⩾1

max
i∈[N ]

N∑
j=1

aij =: γ <∞, (8)
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lim inf
N→∞

1′AN1

N
= lim inf

N→∞

1

N

∑
1⩽i,j⩽N

aij > 0. (9)

Here ∥.∥1 denotes the ℓ1 operator norm of a matrix, and 1 is the constant vector
of size N with all entries 1. These conditions are standard in the literature for
inference in Ising models, which corresponds to the case q = 2 (see Eq. (1.2) and
(1.3) in Ghosal et al. (2020); also see Deb et al. (2024); Mukherjee, Mukherjee
and Yuan (2018)). Note that when AN is the scaled adjacency of a graph (2),
condition (8) becomes equivalent to the maximum degree dmax(GN ) of GN being

of the same order as its average degree d̄(GN ) := 1
N

∑N
i=1 di(GN ), where di(GN )

denotes the degree of the vertex i in GN (i.e. dmax(GN ) = O(d̄(GN ))). What
this essentially says, is that there is no vertex in the graph with atypically high
degree. Condition (9) is always true in this case, and in fact, one has

1

N

∑
1⩽i,j⩽N

aij = 1.

We are now ready to state the first main result of this paper, which gives an
upper bound to the estimation error in terms of the quantity TN (x) defined as:

TN (x) :=
∑

1⩽r<s⩽q

(
1

N

N∑
i=1

(mi,r(x) −mi,s(x))2 − (mr(x) −ms(x))2

)
. (10)

where mr(x) := N−1
∑N
i=1mi,r(x).

Theorem 1.1. Suppose X is a sample from the Potts model (1), where the
coupling matrix AN has non-negative entries, and satisfies conditions (8) and
(9). If (β,B) ∈ Θ := (0,∞) × Rq−1, then the following conclusions hold:

(a) The MPL estimator (β̂N , B̂N ) exists if X ∈ ΩN
⋂

ΛN , where

ΛN :={y ∈ [q]N : for every r ∈ [q] there exists i ∈ [N ], such that yi = r},
ΩN :={y ∈ [q]N : there exist 1 ⩽ r < s ⩽ q and 1 ⩽ i, j, k, ℓ all distinct, such that

{yi, yj} = {r, s} = {yk, yℓ}, {m̃r,s
i (y), m̃r,s

j (y)} < {m̃r,s
k (y), m̃r,s

ℓ (y)}}

where m̃r,s
u (y) := mu,r(y) −mu,s(y).

(b) If TN (X)−1 = oP(
√
N) and the MPL estimator exists, then

∥(β̂N − β, B̂N −B)∥2 = OP

(
1√

NTN (X)

)
.

(c) In particular, if TN (X)−1 = OP(1), then

Pβ,B
(
X ∈ ΩN

⋂
ΛN

)
→ 1 as N → ∞. (11)
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Consequently, the MPL estimator (β̂N , B̂N ) exists with probability tending
to 1, and satisfies

∥(β̂N − β, B̂N −B)∥2 = OP

(
1√
N

)
. (12)

Remark 1.2. Note that we are able to prove the existence of the joint MPL es-
timator (β̂N , B̂N ) (with high probability) only in the regime TN (X)−1 = OP(1),
but not in the entire regime TN (X)−1 = oP(

√
N). This suffices to guarantee

the
√
N -consistency of the MPL estimator whenever TN (X)−1 = OP(1) (part

(b) of Theorem 1.1). In particular, this setting covers the cases where AN is
the adjacency matrix of a sequence of bounded-degree graphs (see Section 1.3.1)
or asymptotically irregular graphs (see Section 1.3.2). Part (c) extends the re-
sult to the full regime TN (X)−1 = oP(

√
N), though only under the additional

assumption that the MPL estimator exists in this regime.

The proof of Theorem 1.1 is given in Section 2. We now study the two most
general types of interaction structures to which the joint consistency result,
Theorem 1.1, applies. In fact, in both these cases, TN (X)−1 = OP(1), and
hence, the joint MPL estimator is

√
N -consistent.

1.3.1. Non mean-field interactions

Throughout this subsection, we will assume that:

lim inf
N→∞

1

N

∑
1⩽i,j⩽N

a2ij > 0 . (13)

Condition (13) is often referred to as the non mean-field condition. Note that
if the coupling matrix is the scaled adjacency of a graph, then condition (13)
simply means that the average degree of the graph is bounded. This, coupled
with condition (8) implies that the maximum degree of the graph is bounded.
The following theorem shows that the joint MPL estimator is

√
N -consistent

for the Potts model with interaction matrix AN satisfying (13).

Theorem 1.3. Suppose X is an observation from the Potts model (1) where
the interaction matrix AN satisfies the conditions (8), (9) and (13). Then,

∥(β̂N − β, B̂N −B)∥2 = OP

(
1√
N

)
.

The proof of Theorem 1.3 is given in Section A of the appendix. As mentioned
above, if the underlying interaction structure is the adjacency matrix of a deter-
ministic graph scaled appropriately (2), then Theorem 1.3 applies as long as the
graph is of bounded degree and lim infN→∞ d̄(GN ) > 0. This covers as special
cases, the classical Ising models on lattices, that have finite-range interactions,
and d-regular graphs with d fixed.
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1.3.2. Irregular interactions

Throughout this subsection, we will assume that:

lim inf
N→∞

1

N

N∑
i=1

(Ri − R̄)2 > 0 (14)

where Ri :=
∑N
j=1 aij and R̄ := 1

N

∑N
i=1Ri. Note that if the coupling matrix

is the scaled adjacency of a graph (2), then Condition (14) says that the graph
is asymptotically irregular. The following theorem shows that the joint MPL
estimator is

√
N -consistent for the Potts model with interaction matrix AN

satisfying (14).

Theorem 1.4. Suppose that B ̸= 0, and X is an observation from the Potts
model (1) where the interaction matrix AN satisfies the conditions (8), (9) and
(14). Then,

∥(β̂N − β, B̂N −B)∥2 = OP

(
1√
N

)
.

The proof of Theorem 1.4 is given in Section B of the appendix. Common
examples of interaction structures satisfying all the necessary assumptions of
Theorem 1.4 are the scaled adjacencies of the complete bipartite graph Km,n

and a disjoint union of the cliques Km and Kn where N = m+n and m
N → α ∈

(0, 1) \ { 1
2} as N → ∞. In general, it follows from the theory of graphons (see

Lovász (2012) for a survey on graph limit theory and the literature of graphons)
that ifGN is a sequence of dense graphs converging to a graphonW such that the

function x 7→
∫ 1

0
W (x, y)dy is not constant Lebesgue almost everywhere, then

all the necessary assumptions of Theorem 1.4 are satisfied. This includes the
above two examples as special cases, as well as dense stochastic block models
on N nodes with two communities C1 and C2 of sizes m and n respectively,
where m/N → α, between-group connection probability q and within-group
connection probabilities p1 (within community C1) and p2 (within community
C2), satisfying:

α(p1 − q) ̸= (1 − α)(p2 − q). (15)

In this case, the limiting graphon is given by:

W (x, y) =


p1, (x, y) ∈ [0, α] × [0, α],

p2, (x, y) ∈ (α, 1] × (α, 1],

q, (x, y) ∈ [0, α] × (α, 1] ∪ (α, 1] × [0, α].

If the block sizes are asymptotically equal (i.e. α = 1/2), then condition (15)
reduces to unequal within-group connection probabilities (i.e. p1 ̸= p2). On
the other hand, if the within-group connection probabilities are the same (i.e.
p1 = p2), and unequal to the between-group connection probability q, then
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condition (15) amounts to asymptotically unequal block sizes (i.e. α ̸= 1/2). See
Section 1.2 in Ghosal et al. (2020) for a detailed discussion on such examples.

Having shown that joint consistent estimation at rate N−1/2 is possible for
non mean-field and irregular interactions, we now go to the opposite extreme,
where consistent joint estimation is impossible. This happens in the Curie-Weiss
Potts model where the coupling matrix is the adjacency of the complete graph
(scaled by N) (see (40)) and more generally, in the Erdős-Rényi Potts model,
where the coupling matrix is given by:

aij :=
gij
Np

(16)

with G := ((gij))1⩽i,j⩽N being the adjacency of an Erdős-Rényi random graph
G(N, p) with p > 0 fixed. Note that in the latter model, the coupling matrix is
random, so we will consider the problem of estimation under the joint law PER

β,B

of X and G on [q]N × {0, 1}(N
2 ). Throughout the rest of the paper, we will use

the notation P([q]) to denote the set of all probability measures on [q], i.e.

P([q]) :=

{
v ∈ [0, 1]q :

q∑
r=1

vr = 1

}
. (17)

Theorem 1.5. For each m ∈ P([q]), let Θm be the set of all (β,B) ∈ (0,∞)×
Rq−1 such that the function

Hβ,B(t) :=
β

2

q∑
r=1

t2r +

q∑
r=1

Brtr −
q∑
r=1

tr log tr (18)

has the unique global maximizer m on the set P([q]), and

u⊤∇2Hβ,B(m)u < 0 for all u ∈ T := {u ∈ Rq \ {0} :

q∑
r=1

ur = 0}.

Then the product measure ν := mN × G(N, p) is contiguous to the measure
PER
β,B for every (β,B) ∈ Θm. Consequently, whenever |Θm| ⩾ 2, under PER

β,B

there does not exist any sequence of estimators (functions of (X, G)) which is
consistent for (β,B) in Θm.

The proof of Theorem 1.5 is based on a contiguity argument that is presented
in Section C of the appendix.

Remark 1.6. The ambient Hessian of the function Hβ,B is given by:

∇2Hβ,B(t) := diag
(
(β − t−1

r )1⩽r⩽q
)
.

This implies that for β ⩽ 1, Hβ,B is negative definite for all t in (0, 1)q, and
hence, the function Hβ,B is strictly concave in this case. Therefore, for β ⩽ 1,
any stationary point of Hβ,B must be its unique maximizer. By a Lagrangian
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argument (see the proof of Lemma H.4), an interior stationary point m ∈ P([q])
of Hβ,B is characterized by the system of equations:

β(mr −mq) +Br = log
mr

mq
for r ∈ [q − 1].

Therefore, for any m ∈ P([q]), we have:{(
β, log

m1

mq
+ β(mq −m1), . . . , log

mq−1

mq
+ β(mq −mq−1)

)
: 0 < β ⩽ 1

}
⊆ Θm

(19)
and note that the LHS of (19) is a non-empty affine (straight) line segment in
Rq, containing a continuum of points.

Finally, we establish consistency results for the partial MPL estimators of
β and B, treating each parameter as known while estimating the other. This
setting is comparatively simpler and requires weaker assumptions than those
needed for joint consistent estimation. For every fixed B, the partial MPL es-
timator of β is defined as the unique maximizer of the function β → ℓN (β,B),
and for every fixed β, the partial MPL estimator of B is defined as the unique
maximizer of the function B → ℓN (β,B), if they exist. The following theo-
rem gives consistency rates of the partial MPL estimator of β in terms of the
quantity

UN (x) =
1

N

∑
1⩽r<s⩽q

N∑
i=1

(mi,r(x) −mi,s(x))2, (20)

and also that of B.

Theorem 1.7. Suppose X is a sample from the Potts model (1), where the
coupling matrix AN satisfies conditions (8) and (9), and (β,B) ∈ Θ := (0,∞)×
Rq−1. Then, the following are true:

(a) The partial MPL estimator B̂N exists with probability 1 − o(1) for all

(β,B) ∈ (0,∞) × Rq−1, and the partial MPL estimator β̂N exists with
probability 1 − o(1) whenever

UN (X)−1 = oP(
√
N). (21)

(b) The partial MPL estimator B̂N satisfies:

∥B̂N −B∥2 = OP

(
1√
N

)
.

(c) If UN (X)−1 = oP(
√
N), then the partial MPL estimator β̂N satisfies:

|β̂N − β| = OP

(
1√

NUN (X)

)
.
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(d) Define

βc :=

{
q if q ⩽ 2
2(q−1)
q−2 log(q − 1) otherwise.

If B ̸= 0, or if B = 0 and β lim infN→∞
1′AN1
N > βc, then UN (X)−1 =

OP(1). In these cases, β̂N is
√
N -consistent for β.

(e) Finally, for the model PER
β,B described above (see (16)), no consistent se-

quence of estimators exists for β < βc (here limN→∞
1′AN1
N = 1 almost

surely) when B = 0.

The proof of Theorem 1.7 is given in Section D of the appendix.

1.4. Future directions

As a possible future direction, a first question is to relax the assumption of non-
negativity of the coupling matrix AN , and extend our results to the case of spin
glass Potts models (similar to what was done for the special case of q = 2 in
Chen, Sen and Wu (2024)). Another interesting question is to go beyond concen-
tration results, and develop central limit theorems for the magnetization vector,
similar to what was done in Deb and Mukherjee (2023) for q = 2. This will ul-
timately lead to the construction of asymptotically valid confidence intervals, a
very useful inferential task. Possibly a more challenging direction is to go beyond
quadratic interaction models, and study general Gibbs measures with higher or-
der tensors, such as cubics, quartics, and so on. The exponential random graph
models (ERGMs) fall under this class of higher order tensor models, and have
proved notoriously hard for inference purposes. In particular, the phenomenon
of “degeneracy” for ERGMs has a body of growing literature, both in empirical
and rigorous work (see Snijders et al. (2006); Handcock et al. (2003); Chatterjee
and Diaconis (2013); Mukherjee (2020) and references therein). Other related
and more general models in which one may seek to establish analogous results
on the joint consistency of parameter estimators include the XY model (Kenna,
2005), the Ashkin–Teller model (Ashkin and Teller, 1943; Aoun, Dober and
Glazman, 2024), and the O(N) model (Kirkpatrick and Nawaz, 2016).

1.5. Outline of the paper

The rest of the paper is organized as follows. The proof of our main result (The-
orem 1.1) is given in Section 2. In Section 3 we illustrate our theoretical results
with a simulation study. In Appendices A and B, we prove Theorems 1.3 and 1.4,
respectively. Appendices C and D are dedicated to the proofs of the remaining
main results of the paper, namely Theorems 1.5 and 1.7, respectively. In Ap-
pendix E, we prove a general result on convergence of Z-estimators, whereas in
Appendix F, we develop necessary tools for bounding the derivatives of the log
pseudolikelihood, both of which are crucial in establishing consistency and rates
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of convergence for our MPL estimators (Theorems 1.1 and 1.7). In Appendix G
we prove Lemma A.1, which is a crucial step towards proving Theorem 1.3. In
Appendix H, we prove some results necessary for verifying Theorem 1.5. Finally,
Appendix I contains additional technical lemmas necessary for proving some of
the main results of the paper.

2. Proof of Theorem 1.1

This section is dedicated to proving the main result of this paper (Theorem 1.1).
Further technical lemmas necessary for proving these results are given in the
appendix.

(a) Suppose that X ∈ ΩN
⋂

ΛN . Then, there exist 1 ⩽ a ̸= b ⩽ q and 1 ⩽
i, j, k, l ⩽ N all distinct, such that {Xi, Xj} = {a, b}, {Xk, Xℓ} = {a, b} and

{m̃a,b
i (X), m̃a,b

j (X)} < {m̃a,b
k (X), m̃a,b

ℓ (X)} (recall that m̃r,s
u (X) := mu,r(X)−

mu,s(X)). Since the function ℓN is concave (see Lemma F.2), in order to show
the existence of the MPL estimator, it suffices to show that:

lim
∥(β,B)∥∞→∞

ℓN (β,B) = −∞.

Without loss of generality, assume that Xi = Xk = a and Xj = Xℓ = b.
Since

hw(β,B)

:= β

q∑
r=1

mw,r(X)1Xw=r +

q∑
r=1

Br1Xw=r − log

(
q∑
r=1

exp {βmw,r(X) +Br}

)
⩽ 0

for all 1 ⩽ w ⩽ N , it suffices to show that at least one of hi(β,B), hj(β,B), hk(β,B)
and hℓ(β,B) goes to −∞ as ∥(β,B)∥∞ → ∞. Now, note that:

exp(hw(β,B)) =
1

1 +
∑
r ̸=Xw

exp (β(mw,r(X) −mw,Xw
(X)) + (Br −BXw

))
,

(22)
Setting w = i, j, k, ℓ in (22), it suffices to show that at least one of the following
four quantities:

1. β(mi,r(X) −mi,a(X)) + (Br −Ba),
2. β(mk,r(X) −mk,a(X)) + (Br −Ba),
3. β(mj,r(X) −mj,b(X)) + (Br −Bb), and
4. β(mℓ,r(X) −mℓ,b(X)) + (Br −Bb)

goes to +∞ as ∥(β,B)∥∞ → ∞, for at least one r ∈ [q]. So, let us assume that
none of them goes to +∞, i.e. there exists a constant K ∈ (0,∞), such that
all of (1), (2), (3) and (4) are bounded above by K along the sequence (β,B)
whose norm goes to +∞, for all r ∈ [q]. In this case, putting r = b in (1) and
r = a in (4), we get:

−βm̃a,b
i (X) − (Ba −Bb) ⩽ K and βm̃a,b

ℓ (X) + (Ba −Bb) ⩽ K
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=⇒ β ⩽
2K

m̃a,b
ℓ (X) − m̃a,b

i (X)
.

Similarly, putting r = b in (2) and r = a in (3), we get:

−βm̃a,b
k (X) − (Ba −Bb) ⩽ K and βm̃a,b

j (X) + (Ba −Bb) ⩽ K

=⇒ β ⩾ − 2K

m̃a,b
k (X) − m̃a,b

j (X)
.

Thus,

|β| ⩽ K0 := max

{
2K

m̃a,b
ℓ (X) − m̃a,b

i (X)
,

2K

m̃a,b
k (X) − m̃a,b

j (X)

}
.

Now, choose any two distinct colors s, t ∈ [q]. Since X ∈ ΛN , we can choose
1 ⩽ u ̸= v ⩽ N such that Xu = s and Xv = t. If either hu(β,B) or hv(β,B) →
−∞, then once again we are done. So, assume otherwise, i.e. both are bounded
below by some constant, which implies that there exists ε > 0 such that:

min {exp(hu(β,B)), exp(hv(β,B))} > ε,

which, in view of (22), implies that:

βm̃r,s
u (X) +Br −Bs < − log ε for all r ̸= s (23)

and
βm̃r,t

v (X) +Br −Bt < − log ε for all r ̸= t. (24)

Now, putting r = t in (23) and r = s in (24), we get:

Bt −Bs < − log ε− βm̃t,s
u (X) and Bs −Bt < − log ε− βm̃s,t

v (X).

By Assumption 8, there exists γ ∈ (0,∞) such that supN⩾1,i∈[N ]

∑N
j=1 aij < γ,

which implies that |m̃t,s
u (X)| ⩽ 2γ and |m̃t,s

v (X)| ⩽ 2γ. This now implies that
|Bt −Bs| ⩽ − log ε+ 2K0γ. Setting s = q, we thus have |Bt| ⩽ − log ε+ 2K0γ,
i.e. Bt is bounded. Hence, (β,B) is a bounded sequence, a contradiction. This
proves (a).

(b) It follows from Lemma F.1 (taking λ = 0) that ∥∇ℓN (β,B)∥2 = OP(
√
N).

Part (b) now follows from Proposition E.1 (on taking wN (β,B) = ∇ℓN (β,B),
aN =

√
N and hN (X) = NTN (X)) and Lemma F.2.

(c) It suffices to check (11), as the other conclusions follow from parts (a) and
(b). To this effect, define

EN (δ) :=
{
x ∈ [q]N : TN (x) < δ

}
.

It follows from the tightness of TN (X)−1, that

lim
δ→0

sup
N⩾1

P(X ∈ EN (δ)) = 0. (25)
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Suppose that x ∈ EN (δ)c for some fixed δ > 0. Fixing x, for notational conve-
nience, we will abbreviate m̃r,s

u (x) by m̃r,s
u . Then, we have:

TN (x) =
1

2N2

∑
r<s

∑
i,j

(
m̃r,s
i − m̃r,s

j

)2
⩾ δ,

Hence, there exist colors a < b, such that

1

N2

∑
i,j

(
m̃a,b
i − m̃a,b

j

)2
⩾

4δ

q(q − 1)
. (26)

It follows from (8) that for any r, s ∈ [q] and i ∈ [N ], m̃r,s
i ∈ [−γ, γ], where γ

is defined in (8). Fixing a positive integer R > 9qγ

4
√
δ
, and setting tp := pγ

R for

p ∈ Z, note that

[−γ, γ] =
⋃

−R⩽p⩽R−1

[tp, tp+1].

Let us define
Sp :=

{
i ∈ [N ] : m̃a,b

i ⩾
pγ

R

}
and

p0 = p0(ε) := max {p ∈ Z ∩ [−R,R+ 1] : |Sp| ⩾ εN} − 1.

We now claim that whenever ε ∈
(

0, δ/(9q2γ2)
)

, |Sp0+1| ⩾ εN and |Scp0−1| ⩾
εN .

Proof of Claim: Note that |S−R| = N , |SR+1| = 0 and |Sp| is decreasing in p,
so such a p0 exists. Also, it follows directly from the definition of p0, that:

|Sp0+1| ⩾ εN and |Sp0+2| < εN.

We claim that |Scp0−1| ⩾ εN . If this is not true, then there must exist at least

(1 − 2ε)N many i’s for which m̃a,b
i ∈ I := [(p0 − 1)γ/R, (p0 + 2)γ/R). Hence,

we have the following:

1

N2

∑
i,j

(m̃a,b
i − m̃a,b

j )2

⩽
2

N2

∑
i∈Sp0+2,1⩽j⩽N

(m̃a,b
i − m̃a,b

j )2 +
2

N2

∑
i∈Sc

p0−1,1⩽j⩽N

(m̃a,b
i − m̃a,b

j )2

+
1

N2

∑
i,j: m̃a,b

i ,m̃a,b
j ∈I

(m̃a,b
i − m̃a,b

j )2

⩽
2|Sp0+2|

N
(4γ2) +

2|Scp0−1|
N

(4γ2) +
9γ2

R2

⩽ 16εγ2 +
9γ2

R2
<

4δ

q(q − 1)
.
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where the last inequality follows from the choice of ε and R above. But this
contradicts (26), thus verifying the claim.

Using the claim, the colors a and b satisfy m̃a,b
i < (p0 − 1)γ/R for at least

εN many i and m̃a,b
i ⩾ p0γ/R for at least εN many i. Let us now define the

following four events:

E1,a :=
{
x ∈ [q]N : xi ̸= a ∀i ∈ Sp0

}
, E1,b :=

{
x ∈ [q]N : xi ̸= b ∀i ∈ Sp0

}
E2,a :=

{
x ∈ [q]N : xi ̸= a ∀i ∈ Scp0

}
, E2,b :=

{
x ∈ [q]N : xi ̸= b ∀i ∈ Scp0

}
.

We claim that each of the above four sets, intersected with EN (δ)c, has proba-
bility o(1) of containing X as N → ∞.

Proof of Claim: Define a function g : R 7→ [0,∞) as:

g(x) :=


0 if x ⩽ 0

x2 if x ∈ (0, 0.5)

x− 0.25 if x > 0.5.

Then it is straightforward to check that g is differentiable on R with derivative
bounded by 1. Also, g is non-decreasing, strictly positive on the positive axis,
and bounded on compact intervals. Let us now define:

h1(x) := max
c∈F

max
r,s∈[q]

N∑
i=1

(1xi ̸=r − P(Xi ̸= r|Xj = xj , j ̸= i)) g (m̃r,s
i (x) − c) ,

h2(x) := max
c∈F

max
r,s∈[q]

N∑
i=1

(1xi ̸=r − P(Xi ̸= r|Xj = xj , j ̸= i)) g (c− m̃r,s
i (x)) ,

where
F :=

{pγ
R

: p ∈ Z ∩ [−R,R+ 1]
}
.

Whenever x ∈ E1,a ∩ EN (δ)c, we have:

h1(x) ⩾
N∑
i=1

(1xi ̸=a − P(Xi ̸= a|Xj = xj , j ̸= i)) g
(
m̃a,b
i (x) − p0γ

R

)
⩾ α

∑
i∈Sp0

g
(
m̃a,b
i (x) − p0γ

R

)
⩾ α

∑
i∈Sp0+1

g
(
m̃a,b
i (x) − p0γ

R

)
⩾ αεNg

( γ
R

)
,

where
α := q−1 exp {−βγ − 2∥B∥∞} > 0. (27)

Here the first inequality in the second line uses the fact that xi ̸= a for i ∈ Sp0 ,
by definition of E1,a, and the last inequality uses the fact that |Sp0+1| ⩾ εN .

Applying Lemma F.1 with bitrs := 1t̸=r, λ = 1, t = N [αεg
(
γ
R

)
]2 and a union

bound we get

P(X ∈ E1,a ∩ EN (δ)c) ⩽ P
(
|h1(X)| > αεNg

( γ
R

))
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⩽ 2(2R+ 2)q2 exp
(
− CN

[
αεg

( γ
R

)]2)
→ 0.

One can similarly show that P(X ∈ E1,b ∩ EN (δ)c) = o(1). Also, for x ∈ E2,a ∩
EN (δ)c, a similar calculation gives

h2(x) ⩾
N∑
i=1

(1xi ̸=a − P(Xi ̸= a|Xj = xj , j ̸= i)) g
(p0γ
R

− m̃a,b
i (x)

)
⩾ α

∑
i∈Sc

p0

g
(p0γ
R

− m̃a,b
i (x)

)
α

∑
i∈Sc

p0−1

g
(p0γ
R

− m̃a,b
i (x)

)
⩾ αεNg

( γ
R

)
. (28)

Once again, by Lemma F.1, the probability that X satisfies (28) is o(1) as
N → ∞, which proves that P(X ∈ E2,a ∩ EN (δ)c) = o(1). One can similarly
show that P(X ∈ E2,b∩EN (δ)c) = o(1), which completes the proof of the claim.

When x belongs to Ec1,a
⋂

Ec1,b
⋂

Ec2,a
⋂

Ec2,b, there exist i, j, k, ℓ ∈ [N ], such
that: xi = a, xj = b, xk = a, xℓ = b, and

max{m̃a,b
i (x), m̃a,b

j (x)} < (p0)γ

R
⩽ min{m̃a,b

k (x), m̃a,b
ℓ (x)} ,

and so x ∈ ΩN (as introduced in the statement of Theorem 1.1 (a)). Hence, for
all δ > 0, we have:

P(X ∈ ΩcN ) ⩽P(X ∈ EN (δ)) + P(X ∈ ΩcN ∩ EN (δ)c)

⩽P(X ∈ EN (δ)) + P
(
X ∈

(
E1,a ∪ E1,b ∪ E2,a ∪ E2,b

)
∩ EN (δ)c

)
.

The second term in the RHS converges to 0 on letting N → ∞ as shown above,
and the first term converges to 0 on taking a supremum over N followed by
N → ∞ using (25), thus showing that P(X ∈ ΩcN ) = o(1).

Next, we show that P(X /∈ ΛN ) = o(1). For x ∈ ΛcN , there exists r ∈ [q] such
that xi ̸= r for all i. This implies that for all i ∈ [N ], we have∑

s̸=r

1xi=s = 1 ⇒
∑
s̸=r

(1xi=s − θi,s(x)) = 1 −
∑
s̸=r

θi,s(x) ,

where θi,s(x) = P(Xi = s|Xj = xj , j ̸= i) is as in (4). Now, we have 1 −∑
s̸=r θi,s(x) ⩾ α (see (27) for the definition of α), which implies:

∑
s̸=r

N∑
i=1

(1xi=s − θi,s(x)) ⩾
N

q exp(βγ + 2 maxr∈[q] |Br|)
.

Now, by Lemma F.1 (taking bitrs := 1t̸=r and g ≡ 1), we have:

∑
s̸=r

N∑
i=1

(1Xi=s − θi,s(x)) = OP(
√
N).
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Therefore, P(X ∈ ΛcN ) = o(1), completing the proof of (11). The proof of (12)
will follow from part (b) above.

3. Numerical Study

To illustrate our theoretical results, we simulate observations from the Potts
model on the Erdős-Rényi graph G(N, p) with N = 100 and 200, and p = 0.025
and 0.25. The p = 0.025 case illustrates the sparse regime where joint estimation
is possible, and the p = 0.25 case illustrates the dense regime where joint esti-
mation is not possible on the level-sets of the map (β,B) 7→ arg maxtHβ,B(t)
provided this maximizer is unique. We do this for q = 3 for the ease of represen-
tation of the numerical results through 3D graphs. One can easily derive using
Lagrange multipliers, that for each such unique maximizer m, the inestimability
curve Θm is a straight line that has equation:

B1 = log

(
m1 exp(βm3)

m3 exp(βm1)

)
and B2 = log

(
m2 exp(βm3)

m3 exp(βm2)

)
We call this straight line the line of inestimability, which is plotted in blue in
Figure 1. We take m = (0.2, 0.5, 0.3), and for each value of β within the range 0
to 2 in increments of 0.01, compute the MPL estimates based on samples gener-
ated from the Erdős-Rényi Potts model with the corresponding true parameters
lying on the line of inestimability. We use Gibbs sampling for the simulation.

For both N = 100 and N = 200, the green points, representing the MPL
estimates for the sparse case, lie very close to the line of inestimability, thereby
supporting our result that joint estimation is always possible in the sparse
(bounded-degree) case. The closeness increases from N = 100 to N = 200,
as indicated by the N−1/2 rate of convergence. On the other hand, the red
points, representing the MPL estimates for the dense case, seem to scatter away
from the blue line, a phenomenon which is best observed from the significantly
high number of red points that have very large values of β̂ in comparison to
the height of the blue line. The green points, on the other hand, have β̂ values
lying more or less within the height limits of the line of inestimability. This
demonstrates the inestimability phenomenon in the dense case.
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(a) (b)

Fig 1: Plot of the MPL estimate (β̂, B̂1, B̂2) for the Potts model on G(N, p) with (a)
N = 100 and (b) N = 200. Blue line denotes the line of inestimability, green points
denote the MPL estimates for p = 0.025 (the sparse case) and red points denote the
MPL estimates for p = 0.25 (the dense case).
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Appendix A: Proof of Theorem 1.3

In view of Theorem 1.1 (c), it suffices to show that under condition (13), we
have TN (X)−1 = OP(1). Now, for every δ > 0, define the set:

EN (δ) := {x ∈ [q]N : TN (x) ⩽ δ}. (29)

In order to prove that TN (X)−1 = OP(1), it suffices to show the stronger con-
clusion that there exists δ ∈ (0, 1) such that Pβ,B(X ∈ EN (δ)) = o(1). Towards
this, using the definition of TN from (10), we have:

TN (x) =
∑

1⩽r<s⩽q

(
1

N

N∑
i=1

(mi,r(x) −mi,s(x))2 − (mr(x) −ms(x))2

)

=
1

N

N∑
i=1

∑
1⩽r<s⩽q

(mi,r(x) −mi,s(x))2 −
∑

1⩽r<s⩽q

(mr(x) −ms(x))2 (30)

=
1

N

N∑
i=1

q q∑
r=1

mi,r(x)2 −

(
q∑
r=1

mi,r(x)

)2
−

(
q

q∑
r=1

mr(x) 2 − R̄ 2

)

=
q

N

N∑
i=1

q∑
r=1

[(
mi,r(x) − Ri

q

)2

−
(
mr(x) − R̄

q

)2
]

=
q

N

N∑
i=1

q∑
r=1

(
mi,r(x) −mr(x) − 1

q
(Ri − R̄)

)2

. (31)

where Ri :=
∑N
j=1 aij and R̄ := 1

N

∑N
i=1Ri. (as in (14)). Hence, for x ∈

EN (δ) (as defined in (29)), we have by the Cauchy-Schwarz inequality:∣∣∣∣∣
N∑
i=1

q∑
r=1

mi,r(x)xi,r −
N∑
i=1

q∑
r=1

(
mr(x) +

1

q
(Ri − R̄)

)
xi,r

∣∣∣∣∣
⩽

√
qN

√√√√ N∑
i=1

q∑
r=1

(
mi,r(x) −mr(x) − 1

q
(Ri − R̄)

)2

⩽ N
√
δ.

Since
∑N
i=1

∑q
r=1(Ri − R̄)xi,r =

∑N
i=1(Ri − R̄) = 0, the above display gives∣∣∣∣∣

N∑
i=1

q∑
r=1

mi,r(x)xi,r −
q∑
r=1

mr(x)

N∑
i=1

xi,r

∣∣∣∣∣ ⩽ N
√
δ. (32)

Next, define the following function:

fr(t1, . . . , tq) :=
exp{βtr +Br}∑q
s=1 exp{βts +Bs}

. (33)
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Recalling that:

θi,r(x) =
exp {βmi,r(x) +Br}∑q
s=1 exp {βmi,s(x) +Bs}

= fr(mi,1(x), · · · ,mi,q(x)) (see (4))

and noting that the first order partial derivatives of fr are bounded by β, we
have the following from the mean-value theorem:∣∣∣fr(mi,1(x), . . . ,mi,q(x)) − fr(ni,1(x), . . . , ni,q(x))

∣∣∣ ≲ q∑
u=1

|mi,u(x) − ni,u(x)|

where

ni,r(x) := mr(x) +
1

q
(Ri − R̄).

This implies that for x ∈ EN (δ),

N∑
i=1

∣∣∣θi,r(x) − fr(ni,1(x), . . . , ni,q(x))
∣∣∣ ≲

N∑
i=1

q∑
u=1

|mi,u(x) − ni,u(x)|

⩽
√
qN

√√√√ N∑
i=1

q∑
u=1

(mi,u(x) − ni,u(x))2

⩽ N
√
δ. (34)

Invoking (34) together with the observation that

fr(ni,1(x), . . . , ni,q(x)) =
exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

implies that for x ∈ EN (δ) we have:∣∣∣∣∣
N∑
i=1

θi,r(x) − N exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

∣∣∣∣∣ ≲ N
√
δ (35)

Again using (34) and the fact that Ri ⩽ γ (see (8)), for x ∈ EN (δ) we have:∣∣∣∣∣
N∑
i=1

Ri

[
θi,r(x) − exp{βmr(x) +Br}∑q

s=1 exp{βms(x) +Bs}

]∣∣∣∣∣ ≲ N
√
δ, i.e.

∣∣∣∣∣∣
N∑
i=1

N∑
j=1

aijθi,r(x) −NR̄
exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

∣∣∣∣∣∣ ≲ N
√
δ. (36)

Next, define the sets

CN (δ) :=

{
x ∈ [q]N : max

r∈[q]

∣∣∣∣∣
N∑
i=1

(xi,r − θi,r(x))

∣∣∣∣∣ ⩽ Nδ

}
,
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DN (δ) :=

x ∈ [q]N : max
r∈[q]

∣∣∣∣∣∣
N∑
i=1

mi,r(x) −
N∑
j=1

aijθi,r(x)

∣∣∣∣∣∣ ⩽ Nδ

 .

By the triangle inequality, we have:∣∣∣∣∣R̄
N∑
i=1

xi,r −
N∑
i=1

mi,r(x)

∣∣∣∣∣
⩽

∣∣∣∣∣R̄
N∑
i=1

xi,r − R̄

N∑
i=1

θi,r(x)

∣∣∣∣∣+

∣∣∣∣∣R̄
N∑
i=1

θi,r(x) − NR̄ exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

∣∣∣∣∣
+

∣∣∣∣∣∣ NR̄ exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

−
N∑
i=1

N∑
j=1

aijθi,r(x)

∣∣∣∣∣∣+

∣∣∣∣∣∣
N∑
i=1

N∑
j=1

aijθi,r(x) −
N∑
i=1

mi,r(x)

∣∣∣∣∣∣ .
(37)

Suppose now, that x ∈ FN (δ) := CN (δ)
⋂
DN (δ)

⋂
EN (δ) for some δ ∈ (0, 1).

Since x ∈ CN (δ), we have:∣∣∣∣∣R̄
N∑
i=1

xi,r − R̄

N∑
i=1

θi,r(x)

∣∣∣∣∣ ⩽ Nδγ ≲ N
√
δ.

Next, in view of (35) (since x ∈ EN (δ)), we have:∣∣∣∣∣R̄
N∑
i=1

θi,r(x) − NR̄ exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

∣∣∣∣∣ ≲ N
√
δγ ≲ N

√
δ.

By (36) (since x ∈ EN (δ)), we have:∣∣∣∣∣∣ NR̄ exp{βmr(x) +Br}∑q
s=1 exp{βms(x) +Bs}

−
N∑
i=1

N∑
j=1

aijθi,r(x)

∣∣∣∣∣∣ ≲ N
√
δ.

Finally, since x ∈ DN (δ), we have:∣∣∣∣∣∣
N∑
i=1

N∑
j=1

aijθi,r(x) −
N∑
i=1

mi,r(x)

∣∣∣∣∣∣ ⩽ Nδ ⩽ N
√
δ.

Plugging these inequalities in (37), we have:∣∣∣∣∣R̄
N∑
i=1

xi,r −
N∑
i=1

mi,r(x)

∣∣∣∣∣ ≲ 4N
√
δ. (38)

Denoting x̄r := N−1
∑N
i=1 xi,r, for all x ∈ [q]N we have:∣∣∣∣∣

N∑
i=1

q∑
r=1

xi,rmi,r(x) −NR̄

q∑
r=1

x̄2r

∣∣∣∣∣
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⩽

∣∣∣∣∣
N∑
i=1

q∑
r=1

xi,rmi,r(x) −N

q∑
r=1

mr(x)x̄r

∣∣∣∣∣+

∣∣∣∣∣N
q∑
r=1

x̄r

(
mr(x) − R̄x̄r

)∣∣∣∣∣
≲ N

√
δ ,

where we use (32) and (38) respectively, along with the trivial bound x̄r ⩽ 1.
With K denoting the implied constant in the above display, we get

Pβ,B(X ∈ FN (δ)) =
1

ZN (β,B)

∑
x∈FN (δ)

exp

(
β

2

N∑
i=1

q∑
r=1

mi,r(x)xi,r +

N∑
i=1

q∑
r=1

Brxi,r

)

⩽
eKN

√
δ

ZN (β,B)

∑
x∈FN (δ)

exp

(
NβR̄

2

q∑
r=1

x̄2r +N

q∑
r=1

Brx̄r

)
(39)

= eKN
√
δ Z

CW
N (βR̄,B)

ZN (β,B)
PCW
βR̄,B(X ∈ FN (δ))

⩽ eKN
√
δ Z

CW
N (βR̄,B)

ZN (β,B)
PCW
βR̄,B(X ∈ EN (δ))

where for (β,B) ∈ (0,∞) × Rq−1, we define the Curie-Weiss Potts model with
parameter (β,B) as:

PCW
β,B(x) =

1

ZCW
N (β,B)

exp

(
Nβ

2

q∑
r=1

x̄2r +N

q∑
r=1

Brx̄r

)
. (40)

Now, it follows from the Gibbs variational principle/mean field lower bound
(see Equation (1.8) in Basak and Mukherjee (2017)) that:

logZN (β,B) ⩾ sup
t∈P([q])

β

2

∑
i,j

aij

q∑
r=1

t2r −N

q∑
r=1

tr log tr +N

q∑
r=1

Brtr

= sup
t∈P([q])

Nβ

2
R̄

q∑
r=1

t2r −N

q∑
r=1

tr log tr +N

q∑
r=1

Brtr .

Also, it follows from equation (2.3) in Basak and Mukherjee (2017) that:

logZCW
N (βR̄,B) = sup

t∈P([q])

[
Nβ

2
R̄

q∑
r=1

t2r −N

q∑
r=1

tr log tr +N

q∑
r=1

Brtr

]
+o(N) .

Combining the above two displays gives

ZCW
N (βR̄,B)

ZN (β,B)
⩽ eo(N),

which along with (39) gives

Pβ,B(X ∈ FN (δ)) ⩽ eKN(
√
δ+o(1)) PCW

βR̄,B(X ∈ EN (δ)). (41)

The following lemma bounds PCW
βR̄,B

(X ∈ EN (δ)).
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Lemma A.1. Suppose the interaction matrix AN satisfies the conditions (8),
(9) and (13). There exist constants A,B > 0 depending only on β,B, γ, q, such
that:

PCW
βR̄,B(X ∈ EN (A)) ⩽ e−BN .

Lemma A.1 is proved in Appendix G. Using Lemma A.1 together with (41),
we know that for every δ ∈ (0, A),

Pβ,B(X ∈ FN (δ)) ⩽ exp{N(K
√
δ −B + o(1))}.

We can now choose δ = min
{
A
2 ,

B2

4K2

}
small enough, such that

Pβ,B(X ∈ FN (δ)) ⩽ e−
NB
2 +o(1) = o(1). (42)

Recalling that FN (δ) = CN (δ) ∩DN (δ) ∩ EN (δ), we get

Pβ,B(X ∈ EN (δ)) ⩽ Pβ,B(X ∈ FN (δ)) + P
(
X /∈ CN (δ)

⋂
DN (δ)

)
.

By (42), the first term in the RHS of the above inequality is o(1). It also follows
directly from Lemma F.1 (on taking bitrs := 1t=r and g ≡ 1), that Pβ,B(X /∈
CN (δ)) = o(1). Finally, note that:

N∑
i=1

mi,r(x) −
N∑
j=1

aijθi,r(x)

 =

N∑
j=1

Rjxj,r−
N∑
i=1

Riθi,r(x) =

N∑
i=1

Ri(xi,r−θi,r(x)).

It now follows from Lemma F.1 (on taking bitrs := Ri1t=r and g ≡ 1), that
Pβ,B(X /∈ DN (δ)) = o(1). Hence, Pβ,B(X /∈ CN (δ)

⋂
DN (δ)) = o(1). We

thus conclude that Pβ,B(X ∈ EN (δ)) = o(1), thereby completing the proof of
Theorem 1.3.

Appendix B: Proof of Theorem 1.4

Since we have already established
√
N -consistency of the MPL estimator (β̂N , B̂N )

in the non mean-field setup of Subsection 1.3.1 (Theorem 1.3), we will assume
that condition (13) does not hold, i.e. we will assume the following mean-field
condition:

lim
N→∞

1

N

∑
1⩽i,j⩽N

a2ij = 0. (43)

Note that if the coupling matrix is the scaled adjacency of a graph (2), then the
mean field condition says that the average degree of the graph goes to ∞. Once
again, in view of Theorem 1.1 (b), we just need to show that TN (X)−1 = OP(1).

The sequence of measures µN := N−1
∑N
i=1 δRi are supported on the compact

set [0, γ], and so by Prokhorov’s theorem and possibly passing to subsequences,
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we can assume that µN
w−→ µ for some probability measure µ on [0, γ]. The

dominated convergence theorem now implies that:

lim
N→∞

1

N

N∑
i=1

(Ri − R̄)2 =

∫
[0,γ]

(θ − Eµ(θ))2dµ(θ). (44)

Using (31) we have

TN (X) =
q

N

N∑
i=1

q∑
r=1

(
mi,r(X) −mr(X) − 1

q
(Ri − R̄)

)2

=
q

2N2

∑
1⩽i,j⩽N

q∑
r=1

(
mi,r(X) −mj,r(X) − 1

q
(Ri −Rj)

)2

. (45)

Setting ui,r(X) := mi,r(X)−Ri/q and recalling the definition of fr and θi,r(X)
(see (33) and (4)),

fr(t1, . . . , tq) =
exp{βtr +Br}∑q
s=1 exp{βts +Bs}

,

we have:

|θi,r(X) − θj,r(X)|
= |fr(mi,1(X), . . . ,mi,q(X)) − fr(mj,1(X), . . . ,mj,q(X))|
= |fr(ui,1(X), . . . , ui,q(X)) − fr(uj,1(X), . . . , uj,q(X))|

⩽ β

q∑
s=1

|ui,s(X) − uj,s(X)|

where the last step follows from mean-value theorem, and the fact that all the
partial derivatives of fr are bounded by β. Hence, we have:

1

N

N∑
i=1

q∑
r=1

(θi,r(X) − θ̄r(X))2 =
1

2N2

∑
1⩽i,j⩽N

q∑
r=1

(θi,r(X) − θj,r(X))2

⩽
q2β2

2N2

∑
1⩽i,j⩽N

q∑
s=1

(ui,s(X) − uj,s(X))2

= qβ2TN (X),

where the last equality uses (45). Hence, for showing that TN (X)−1 = OP(1),
it is enough to show that:[

N∑
i=1

q∑
r=1

(θi,r(X) − θ̄r(X))2

]−1

= OP(N−1) . (46)
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Towards this, let SN,q denote the set of all y := ((yi,r))i∈[N ],r∈[q] ∈ [0, 1]Nq,
such that

∑q
r=1 yi,r = 1 for all i ∈ [N ]. Define functions hN : SN,q → R and

IN : SN,q → R as:

hN (y) :=
β

2

∑
1⩽i,j⩽N

q∑
r=1

aijyi,ryj,r+

N∑
i=1

q∑
r=1

Bryi,r and IN (y) :=

N∑
i=1

q∑
r=1

yi,r log yi,r .

(47)
Also, define

ψN (y) := hN (y) − IN (y). (48)

Then, we have:

∂ψN (y)

∂yi,r
= β

N∑
j=1

aijyj,r +Br − 1 − log yi,r . (49)

Denoting ∇·r(y) := ((∂ψN/∂yi,r))i∈[N ], we have:

∇·r(y) = βANy·r + (Br − 1)1N − log y·r (50)

where y·r := ((yi,r))i∈[N ]. Also, define ∇(y) ∈ RN and ∇̃(y) ∈ RNq as:

∇(y) :=
1

q

q∑
r=1

∇·r(y) and ∇̃(y) := (∇(y), . . . ,∇(y)). (51)

Note that ∇̃(y) is obtained from ∇ψN (y) by replacing each row (∂ψN (y)/∂yi,r)r∈[q]

by the constant vector of its average. Therefore, whenever some vector y ∈ SN,q
satisfies the conditions:

N∑
i=1

q∑
r=1

(yi,r − ȳr)
2 ⩽ NδN and min

i∈[N ],r∈[q]
yi,r ⩾ α (52)

for some non-negative sequence δN → 0 and α > 0, then with ỹ ∈ SN,q defined
as ỹi,r := ȳr for all i, r, we have:

∥∇·r(y) −∇(y)∥
⩾ ∥∇·r(ỹ) −∇(ỹ)∥ − ∥∇·r(y) −∇·r(ỹ)∥ − ∥∇(y) −∇(ỹ)∥

⩾ ∥∇·r(ỹ) −∇(ỹ)∥ − ∥y·r − ỹ·r∥
(
β∥AN∥2 +

1

α

)
− 1

q

q∑
s=1

∥y·s − ỹ·s∥
(
β∥AN∥2 +

1

α

)
⩾ ∥∇·r(ỹ) −∇(ỹ)∥ − 2

√
NδN (βγ + α−1)

= ∥∇·r(ỹ) −∇(ỹ)∥ − o
(√

N
)
.

In the above display, the second inequality uses the expression of ψN (y) in (50),
and the third inequality uses (52). To bound the RHS above, again use (50) to
note that

∥∇·r(ỹ) −∇(ỹ)∥2
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=

N∑
i=1

[
βȳrRi +Br − 1 − log ȳr −

1

q

q∑
s=1

(βȳsRi +Bs − 1 − log ȳs)

]2

⩾ inf
t∈[α,1]q

N∑
i=1

(
β(tr − t̄)Ri +Br −

1

q

q∑
s=1

Bs − (log tr − q−1

q∑
s=1

log ts)

)2

= N inf
t∈[α,1]q

∫ γ

0

(
β(tr − t̄)θ +Br −

1

q

q∑
s=1

Bs − (log tr − q−1

q∑
s=1

log ts)

)2

dµ(θ)

+ o(N),

where the last inequality uses the weak convergence of µN to µ. Using the above
two displays, and noting that θi,r(X) ⩾ α := q−1 exp {−βγ − 2∥B∥∞}, on the

event
∑N
i=1

∑q
r=1(θi,r(X) − θ̄r(X))2 ⩽ NδN we have:

N−1/2∥∇·r(θ(X)) −∇(θ(X))∥ + o(1)

⩾

√√√√ inf
t∈[α,1]q

∫ γ

0

(
β(tr − t̄)θ +Br −

1

q

q∑
s=1

Bs − (log tr − q−1

q∑
s=1

log ts)

)2

dµ(θ),

(53)

where θ(X) := ((θi,r(X)))i∈[N ],r∈[q]. We now claim that the RHS of (53)
is strictly positive for at least one r ∈ [q]. Given the claim, on the event∑N
i=1

∑q
r=1(θi,r(X) − θ̄r(X))2 ⩽ NδN we have the existence of a constant

c > 0, free of N , such that

max
r∈[q]

∥∇·r(θ(X)) −∇(θ(X))∥ ⩾ (c− o(1))
√
N.

Consequently, for any non-negative sequence δN → 0 we have

P

(
N∑
i=1

q∑
r=1

(θi,r(X) − θ̄r(X))2 ⩽ NδN

)

⩽ P
(

max
r∈[q]

∥∇·r(θ(X)) −∇(θ(X))∥ ⩾ (c− o(1))
√
N

)
→ 0,

where the last limit uses Lemma I.6 (b). This establishes (46) and completes
the proof of Theorem 1.4.

It thus remains to prove the claim that the RHS of (53) is strictly positive.
To this effect, assume by contradiction that the RHS is 0 for all r ∈ [q]. By the
dominated convergence theorem, the map

t 7→
∫ γ

0

(
β(tr − t̄)θ +Br −

1

q

q∑
s=1

Bs − (log tr − q−1

q∑
s=1

log ts)

)2

dµ(θ) (54)
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is continuous on the compact set [p, 1]q, and hence, attains its infimum over

[p, 1]q at some point t(r) ∈ [p, 1]q. First suppose that t
(r)
r ̸= t̄(r) for some r ∈ [q],

whence we must have the following under µ:

θ
a.s.
= β−1(t(r)r − t̄(r))−1

[
Br −

1

q

q∑
r=1

Br − (log t(r)r − q−1

q∑
s=1

log t(r)s )

]

a contradiction, since µ is not a degenerate measure in view of (44) and condition
(14).

This forces t
(r)
r = t̄(r) for all r ∈ [q]. In this case, Jensen’s inequality gives

log t(r)r − q−1

q∑
s=1

log t(r)s ⩾ 0

for all r ∈ [q]. Suppose further, that there exists r ∈ [q] such that

Br − q−1

q∑
s=1

Bs < 0.

In this case, Br − 1
q

∑q
s=1Bs − (log t

(r)
r − q−1

∑q
s=1 log t

(r)
s ) < 0 and hence, the

integral (54) is strictly positive for that r, a contradiction.
The only case left for consideration is when Br− 1

q

∑q
s=1Bs ⩾ 0 for all r ∈ [q].

This however forces B1 = . . . = Bq = 0, which was ruled out in the hypothesis
of Theorem 1.4 (in fact, in this case, the minimum value is exactly 0, attained
at any constant vector t ∈ [α, 1]q). This completes the proof of our claim, and
subsequently, the theorem.

Appendix C: Proof of Theorem 1.5

In this section, we prove Theorem 1.5. To begin with, note that by Lemma H.5,
the product measure mN := ⊗Ni=1m is contiguous to the Curie-Weiss Potts
measure PCW

β,B in (40). We next claim that for any (β,B) ∈ (0,∞) × Rq−1, the

product measure PCW
β,B × G(N, p) is contiguous to the measure PER

β,B. Towards
proving this, note that in view of Proposition 6.1 of Bhattacharya and Mukherjee
(2018) it suffices to show that:

D
(
PCW
β,B × G(N, p)||PER

β,B

)
= O(1) (55)

where D denotes the Kullback-Leibler divergence. Now, we have:

D
(
PCW
β,B × G(N, p)||PER

β,B

)
=

∑
(x,G)∈[q]N×{0,1}(

N
2 )

(PCW
β,B × G(N, p))(x, G) log

(PCW
β,B × G(N, p))(x, G)

PER
β,B(x, G)
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= EG(N,p)

 ∑
x∈[q]N

PCW
β,B(x) log

PCW
β,B(x)

PER
β,B(x|G)


= EG(N,p) log

(
ZER
β,B

ZCW
β,B

)
−
∑

x∈[q]N

PCW
β,B(x)

[
EG(N,p)

(
H̃ER
β,B(x)

)
− H̃CW

β,B(x)
]

where H̃ER
β,B(x) and H̃CW

β,B(x) follow from the expression

β

2

∑
1⩽i,j⩽k

aij1xi=xj
+

n∑
i=1

q∑
r=1

Br1xi=r

with aij replaced by (16) and 1/N , respectively. Note that EG(N,p)

(
H̃ER
β,B(x)

)
=

H̃CW
β,B(x) and hence, we have by Jensen’s inequality:

D
(
PCW
β,B × G(N, p)||PER

β,B

)
= EG(N,p) log

(
ZER
β,B

ZCW
β,B

)
⩽ log

(
EG(N,p)(Z

ER
β,B)

ZCW
β,B

)
.

(56)
Finally, note that:

EG(N,p)(Z
ER
β,B)

=
∑

x∈[q]N

EG(N,p)

exp

 β

2Np

∑
1⩽i,j⩽N

gij1xi=xj
+

N∑
i=1

q∑
r=1

Br1xi=r


=

∑
x∈[q]N

e
∑N

i=1

∑q
r=1 Br1xi=r

∏
1⩽i<j⩽N

EG(N,p)

[
exp

(
β

Np
gij1xi=xj

)]

⩽
∑

x∈[q]N

e
∑N

i=1

∑q
r=1 Br1xi=r

∏
1⩽i<j⩽N

exp

(
β

N
1xi=xj

+
β2

8N2p2

)

⩽
∑

x∈[q]N

eβ
2/(16p2) exp

 β

N

∑
1⩽i<j⩽N

1xi=xj +

N∑
i=1

q∑
r=1

Br1xi=r


⩽ eβ

2/(16p2)ZCW
β,B

where in going from the second to the third line, we used the fact that for a
Bernoulli random variable Y with EY = p,

Eet(Y−p) ⩽ exp

(
t2

8

)
,

which is a direct consequence of Hoeffding’s lemma. It now follows from (56)
that:

D
(
PCW
β,B × G(N, p)||PER

β,B

)
⩽

β2

16p2
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thereby establishing (55) and completing the proof of our claim.
Lemma H.5 coupled with our claim, establishes that the product measure

ν := mN × G(N, p) is contiguous to the measure PER
β,B for every (β,B) ∈ Θm,

thereby completing the proof of Theorem 1.5.

Appendix D: Proof of Theorem 1.7

In this section, we prove Theorem 1.7.
(a) Fixing β > 0, it follows from Lemma F.2 part (b) that ∇2

BℓN (β,B) is
negative definite, hence B 7→ ℓN (β,B) is strictly concave. Define:

A4,N := {x ∈ [q]N : there exists r ∈ [q] such that for all i ∈ [N ], xi ̸= r}. (57)

Lemma I.1 part (b) gives that if X ∈ Ac4,N , then ℓN (β,B) → −∞ as ∥B∥ →
∞. Consequently, we have the existence of a unique global maximizer at some
B ∈ Rq−1, i.e. B̂N exists on the event {X ∈ Ac4,N}.

Similarly, fixing B ∈ Rq−1, on the event {UN (X) ̸= 0}, the function β 7→
ℓN (β,B) is stictly concave (see Lemma F.2 part (c)). Define:

A2,N := {x ∈ [q]N : mi,xi(x) = min
r∈[q]

mi,r(x) for all i ∈ [N ]} (58)

A3,N := {x ∈ [q]N : mi,xi(x) = max
r∈[q]

mi,r(x) for all i ∈ [N ]}. (59)

Once again, it follows from Lemma I.1 part (a) that if X ∈ Ac2,N ∩Ac3,N and
UN (X) ̸= 0, then the function β 7→ ℓN (β,B) attains a unique global maximum

at some β ∈ R, i.e. β̂N exists on the event {X ∈ Ac2,N ∩Ac3,N} ∩ {UN (X) ̸= 0}.

To complete the proof of part (a), noting that (21) implies P(Un(X) = 0) →
0, it suffices to show that

P(X ∈ A4,N ) = o(1), P(X ∈ A2,N ∪A3,N ) = o(1).

Towards showing that P(X ∈ A4,N ) = o(1), note that by Lemma F.1 with
bitrs := 1t̸=r0 and g ≡ 1, we have

N∑
i=1

∑
t̸=r0

(1Xi=t − θi,t(X)) = OP(
√
N), (60)

where θi,t(bmx) = P(Xi = t|Xj = xj , j ̸= i) as in (4). Assume X ∈ A4,N . Let
r0 ∈ [q] be such that Xi ̸= r0 for all i. This implies that for all i,

∑
s̸=r0 1Xi=s =

1. Hence, we have:∑
s̸=r0

(1Xi=s − θi,s(X)) = 1 −
∑
s̸=r0

θi,s(X) ⩾ q−1 exp(−βγ − 2∥B∥∞) .

This says that the left side of (60) is Ω(N) whenever X ∈ A4,N , thereby showing
that P(X ∈ A4,N ) = o(1).
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Next, towards showing that P(X ∈ A3,N ) = o(1), invoking Lemma F.1 ap-
plied with bitrs := 1t=r, λ := 0 and g(x) = x, a union bound gives:

N∑
i=1

q∑
r=1

(1Xi=r − θi,r(X))mi,r(X) = OP(
√
N). (61)

Now, suppose that X ∈ A3,N . Then,
∑q
r=1mi,r(X)1Xi=r = mi,Xi

(X) =
maxrmi,r(X), and hence

N∑
i=1

q∑
r=1

(1Xi=r − θi,r(X))mi,r(X)

=

N∑
i=1

(
max
r
mi,r(X) −

∑
r

mi,r(X)θi,r

)

⩾
1

q2(q − 1)γ
exp (−βγ − 2∥B∥∞)

N∑
i=1

∑
r<s

(mi,r(X) −mi,s(X))
2

=
1

q2(q − 1)γ
exp (−βγ − 2∥B∥∞)NUN (X) = aNΩP(

√
N).

In the above display, the inequality on the third line invokes Lemma I.9 with
the choices

wr = θir(X) ⩾ q−1 exp(−βγ − 2∥B∥∞) = α, tr = mi,r(X) ∈ [0, γ],

and the last equality holds for some sequence aN → ∞, by (21). The above,
combined with (61) now gives P(X ∈ A3,N ) = o(1). The proof of the fact
P(X ∈ A2,N ) = o(1) follows similarly, and we skip the details.

(b) The proof will be carried out by an application of Proposition E.1 with
wN (B) = ∇BℓN (β,B). To begin with, noting the expression of ∇BℓN (β,B)
(see (7)), it follows from Lemma F.1 that ∥∇BℓN (β,B)∥2 = OP(

√
N). Conse-

quently, Assumption (i) of Proposition E.1 follows with aN =
√
N . Assumption

(ii) of Proposition E.1 follows from Lemma F.2 (b) with hN (X) = N . This
completes the proof of part (b).

(c) The proof of this part is similar to the proof of part (b), so we skip it.

(d) Define the set
GN (δ) := {x ∈ [q]N : UN (x) ⩽ δ}.

Note that for all x ∈ GN (δ), we have by the Cauchy-Schwarz inequality,∣∣∣∣∣β2
N∑
i=1

q∑
r=1

xi,r(mi,r(x) −mi(x))

∣∣∣∣∣ ⩽ β

2

√
qN

√
NUN (X)

q
⩽
βN

2

√
δ ,

i.e. ∣∣∣∣∣β2
N∑
i=1

q∑
r=1

xi,rmi,r(x) − βN

2q
R̄

∣∣∣∣∣ ⩽ βN

2

√
δ
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where mi(x) := q−1
∑q
r=1mi,r(x). Therefore, we have:

Pβ,B(X ∈ GN (δ))

=
∑

x∈GN (δ)

exp
{
β
2

∑N
i=1

∑q
r=1 xi,rmi,r(x) +

∑N
i=1

∑q
r=1Brxi,r

}
ZN (β,B)

⩽
exp

{
βN
2

(
R̄
q +

√
δ
)}

ZN (β,B)

∑
x∈GN (δ)

exp

{
N∑
i=1

q∑
r=1

Brxi,r

}

where Ri =
∑N
j=1 aij and R̄ = 1

N

∑N
i=1Ri. Now, note that:

∑
x∈[q]n

exp

{
q∑
r=1

N∑
i=1

Brxi,r

}
=

∑
x∈[q]

exp

{
q∑
r=1

Br1x=r

}N

=

(
q∑
r=1

eBr

)N
.

Hence, we have:

Pβ,B(X ∈ GN (δ)) ⩽
1

ZN (β,B)
exp

{
βN

2

(
R̄

q
+

√
δ

)
+N log

(
q∑
r=1

eBr

)}
, i.e.

1

N
logPβ,B(X ∈ GN (δ)) ⩽

β

2

(
R̄

q
+

√
δ

)
+log

(
1 +

q−1∑
r=1

eBr

)
− logZN (β,B)

N

(62)
Now, it follows from (1.8) and (1.9) in Basak and Mukherjee (2017) (by choosing
qi(r) = tr) that:

logZN (β,B)

N
⩾ sup

t∈P([q])

{
β

2
R̄

q∑
r=1

t2r +

q∑
r=1

Brtr −
q∑
r=1

tr log tr

}
(63)

We now divide the proof into two cases.

Case-1: B ̸= 0. In this case, choosing

ts =
eBs∑q
r=1 e

Br
(for s ∈ [q]),

Then, t := (t1, t2, . . . , tq) ∈ P([q]), we have:

q∑
r=1

Brtr −
q∑
r=1

tr log tr

=

∑q
r=1Bre

Br∑q
s=1 e

Bs
−

q∑
r=1

eBr∑q
s=1 e

Bs
log

(
eBr∑q
s=1 e

Bs

)
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=

q∑
r=1

eBr∑q
s=1 e

Bs
log

(
q∑
s=1

eBs

)

= log

(
q∑
s=1

eBs

)
.

Using (63) for this choice of t gives

logZN (β,B)

N
⩾
β

2
R̄

q∑
r=1

t2r + log

(
q∑
r=1

eBr

)
>

β

2q
R̄+ log

( q∑
r=1

eBr

)
,

where the last inequality uses the fact that t ̸= (q−1, . . . , q−1) for B ̸= 0. Along
with (62), this gives the existence of δ > 0 such that

lim sup
N→∞

1

N
logPβ,B(X ∈ GN (δ)) < 0

thereby establishing part (d) for the case B ̸= 0.

Case-2: B = 0,β > βc(q). In this case, it follows from Theorem 2.3 (iv) in
Gandolfo, Ruiz and Marc (2010) that the constant vector 1

q1q is not a maximizer

of the function in the RHS of (63)). With t denoting a maximizer, using (63)
we again have

logZN (β,B)

N
⩾
β

2
(

q∑
r=1

t2r)R̄+ log

(
q∑
r=1

eBr

)
>

β

2q
R̄+ log

( q∑
r=1

eBr

)
.

As before, this along with (63)) gives the existence of δ > 0 such that

lim sup
N→∞

1

N
logPβ,B(X ∈ GN (δ)) < 0,

thereby completing the proof of part (d).

(e) Finally, the non-existence of consistent estimators for the model PER
β,0 for

β < βc follows from the contuiguity of 1
q1q × G(N, p) to the measure PER

β,0 from

Theorem 1.5, on noting that (0, βc) × {0q−1} ⊆ Θ( 1
q ,...,

1
q )

. Uniqueness of the

global maximizer follows from (Gandolfo, Ruiz and Marc, 2010, Thm 2.3 (iii)),
and positive definiteness follows from (Gandolfo, Ruiz and Marc, 2010, Lemma
4.7 (i)).

Appendix E: Convergence of Z-estimators

In this section, we prove a general result about convergence of Z-estimators
of the true parameter τ0 in a parametric family (Pτ )τ∈Θ⊆Rd for some d ⩾ 1.
To begin with, suppose that τ̂N := τ̂N (X) ∈ Rd is an approximate root of a
function wN : Rd × [q]N → Rd, i.e. the following is satisfied:

wN (τ̂N ,X) = 0.
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Proposition E.1. Suppose that the objective function w satisfies the following
two conditions:

(i) ∥wN (τ0,X)∥2 = OP (aN ) for some non-negative sequence aN , where τ0 ∈
Θ is the true parameter,

(ii) There exists a function c : Θ → R which is continuous and strictly positive
at τ0, and a non-negative function hN : [q]N 7→ [0,∞) on the sample space,
satisfying:

λmin(−∇wN (τ )) ⩾ c(τ )hN (X)

for all τ ∈ Θ.

Then, as long as aN = oP (hN (X)), we have:

∥τ̂N − τ0∥2 = OPτ0

(
aN

hN (X)

)
.

Proof. For each t ∈ [0, 1], define

τt := tτ̂N + (1 − t)τ0

and introduce the following function gN : [0, 1] → R :

gN (t) := (τ̂N − τ0)⊤wN (τt,X).

Then we have

g′N (t) = (τ̂N − τ0)⊤∇wN (θt,X)(τ̂N − τ0).

Setting YN := ∥τ̂N − τ0∥2, using assumption (ii) along with the above display
gives

g′N (t) ⩽ −c(τt)hN (X) ∥τ̂N − τ0∥22 = −c(τt)hN (X)Y 2
N .

Since c is continuous at τ0 and c(τ0) > 0, there exists r > 0 such that

inf
∥τ−τ0∥⩽r

c(τ ) ⩾
c(τ0)

2
> 0.

For t ⩽ r
YN

, we have:
∥τt − τ0∥2 = tYN ⩽ r,

and consequently

g′N (t) ⩽ −c(τ0)

2
hN (X)Y 2

N .

Using the above bound gives

∣∣gN (1) − gN (0)
∣∣ = −

∫ 1

0

g′N (t) dt

⩾ −
∫ min{1, r/YN}

0

g′N (t) dt
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⩾
∫ min{1, r/YN}

0

c(τ0)

2
hN (X)Y 2

N dt

=
c(τ0)

2
hN (X)Y 2

N min
{

1,
r

YN

}
=
c(τ0)

2
hN (X)YN min{YN , r}.

On the other hand, using the definition of gN (·) gives

|gN (1) − gN (0)| = |(τ̂N − τ )⊤wN (τ0,X)| ⩽ YN∥wN (τ0,X)∥2 = OP
(
aNYN

)
.

where the last equality uses assumption (i). Combining the above two displays
gives

c(τ0)

2
hN (X)YN min{YN , r} = OP

(
aNYN

)
,

which implies that

min{YN , r} = OP

(
aN

hN (X)

)
.

Proposition E.1 now follows from the fact that aN/hN (X)
P−→ 0 and r > 0 is

fixed.

Appendix F: Necessary tools for analyzing the derivatives of the log
pseudo-likelihood

The goal of this section is to develop necessary tools for bounding the first and
second derivatives of the log pseudolikelihood, which (in view of Proposition
E.1) is crucial in establishing consistency and rates of convergence of the MPL
estimators. The first step towards doing this, is to bound the L2-norm of the
gradient of the log pseudo-likelihood with high probability. This can be achieved
via the following general concentration inequality for sums of the random vari-
ables 1Xi=t centered by their conditional means given (Xj)j ̸=i, which actually
holds at all temperatures.

Lemma F.1. For every constant M > 0 (not depending on N) and every
differentiable function g : [−M,M ] → R such that g′ is bounded, there exists
a constant C > 0 (depending only on g, β,B, q, γ) such that for every t > 0,
λ ∈ [0, 1], every array (bitrs)i∈[N ],t,r,s∈[q] ∈ RNq and every r, s ∈ [q], we have:

P

(∣∣∣∣∣
N∑
i=1

q∑
t=1

bitrs (1Xi=t − θi,t(X)) g(m̄r,s
i (X))

∣∣∣∣∣ ⩾ √
Nt

)
⩽ 2 exp

(
−CtN

∥L∥22

)
(64)

where m̄r,s
i (X) := mi,r(X) − λmi,s(X), Li = Li,r,s :=

∑q
t=1 |bitrs|, L :=

(L1, . . . , LN )⊤, and θi,t(x) = P(Xi = t|Xj = xj , j ̸= i) as in (4).
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Proof. Fix r, s ∈ [q], c ∈ F and define

G(X) :=

N∑
i=1

q∑
t=1

bitrs (1Xi=t − θi,t(X)) g(m̄r,s
i (X)).

We now construct an exchangeable pair (X,X ′) in the following way:
Let U be a discrete uniform random variable on [N ] independent of X, and

conditioned on U = i, we simulate X ′
i from the conditional distribution of Xi

given (Xj)j ̸=i. Then, we replace the ith entry of X by X ′
i and call the resulting

vector X ′. Then it is easy to check that (X,X ′) is an exchangeable pair, i.e.

(X,X ′)
D
= (X ′,X). Define:

F (x,x′) :=
1

2

N∑
i=1

q∑
t=1

bitrs(g(m̄r,s
i (x)) + g(m̄r,s

i (x)))(1xi=t − 1x′
i=t

).

Plugging in x = X,x′ = X ′ we get

F (X,X ′) = g(m̄r,s
U (X))

q∑
t=1

bUtrs(1XU=t − 1X′
U=t), (65)

which in turn gives

E [F (X,X ′)|X] =
1

N

N∑
i=1

q∑
t=1

bitrsg(m̄r,s
i (X))(1Xi=t − θi,t(X)) =

G(X)

N
.

Since (X,X ′) is an exchangeable pair, we have EG(X) = EF (X,X ′) = 0.
Setting

∆(X) :=
1

2N
E
(
|(G(X) −G(X ′))F (X,X ′)|

∣∣∣X) ,

if we can show the existence of K > 0 such that

∆(X) ⩽
K

N2
∥L∥22 , (66)

then (Chatterjee, 2007b, Thm 1.5) gives, for t ⩾ 0,

P
(
|G(X)|
N

⩾ t

)
⩽ 2 exp

{
− N2t2

2K∥L∥22

}
which further implies that

P(|G(X)| ⩾
√
Nt) ⩽ 2 exp

{
− Nt

2K∥L∥22

}
thereby establishing (64). Therefore, all that remains to complete the proof of
(64), is to show (66). Towards this, for every 1 ⩽ i ⩽ N , u ∈ [q] and x ∈ [q]N ,
define:

x(i)
u := (x1, . . . , xi−1, u, xi+1, . . . , xN )⊤.
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Then using the definition of ∆(X) we have:

2N∆(X) =
1

N

N∑
i=1

q∑
u=1

|(G(X) −G(X(i)
u )F (X,X(i)

u )|θi,t(x)

≲
1

N

N∑
i=1

Li

q∑
u=1

|(G(X) −G(X(i)
u ),

where in the last inequality we use (65) to get

|F (X,X(i)
u )| ⩽ ∥g∥∞

q∑
t=1

|bitrs| = ∥g∥∞Li.

Now, for any X,Y ∈ [q]n, using the definition of G(·), we have:

|G(X) −G(Y )|

⩽
N∑
j=1

q∑
t=1

|bjtrs|
∣∣g(m̄r,s

j (X))Xj,t − g(m̄r,s
j (Y ))Yj,t

∣∣
+

N∑
j=1

q∑
t=1

|bjtrs|
∣∣θj,t(X)g(m̄r,s

j (X)) − θj,t(Y )g(m̄r,s
j (Y ))

∣∣
⩽

N∑
j=1

q∑
t=1

g(m̄r,s
j (X))|bjtrs| |Xj,t − Yj,t| +

N∑
j=1

q∑
t=1

Yj,t|bjtrs|
∣∣g(m̄r,s

j (X)) − g(m̄r,s
j (Y ))

∣∣
+

N∑
j=1

q∑
t=1

|bjtrs|
∣∣θj,t(X)g(m̄r,s

j (X)) − θj,t(Y )g(m̄r,s
j (Y ))

∣∣
⩽ ∥g∥∞

N∑
j=1

q∑
t=1

|bjtrs| |Xj,t − Yj,t| + ∥g′∥∞
N∑
j=1

q∑
t=1

Yj,t|bjtrs||m̄r,s
j (X) − m̄r,s

j (Y )|

+

N∑
j=1

q∑
t=1

|bjtrs|
∣∣θj,t(X)g(m̄r,s

j (X)) − θj,t(Y )g(m̄r,s
j (Y ))

∣∣ (67)

We now bound each of the terms in the RHS of (67), for the special choice

Y = X
(i)
u . In this case, noting that Xj,t = Yj,t for all j ̸= i, the first term in

the RHS of (67) can be bounded as follows:

N∑
j=1

q∑
t=1

|bjtrs| |Xj,t − Yj,t| =

q∑
t=1

|bitrs| |Xi,t − Yi,t| ⩽
q∑
t=1

|bitrs| = Li.

For bounding the second term in the RHS of (67), recalling that m̄r,s
i (X) =

mr
i (X) − λms

i (X) we get

N∑
j=1

q∑
t=1

Yj,t|bjtrs||m̄r,s
j (X) − m̄r,s

j (Y )| =

N∑
j=1

N∑
k=1

q∑
t=1

Yj,tajk|bjtrs||Xkr − Ykr − λXks + λYks|
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=

N∑
j=1

q∑
t=1

aji|bjtrs||Xir − Yir − λXis + λYis|

⩽(1 + λ)

N∑
j=1

ajiLj = (1 + λ)Ai∗L,

where Ai∗ denotes the ith row of A. Proceeding to bound the third term in the
RHS of (67), define the function

ψt(α1, . . . , αq) := g(αr − λαs)
exp{βαt +Bt}∑q
s=1 exp{βαs +Bs}

,

and note that ∥∇ψt∥∞ is bounded, since g has a bounded derivative. Using this
definition we can write θj,t(X)g(m̄r,s

j (X)) = ψt(mj,1(X), . . . ,mj,q(X)), and
hence mean-value theorem gives

|θj,t(X)g(m̄r,s
j (X)) − θj,t(Y )g(m̄r,s

j (Y ))| ≲
q∑

w=1

|mj,w(X) −mj,w(Y )|.

Using this, the the third term in the RHS of (67) can be bounded as follows:

N∑
j=1

q∑
t=1

|bjtrs|
∣∣θj,t(X)g(m̄r,s

j (X)) − θj,t(Y )g(m̄r,s
j (Y ))

∣∣
≲

q∑
w=1

N∑
j=1

q∑
t=1

|bjtrs||mj,w(X) −mj,w(Y )|

=

q∑
w=1

N∑
j=1

q∑
t=1

aji|bjtrs||Xi,w − Yi,w|

⩽
q∑

w=1

N∑
j=1

q∑
t=1

aji|bjtrs| = q

N∑
j=1

ajiLj = qAi∗L .

Combining the last three bounds to the RHS of (67) we get

|G(X) −G(X(i)
u )| ≲ Li +Ai∗L,

and consequently,

2N∆(X) ≲
1

N

N∑
i=1

Li(Li +Ai∗L) =
1

N

(
∥L∥22 + L⊤AL

)
⩽

1

N
(1 + ∥A∥2)∥L∥22 ⩽

1

N
(1 + γ)∥L∥22.

This establishes (66), and consequently, (64).
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The second crucial step towards establishing consistency and rates of con-
vergence of the MPL estimators is to provide a lower bound on the minimum
eigenvalue of the negative Hessian of the log pseudo-likelihood function. The
following lemma achieves this.

Lemma F.2. There exists a continuous strictly positive function Cq,γ on [0,∞)×
Rq−1, such that:

(a) λmin

(
−∇2ℓN (β,B)

)
⩾ Cq,γ(β,B)NTN (X).

(b) λmin

(
−∇2

BℓN (β,B)
)
⩾ Cq,γ(β,B)N and

(c) −∂2ℓN (β,B)
∂β2 ⩾ Cq,γ(β,B)NUN (X)

where TN and UN are as defined in (10) and (20), respectively.

Proof. It follows from (6), (7) and a simple calculation, that the second-order
partial derivatives of ℓN are given by:

∂2ℓN (β,B)

∂β2
= −

N∑
i=1

∑
1⩽a<b⩽q

(mi,a(X) −mi,b(X))
2
θi,a(X)θi,b(X),

∂2ℓN (β,B)

∂Bs∂β
= −

N∑
i=1

q∑
a=1

(mi,s(X) −mi,a(X)) θi,a(X)θi,s(X) (1 ⩽ s ⩽ q − 1),

∂2ℓN (β,B)

∂B2
s

= −
N∑
i=1

∑
a̸=s

θi,s(X)θi,a(X) (1 ⩽ s ⩽ q − 1),

∂2ℓN (β,B)

∂Br∂Bs
=

N∑
i=1

θi,r(X)θi,s(X) (1 ⩽ r ̸= s ⩽ q − 1)

Here θi,t(x) = P(Xi = t|Xj = xj , j ̸= i) is as in (4). Using the above expressions,
for any y := (y0, y1, . . . , yq−1) ∈ Rq, we have:

−y⊤∇2ℓN (β,B)y

=

N∑
i=1

[
y20

∑
1⩽a<b⩽q

(
mi,a(X) −mi,b(X)

)2
θi,a(X)θi,b(X)

+2y0

q−1∑
s=1

ys

q∑
a=1

(
mi,s(X) −mi,a(X)

)
θi,a(X)θi,s(X)

+

q−1∑
s=1

y2sθi,s(X)
∑
a̸=s

θi,a(X) − 2
∑

1⩽r<s⩽q−1

yrysθi,r(X)θi,s(X)

]
.(68)

The first term in the RHS of (68) (without y20) can be simplified as follows:∑
1⩽a<b⩽q

(
mi,a(X) −mi,b(X)

)2
θi,a(X)θi,b(X)
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=
∑

1⩽r<s⩽q−1

(
mi,r(X) −mi,s(X)

)2
θi,r(X)θi,s(X)

+

q−1∑
r=1

(
mi,r(X) −mi,q(X)

)2
θi,r(X)θi,q(X)

The second term in the RHS of (68) (without 2y0) can be simplified as follows:

q−1∑
s=1

ys

q∑
a=1

(
mi,s(X) −mi,a(X)

)
θi,a(X)θi,s(X)

=

q−1∑
s,r=1

(
mi,s(X) −mi,r(X)

)
ysθi,s(X)θi,r(X)

+

q−1∑
s=1

(
mi,s(X) −mi,q(X)

)
ysθi,s(X)θi,q(X)

=
∑

1⩽r<s⩽q−1

(
mi,s(X) −mi,r(X)

)
(ys − yr)θi,s(X)θi,r(X)

+

q−1∑
s=1

(
mi,s(X) −mi,q(X)

)
ysθi,s(X)θi,q(X)

The third term in the RHS of (68) can be simplified as follows:

q−1∑
s=1

y2sθi,s(X)
∑
a̸=s

θi,a(X)

=

q−1∑
s=1

y2sθi,s(X)

q−1∑
r=1

1r ̸=s(X)θi,r(X) +

q−1∑
s=1

y2sθi,s(X)θi,q(X)

=
∑

1⩽r<s⩽q−1

(y2r + y2s)θi,r(X)θi,s(X) +

q−1∑
s=1

y2sθi,s(X)θi,q(X)

=
∑

1⩽r<s⩽q−1

(yr − ys)
2θi,r(X)θi,s(X) + 2

∑
1⩽r<s⩽q−1

yrysθi,r(X)θi,s(X)

+

q−1∑
s=1

y2sθi,s(X)θi,q(X).

Using the three displays above the RHS of(68) simplifies to

N∑
i=1

[
y20

∑
1⩽r<s⩽q−1

(
mi,r(X) −mi,s(X)

)2
θi,r(X)θi,s(X)
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+y20

q−1∑
r=1

(
mi,r(X) −mi,q(X)

)2
θi,r(X)θi,q(X)

+2y0
∑

1⩽r<s⩽q−1

(
mi,r(X) −mi,s(X)

)
(yr − ys)θi,r(X)θi,s(X)

+2y0

q−1∑
r=1

(
mi,r(X) −mi,q(X)

)
yrθi,r(X)θi,q(X)

+
∑

1⩽r<s⩽q−1

(yr − ys)
2θi,r(X)θi,s(X) +

q−1∑
r=1

y2rθi,r(X)θi,q(X)

]

=

N∑
i=1

∑
1⩽r<s⩽q−1

{(mi,r(X) −mi,s(X))y0 + yr − ys}2θi,r(X)θi,s(X)

+

N∑
i=1

q−1∑
r=1

{(mi,r(X) −mi,q(X))y0 + yr}2θi,r(X)θi,q(X). (69)

Now, it follows from Condition (8) that mi,r(X) ⩽ γ, and so

θi,r(X) ⩾ α := q−1 exp{−βγ − 2∥B∥∞} > 0 .

Hence,

−y⊤∇2ℓN (β,B)y ⩾ α2
N∑
i=1

∑
1⩽r<s⩽q−1

{(mi,r(X) −mi,s(X))y0 + yr − ys}2

+ α2
N∑
i=1

q−1∑
r=1

{(mi,r(X) −mi,q(X))y0 + yr}2

= α2y⊤HNy (70)

where

HN :=

(∑
i

∑
1⩽r<s⩽q(mi,r(X) −mi,s(X))2

∑
i v

T
i∑

i vi N(qI − J)

)
with I and J being the (q− 1)× (q− 1) identity matrix and matrix of all ones,
respectively, and

vi = (qmi,1(X) −
∑
r

mi,r(X), . . . , qmi,q−1(X) −
∑
r

mi,r(X))T ∈ Rq−1.

The above equality (70) follows from repeating the above calculations, and (69)
replacing θi,r(X) by 1 throughout. Thus HN is non-negative definite, and de-
noting λ1 ⩽ . . . ⩽ λq to be eigenvalues of HN we have:

λ1 tr(HN )q−1 = λ1
∑

1⩽i1,...,iq−1⩽q

λi1 . . . λiq−1 ⩾
q∏
i=1

λi = det(HN ). (71)
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Next, using the fact that (qI − J)−1 = 1
q (I + J), along with the expression for

the determinant of a block partitioned matrix, we get:

det(HN )

= det(N(qI − J))

∑
i

∑
r<s

(mi,r(X) −mi,s(X))2 − 1

Nq

(∑
i

vi

)⊤

(I + J)

(∑
i

vi

) .
Next, on noting that the rth entry of

∑
i vi is given byNq(mr(X)− 1

q

∑q
s=1ms(X))

for 1 ⩽ r ⩽ q − 1, we have:

1

Nq

( N∑
i=1

vi

)⊤
(I + J)

( N∑
i=1

vi

)

= Nq

q−1∑
r=1

(
mr(X) − 1

q

q∑
s=1

ms(X)

)2

+

(
q−1∑
r=1

(
mr(X) − 1

q

q∑
s=1

ms(X)

))2


= Nq

q−1∑
r=1

(
mr(X) − 1

q

q∑
s=1

ms(X)

)2

+

(
−mq(X) +

1

q

q∑
s=1

ms(X)

)2


= Nq

q∑
r=1

(
mr(X) − 1

q

q∑
s=1

ms(X)

)2

.

Hence, we have:

det(HN )

= Nq−1qq−2

∑
i

∑
r<s

(mi,r(X) −mi,s(X))2 −Nq

q∑
r=1

(
mr(X) − 1

q

q∑
s=1

ms(X)

)2


= Nq−1qq−2

[∑
i

∑
r<s

(mi,r(X) −mi,s(X))2 −N
∑
r<s

(mr(X) −ms(X))
2

]
= Nqqq−2TN (X),

where the last equality uses (30). Also, note that:

tr(HN ) =
∑
i

∑
r<s

(mi,r(X)−mi,s(X))2 +N(q− 1)2 ⩽ N

[(
q

2

)
γ2 + (q − 1)2

]
.

Hence, (71) implies that
λ1 ⩾ Cq,γNTN (X) ,

where

Cq,γ :=
qq−2((

q
2

)
γ2 + (q − 1)2

)q−1 .
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It now follows from (70) that

−y⊤∇2ℓN (β,B)y ⩾ Cq,γδ
2(β,B, γ)∥y∥22NTN (X)

for all y ∈ Rq, from which part (a) follows on taking y as an eigenvector of
−∇2ℓN (β,B) corresponding to its minimum eigenvalue. Part (b) follows from
(70) on taking y = (0, ỹ), and noting that the smallest eigenvalue of the (q −
1) × (q − 1) matrix qI − J is 1. Part (c) follows on taking y in (70) to be the
vector (1, 0, . . . , 0) of length q.

Appendix G: Proof of Lemma A.1

The proof of Lemma A.1 is based on reducing the Curie-Weiss Potts model to a
product measure, by conditioning on a suitable random variable. Towards this,
conditional on X ∼ PCW

β,B, let Z1, . . . , Zq be independent random variables with

Zr ∼ N(X̄r, (βN)−1). Define Z := (Z1. . . . , Zq).

Lemma G.1. If X follows the Curie-Weiss Potts model PCW
β,B, then the entries

of X|Z are independent and identically distributed, with

PCW
β,B(Xi = r|Z) =

eβZr+Br∑q
s=1 e

βZs+Bs
.

Proof. Recall from (40) that:

PCW
β,B(X) ∝ exp

(
Nβ

2

q∑
r=1

X̄2
r +N

q∑
r=1

BrX̄r

)
.

Hence, we have:

PCW
β,B(X,Z) ∝ PCW

β,B(X)
∏
r

P(Zr|X)

∝ exp

{
Nβ

2

∑
r

(
X̄2
r − (Zr − X̄r)

2
)

+N

q∑
r=1

BrX̄r

}

= exp

{
−Nβ

2

∑
r

Z2
r +Nβ

∑
r

X̄rZr +N

q∑
r=1

BrX̄r

}
.

Therefore,

PCW
β,B(X|Z) ∝ exp

{
N∑
i=1

q∑
r=1

Xi,r(βZr +Br)

}
,

and so given Z the random variables (X1, · · · , XN ) are iid, with

PCW
β,B(Xi = r|Z) =

eβZr+Br∑q
s=1 e

βZs+Bs
.

This completes the proof of Lemma G.1.
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Returning to the proof of Lemma A.1, let us define for every r ∈ [q] and
x ∈ [q]N :

SN,r(x) :=

N∑
i=1

(
mi,r(x) −mr(x) − 1

q
(Ri − R̄)

)2

.

For ease of notation, we will abbreviate SN,r(X) by SN,r. Then, we have:

E(SN,r|Z) =

N∑
i=1

E

((
mi,r(X) −mr(X) − 1

q
(Ri − R̄)

)2
∣∣∣∣∣Z
)

⩾
N∑
i=1

Var

[
mi,r(X) −mr(X) − 1

q
(Ri − R̄)

∣∣∣∣∣Z
]

=

N∑
i=1

Var

 N∑
j=1

aijXj,r −
1

N

N∑
j=1

RjXj,r −
1

q

N∑
j=1

(
aij −

Rj
N

) ∣∣∣∣∣Z


=

N∑
i=1

Var

 N∑
j=1

(
aij −

Rj
N

)(
Xj,r −

1

q

) ∣∣∣∣∣Z


= Var (X1,r|Z)

N∑
i=1

N∑
j=1

(
aij −

Rj
N

)2

where in going from the second to the third line in the above display, we have
used the following identity:

mr(X) :=
1

N

N∑
i=1

N∑
j=1

aijXj,r =
1

N

N∑
j=1

Xj,r

N∑
i=1

aij =
1

N

N∑
j=1

RjXj,r.

The RHS above can be bounded below, as follows:

N∑
i=1

N∑
j=1

(
aij −

Rj
N

)2

=

N∑
i=1

N∑
j=1

a2ij −
1

N

N∑
i=1

R2
i ⩾

N∑
i=1

N∑
j=1

a2ij − γ2 = Ω(N),

where the last equality uses the non mean-field condition (13). Hence, we have
shown that

E(SN,r|Z) ⩾ Ω(N) Var(X1,r|Z) . (72)

Next, we will show that for any sequence βN which is bounded away from 0
and ∞, the quantity VarCW

βN ,B(X1,r|Z) is bounded away from 0. For this, it only

suffices to show that PCW
βN ,B

(X1 = r|Z) is bounded away from both 0 and 1. To
this effect, Lemma G.1 gives:

PCW
βN ,B(X1 = r|Z) =

exp{βNZr +Br}∑q
s=1 exp{βNZs +Bs}

=
1

1 +
∑
s̸=r exp{βN (Zs − Zr) +Bs −Br}

.
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Define the event E := {Z ∈ [−2, 2]q}, and note that on E we have:

1

1 + (q − 1) exp{4β̄ + 2∥B∥∞}
⩽ PCW

βN ,B(X1 = r|Z) ⩽
1

1 + (q − 1) exp{−4β̄ − 2∥B∥∞}
.

where β̄ <∞ is an upper bound of βN . The above bound along with (72) gives:

ECW
βN ,B(SN,r|Z) ⩾ CN

on the event E , for some constant C > 0 not depending on N .

We will now show, using McDiarmid’s inequality, that SN,r concentrates
around ECW

βN ,B
(SN,r|Z). For this, fix two vectors x and x′ in [q]N that differ

exactly in the kth coordinate. Then, we have:

|SN,r(x) − SN,r(x
′)|

=

∣∣∣∣∣
N∑
i=1

[(
mi,r(x) −mr(x) − 1

q
(Ri − R̄)

)2

−
(
mi,r(x

′) −mr(x
′) − 1

q
(Ri − R̄)

)2
]∣∣∣∣∣

⩽ 4γ

N∑
i=1

|mi,r(x) −mr(x) −mi,r(x
′) +mr(x

′)| .

Also we have:

N∑
i=1

|mi,r(x) −mr(x) −mi,r(x
′) +mr(x

′)|

=

N∑
i=1

∣∣∣∣∣aik(xk,r − x′k,r) −
1

N

N∑
ℓ=1

aℓk(xk,r − x′k,r)

∣∣∣∣∣
⩽

N∑
i=1

aik +

N∑
ℓ=1

aℓk ⩽ 2γ.

Combining the above two, we thus have:

|SN,r(x) − SN,r(x
′)| ⩽ 8γ2.

Hence, by McDiarmid’s inequality, we have the following on the event E :

PCW
βN ,B

(
SN,r <

CN

2

∣∣∣∣∣Z
)

⩽ PCW
βN ,B

(
SN,r < ECW

βN ,B(SN,r|Z) − CN

2

∣∣∣∣∣Z
)

⩽ exp

(
− C2N2

128Nγ4

)
= exp

(
− NC2

128γ4

)
Hence, we have:

PCW
βN ,B

(
SN,r ⩽

CN

2

)
= ECW

βN ,B PCW
βN ,B

(
SN,r ⩽

CN

2

∣∣∣∣∣ Z
)
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⩽ PβN ,B(E c) + ECW
βN ,B PCW

βN ,B

(
SN,r ⩽

CN

2

∣∣∣∣∣ Z
)
1E

⩽ PβN ,B(E c) + exp

(
− NC2

128γ4

)
.

Also, we have

PCW
βN ,B(E c) ⩽ q max

1⩽r⩽q
PβN ,B(|Zr| > 2)

= q max
1⩽r⩽q

EβN ,B PβN ,B(|Zr| > 2|X)

⩽ q max
1⩽r⩽q

EβN ,B PβN ,B(|Zr − X̄r| > 1|X) (since |X̄r| ⩽ 1)

= q max
1⩽r⩽q

EβN ,B PβN ,B

(√
βNN |Zr − X̄r| >

√
βNN

∣∣∣X)
= qP(|Z| >

√
βNN) (where Z ∼ N(0, 1))

⩽ 2qe−βN/2,

where β > 0 is a lower bound of βN . Combining all these, we conclude:

PCW
βN ,B

(
SN,r ⩽

CN

2

)
⩽ e−KN

for some constant K > 0 (not depending on N), which invoking (31) gives:

PCW
βN ,B

(
TN (X) <

Cq

2

)
⩽ qe−KN =⇒ PCW

βN ,B

(
X ∈ EN

(
Cq

2

))
⩽ qe−KN ,

where the set EN (·) is as in (29).
To complete the proof, it suffices to verify that the sequence βN = βR̄ is

bounded above by β̄ < ∞, and bounded below by β > 0. But this follows on
using (8) and (9), and recalling that β > 0.

Appendix H: Necessary results for proving Theorem 1.5

In this section, we state and prove some lemmas which will be used to verify
Theorem 1.5.

Lemma H.1. Let X = (X1, . . . , XN ) ∈ [q]N be distributed according to the
Curie–Weiss Potts measure PCW

β,B (40). Let

fr(t) =
exp{βtr +Br}∑q
s=1 exp{βts +Bs}

, t ∈ Rq, r ∈ [q]

be as in (33), and f : Rq → P([q]) (see (17)) as f(t) := (f1(t), . . . , fq(t)). Then
for every r ∈ [q] and every t ⩾ 0,

PCW
β,B

(∥∥X̄ − f(X̄)
∥∥
∞ >

β

2N
+ t

)
⩽ 2q exp

(
− 2Nt2

2 + β

)
.
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Proof. To begin with, use (4) to note that for all i ∈ [N ], r ∈ [q] we have:

P(Xi = r | X−i) = fr(X̄
(i)), where X̄(i)

r :=
1

N

∑
j ̸=i

Xj,r and X̄(i) := (X̄
(i)
1 , . . . , X̄(i)

q ).

(73)
Define X ′ from X by choosing an index I uniformly at random from [N ],
and updating the Ith entry of X by a sample from the conditional distribu-
tion PCW

β,B(XI = ·|X−I) = f·(X̄
(I)), keeping the other entries unchanged. It is

straightforward to verify that (X,X ′) is an exchangeable pair. Fix r ∈ [q] and
define the antisymmetric function

Fr(X,Y ) := N(X̄r − Ȳr), which gives Fr(X,X ′) = XI,r −X ′
I,r ∈ [−1, 1].

Set ur(X) := E
[
Fr(X,X ′) | X

]
, and use the tower property to get

ur(X) =
1

N

N∑
i=1

[
Xi,r − P(Xi = r | X−i)

]
= X̄r −

1

N

N∑
i=1

fr(X̄
(i)), (74)

where we used (73) in the last equality. Next, observe that for t ∈ Rq and
r, s ∈ [q] we have

∂fr
∂ts

(t) = β fr(t)
(
1{r = s} − fs(t)

)
. (75)

Hence

∥∇fr(t)∥1 =

q∑
s=1

∣∣∣∣∂fr∂ts
(t)

∣∣∣∣ = βfr(t)
(

1−fr(t)+
∑
s̸=r

fs(t)
)

= 2βfr(t)(1−fr(t)) ⩽
β

2
.

Consequently, we have:

fr(X̄
(i)) − fr(X̄

′(i)) ⩽
β

2
max
s∈[q]

|X̄(i)
s − X̄

′(i)
s | ⩽ β

2
· 1

N
=

β

2N
.

Hence, it follows from (74) that:

|ur(X) − ur(X
′)| ⩽ 1

N
+

β

2N
.

Consequently, setting

vr(X) :=
1

2
E
(
|ur(X) − ur(X

′)| |Fr(X,X ′)|
∣∣∣ X),

the above display gives vr(X) ⩽ 2+β
4N . Hence, by Theorem 1.5 in Chatterjee

(2007b) we have:

PCW
β,B(|ur(X)| > t) ⩽ 2 exp

(
− 2Nt2

2 + β

)
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Next, define gr(X) := X̄r − fr(X̄), and use (74) to get:

|gr(X) − ur(X)| ⩽ 1

N

N∑
i=1

∣∣∣fr(X̄(i)) − fr(X̄)
∣∣∣ ⩽ 1

N

N∑
i=1

β

2
max
s∈[q]

|X̄(i)
s − X̄s| ⩽

β

2N
.

Therefore, we have:

PCW
β,B

(
|gr(X)| > β

2N
+ t

)
⩽ PCW

β,B(|ur(X)| > t) ⩽ 2 exp

(
− 2Nt2

2 + β

)
.

The proof of Lemma H.1 is now complete by a further union bound.

Lemma H.2. Suppose the following assumptions hold:

(i) Let m ∈ P ([q]) (see (17)) be a solution to the equation ξ(t) = 0, where
ξ(t) := t− f(t), and f : Rq 7→ P ([q]) is as in (4).

(ii) Setting H = Hβ,B : P ([q]) → R by

H(t) :=
β

2

q∑
r=1

t2r +

q∑
r=1

Brtr −
q∑
r=1

tr log tr,

as in (18), we have u⊤∇2H(m)u < 0 for all u ∈ T ∗ \ {0}, where

T ∗ :=
{
u ∈ Rq :

q∑
r=1

ur = 0
}
. (76)

Then, the Jacobian operator Dξ(m) viewed as a linear map on the domain T ∗,
is injective.

Proof. Since m = f(m) (assumption (i)), using (75) the Jacobian of f at m is
given by

∂fr
∂ts

(m) = βmr(1{r = s} −ms),

which can be written in matrix form as

Df(m) = β(diag(m)−mm⊤) =: βΣ(m) ⇒ Dξ(m) = I−Df(m) = I−βΣ(m).

On the other hand, for t ∈ P ([q]) with strictly positive coordinates, the Hessian
of H at m is given by

∇2H(m) = βI − diag(1/m1, . . . , 1/mq).

Now, for any u ∈ Rq we have:

u⊤Σ(m)u =

q∑
r=1

mru
2
r −

( q∑
r=1

mrur

)2
=

1

2

q∑
r,s=1

mrms(ur − us)
2 ⩾ 0.
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Thus Σ(m) is positive semidefinite. Moreover, u⊤Σ(m)u = 0 if and only if
ur = us for all r, s, which implies that the null space of Σ(m) is span{1}. Con-
sequently, the map u 7→ Σ(m)u restricted to T ∗ is invertible.

Now, suppose that u ∈ T ∗. Then

Σ(m) diag(1/m)u = (diag(m) −mm⊤) diag(1/m)u = u−m

q∑
r=1

ur = u,

since
∑
r ur = 0. Using the explicit form of ∇2H(m), this yields

Σ(m)∇2H(m)u = Σ(m)
(
βI − diag(1/m)

)
u

= βΣ(m)u− u

= −(I − βΣ(m))u = −Dξ(m)u.

Therefore, for all u ∈ T ∗,

Dξ(m)u = −Σ(m)∇2H(m)u.

Now, suppose that Dξ(m)u = 0 for some u ∈ T ∗. Then, the above display
gives ∇2H(m)u ∈ Null(Σ(m)), which implies that ∇2H(m)u = c1 for some
constant c. Hence, u⊤∇2H(m)u = 0, which by assumption (ii) gives u = 0.
Hence, Dξ(m) is injective on the domain T ∗. This completes the proof of Lemma
H.2.

Lemma H.3. Assume the setting of the Curie–Weiss Potts model defined in
(40). Suppose that Hβ,B (as in (18)) admits a unique global maximizer m ∈
P([q]) (cf. Theorem 1.5). Then for every δ > 0,

lim sup
N→∞

1

N
logPCW

β,B

(
∥X̄ −m∥∞ ⩾ δ

)
< 0.

In particular,

X̄
P−→ m.

Proof. To begin with, define:

Pq,N := {v ∈ P([q]) : Nvr ∈ Z for all r} ,

where Z denotes the set of all integers. For v ∈ Pq,N define

AN (v) = {x ∈ [q]N : x̄ = v}.

Then for any Borel set G ⊂ Rq,

PCW
β,B(X̄ ∈ G) =

∑
v∈Pq,N∩G |AN (v)| exp

{
N
(
β
2

∑q
r=1 v

2
r +

∑q
r=1Brvr

)}
∑

v∈Pq,N
|AN (v)| exp

{
N
(
β
2

∑q
r=1 v

2
r +

∑q
r=1Brvr

)} .

(A.1)
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By Lemma S.4.1 in Bhowal and Mukherjee (2023),

|AN (v)| = exp

{
−N

q∑
r=1

vr log vr

}
· eo(N)

uniformly over v ∈ Pq,N . Substituting this estimate for |AN (v)| into (A.1) and
using the fact that |Pq,N | ⩽ (N + 1)q = eo(N), we have:

PCW
β,B(X̄ ∈ G) ⩽ eo(N)

supv∈Pq,N∩G e
NHβ,B(v)

supv∈Pq,N
eNHβ,B(v)

(77)

Now, note that
sup

v∈Pq,N

Hβ,B(v) ⩽ sup
v∈P([q])

Hβ,B(v). (78)

On the other hand, if m is the unique maximizer of Hβ,B on P([q]), then by
Lemma S.4.3 in Bhowal and Mukherjee (2023), there exists a sequence vN ∈
Pq,N such that vN → m. By continuity of Hβ,B , we have:

sup
v∈Pq,N

Hβ,B(v) ⩾ Hβ,B(vN ) = Hβ,B(m) = sup
v∈P([q])

Hβ,B(v). (79)

Combining (78) and (79), we have:

sup
v∈Pq,N

Hβ,B(v) −→ sup
v∈P([q])

Hβ,B(v) as N → ∞.

Hence, we have the following from (77):

lim sup
N→∞

1

N
logPCW

β,B(X̄ ∈ G) ⩽ sup
v∈P([q])

⋂
G

Hβ,B(v) − sup
v∈P([q])

Hβ,B(v). (80)

Choosing G := {v ∈ P([q]) : ∥v−m∥∞ ⩾ δ}, the RHS of (80) equals a negative
constant Cε (since m is the unique maximizer of Hβ,B and m /∈ G). This
completes the proof of Lemma H.3.

Lemma H.4. Suppose that X is sampled from the Curie-Weiss Potts model
(40) and conditional on X, let Z1, . . . , Zq be independent random variables with
Zr ∼ N(X̄r, (βN)−1). Let Z := (Z1, . . . , Zq) and X̄ := (X̄1, . . . , X̄q).

(i) Suppose that (β,B) ∈ (0,∞) × Rq−1 is such that the function

Hβ,B(t) :=
β

2

q∑
r=1

t2r +

q∑
r=1

Brtr −
q∑
r=1

tr log tr

(as defined in (18)) has a unique global maximizer m on the set P([q]).
(ii) Suppose further that the quadratic form u⊤∇2Hβ,B(m)u is strictly nega-

tive for all u ∈ T := {u ∈ Rq \ {0} :
∑q
r=1 ur = 0}.

Then both the random variables
√
N(X̄ −m) and

√
N(Z −m) are tight.
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Proof. Set fr : P ([q]) 7→ R as in (33), setting f = (f1, · · · , fq), and ξ(t) =
t−f(t) as in the statement of Lemma H.2. We now claim that there exists open
sets U ⊆ Rq containing m, and V ⊆ Rq containing ξ(m) = 0, such that the
function ξ : U ∩ P ([q]) 7→ V ∩ T ∗ is invertible, with

ε := inf
u∈U∩P ([q])

inf
v∈T∗:∥v∥2=1

∥Dξ(u)v∥2 > 0,

where Dξ(u) is the Jacobian of the function ξ : Rq 7→ Rq at u ∈ Rq.

We now complete the proof of the lemma, deferring the proof of the claim.
By Lemma H.3 we have P(X̄ ∈ U) → 1, as m ∈ U , and on the set X̄ ∈ U we
have

∥
√
N(X̄ −m)∥2 =

∥∥∥√N (ξ−1(ξ(X̄)) − ξ−1(0)
)∥∥∥

2

⩽
√
N∥ξ(X̄)∥2 sup

v∈V
∥Dξ−1(v)∥2

=
√
N∥ξ(X̄)∥2 sup

u∈U
∥(Dξ(u)|T∗)−1∥2 ⩽ ε−1

√
N∥ξ(X̄)∥2.

Since
√
N∥ξ(X̄)∥2 = Op(1) by Lemma H.1, tightness of

√
N(X̄ − m̄) follows.

Tightness of
√
N(Z −m) follows on noting that(√

N(Z −m)|X
)
∼ N

(√
N(X̄ −m), β−1

)
.

It thus remains to verify the claim, for which we will invoke the Inverse
function theorem. We break the proof into the following steps:

• m satisfies ξ(m) = 0.
A Lagrangian argument gives that the global maximizer m of the function
Hβ,B(·) satisfies the fixed point equation

mr =
eβmr+Br∑q
s=1 e

βms+Bs
= fr(m) , (81)

and so we have m = f(m), i.e. ξ(m) = 0.

• ξ maps P ([q]) into T ∗, where T ∗ is as in (76).
Since f(t) ∈ P([q]) for all t ∈ P([q]), we have

∑q
r=1 ξr(t) = 0, and hence

ξ(t) ∈ T ∗ = {u ∈ Rq :

q∑
r=1

ur = 0}.

• For u ∈ P([q]), the Jacobian operator Dξ(u) induces a linear map

Dξ(u)|T∗ : T ∗ → T ∗.

To see this, use (75) to note that for any u ∈ Rq we have

Dξ(u) = I − β(diag(f) − ff⊤)
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where f := f(u) ∈ P([q]), and hence,

1⊤Dξ(u) = 1⊤ − β(f⊤ − 1⊤ff⊤) = 1⊤,

which implies that for v ∈ T ∗, one has 1⊤Dξ(u)v = 1⊤v = 0. So,
Dξ(u)|T∗ indeed maps T ∗ to T ∗.

• Completing the proof
By Lemma H.2, the linear map Dξ(m)|T∗ : T ∗ → T ∗ is injective, which
along with the rank-nullity theorem and the previous step showsDξ(m)|T∗ :
T ∗ → T ∗ is invertible. By continuity of Dξ(u)|T∗ in u, there exists a non-
empty neighborhood U ′ ⊆ Rq of m such that

ε′ := inf
u∈U ′∩P ([q])

inf
v∈T∗:∥v∥2=1

∥Dξ(u)v∥ > 0,

By the inverse function theorem applied to the map ξ : P([q]) → T ∗, there
exist non-empty neighborhoods U ⊆ U ′ of m and V ⊆ T ∗ of ξ(m) = 0
such that the restriction ξ : U ∩ P ([q]) → V ∩ T ∗ is a bijection (hence,
invertible). This verifies the claim, and hence completes the proof of the
Lemma.

Lemma H.5. Let (β,B) ∈ (0,∞) × Rq−1 be such that:

(i) The function Hβ,B(t) = β
2

∑q
r=1 t

2
r +

∑q
r=1Brtr −

∑q
r=1 tr log tr (as de-

fined in (18)) has the unique global maximizer m on the set P([q]),
(ii) u⊤∇2H(m)u < 0 for all u ∈ T = {u ∈ Rq \ {0} :

∑q
r=1 ur = 0}.

Then, the product measure mN := ⊗Ni=1m is contiguous to the Curie-Weiss
Potts measure PCW

β,B.

Proof. Suppose that X is sampled from the Curie-Weiss Potts model (40) and
conditional on X, let Z1, . . . , Zq be independent random variables with Zr ∼
N(X̄r, (βN)−1). Let Z := (Z1, . . . , Zq) and X̄ := (X̄1, . . . , X̄q). Also, let P
denote the joint distribution of X and Z. By Lemma G.1 and (33), we have
P(Xi = r|Z) = fr(Z), where

fr(t) :=
eβtr+Br∑q
s=1 e

βts+Bs
.

Next, define
Wr :=

√
N(fr(Z) − fr(m)) . (82)

Note that ∥∇fr(·)∥∞ <∞ and
√
N(Z−m) is tight (by Lemma H.4), and hence

Wr = OP(1). Since mr = fr(m) (see (81)), we get the following from (82):

P(Xi = r|Z) = mr +
Wr√
N

.
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Next, define a product measure Q on [q]N × Rq as Q := mN ⊗ µ, where µ
denotes the marginal distribution of Z. Setting TN,r := |{i ∈ [N ] : Xi = r}|,
the standard central limit theorem gives the following under Q:

TN,r −Nmr√
N

= OQ(1) .

Now, for every K > 0, on the intersection of the events |Wr| ⩽ K and |TN,r −
Nmr| ⩽ K

√
N for all r ∈ [q], we have:

log
Q(X|Z)

P(X|Z)
= −

q∑
r=1

TN,r log

(
1 +

Wr

mr

√
N

)

= −
q∑
r=1

TN,r

(
Wr

mr

√
N

+O

(
K2

N

))

= −
q∑
r=1

TN,rWr

mr

√
N

+O(K2)

=

q−1∑
r=1

Wr

(
TN,q

mq

√
N

− TN,r

mr

√
N

)
+O(K2) (since

q∑
r=1

Wr = 0)

⩽
q−1∑
r=1

|Wr|
(
K

mr
+

K

mq

)
+O(K2)

⩽ K2

q∑
r=1

(
1

mr
+

1

mq

)
+O(K2) =: ϕK .

Thus, if AN ⊆ [q]N is a sequence of sets such that P(X ∈ AN ) → 0 as N → ∞,
then:

Q
(
X ∈ AN , |Wr| ⩽ K ∀r ∈ [q], |TN,r −Nmr| ⩽ K

√
N ∀r ∈ [q]

)
= EQ

(
X ∈ AN , |Wr| ⩽ K ∀r ∈ [q], |TN,r −Nmr| ⩽ K

√
N ∀r ∈ [q]

∣∣∣Z)
⩽ eϕKEP

(
X ∈ AN , |Wr| ⩽ K ∀r ∈ [q], |TN,r −Nmr| ⩽ K

√
N ∀r ∈ [q]

∣∣∣Z)
= eϕKP

(
X ∈ AN , |Wr| ⩽ K ∀r ∈ [q], |TN,r −Nmr| ⩽ K

√
N ∀r ∈ [q]

)
⩽ eϕKP(X ∈ AN ).

Hence, we have:

Q(X ∈ AN ) ⩽ eϕKP(X ∈ AN )+

q∑
r=1

Q(|Wr| > K)+

q∑
r=1

Q(|TN,r−Nmr| > K
√
N)

which on letting N → ∞ followed by K → ∞ gives Q(X ∈ AN ) → 0. This
completes the proof of Lemma H.5.
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Appendix I: Other Technical Lemmas

In this section, we state additional technical lemmas necessary for proving some
of the main results of the paper. We start with the following lemma, which is
crucial in establishing existence of the partial MPL estimators β̂N and B̂N .

Lemma I.1. Define the sets A2,N , A3,N , A4,N

A2,N ={x ∈ [q]N : mi,xi
(x) = min

r∈[q]
mi,r(x) for all i ∈ [N ]},

A3,N ={x ∈ [q]N : mi,xi(x) = max
r∈[q]

mi,r(x) for all i ∈ [N ]},

A4,N ={x ∈ [q]N : There exists r ∈ [q] such that for all i ∈ [N ], xi ̸= r},

as in (59), (58) and (57) respectively. Then, the following conclusions hold:

(a) If X ∈ Ac2,N
⋂
Ac3,N , then for every B ∈ Rq−1, ℓN (β,B) → −∞ as

|β| → ∞.
(b) If X ∈ Ac4,N , then for every β ∈ R, ℓN (β,B) → −∞ as ∥B∥∞ → ∞.

Proof. To begin with, use (5) to note that:

ℓN (β,B) =

N∑
i=1

log(θi,Xi),

where θi,r is as in (4), and satisfies the inequality

θi,Xi
=

exp{βmi,Xi(X) +BXi}∑q
t=1 exp{βmi,t(X) +Bt}

⩽
1

1 + exp{β(mi,t(X) −mi,Xi
(X)) +Bt −BXi

}
(83)

for all t ̸= Xi. Since θi,r ⩽ 1 for all i, r, showing ℓN (β,B) → −∞ is equivalent
to proving that there exists i ∈ [N ] such that θi,Xi → 0.

(a) |β| → ∞.

Case I.2 (β → −∞). If X ∈ Ac2,N , there exists i ∈ [N ] and r ∈ [q] such
that mi,r(X) < mi,Xi

(X) (and so Xi ̸= r). Then, (83) with t = r gives:

θi,Xi
⩽

1

1 + exp{β(mi,r(X) −mi,Xi(X)) +Br −BXi}

which implies that θi,Xi → 0 as β → −∞.

Case I.3 (β → ∞). If X ∈ Ac3,N , there exists i ∈ [N ] and r ∈ [q] such
that mi,r(X) > mi,Xi(X) (and so Xi ̸= r). Then, (83) with t = r gives:

θi,Xi
⩽

1

1 + exp{β(mi,r(X) −mi,Xi
(X)) +Br −BXi

}

which implies that θi,Xi → 0 as β → ∞.
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(b) ∥B∥∞ → ∞
This ensures the existence of an r ∈ [q] such that |Br| → ∞. Also r ̸= q,
as Bq = 0 by convention.

Case I.4 (Br → −∞). If X ∈ Ac4,N , there exists i ∈ [N ] such that Xi = r,
in which case (83) with t = q gives:

θi,Xi ⩽
1

1 + exp{β(mi,q(X) −mi,r(X)) −Br}

which implies that θi,Xi
→ 0 as Br → −∞.

Case I.5 (Br → ∞). If X ∈ Ac4,N , there exists i ∈ [N ] such that Xi ̸= r
(otherwise the whole vector {Xi}1⩽i⩽N have the same color, which con-
tradicts A4,N ). Using (83) with t = r we have:

θi,Xi
⩽

1

1 + exp{β(mi,r(X) −mi,Xi(X)) +Br −BXi}

which implies that θi,Xi → 0 as Br → ∞.

This completes the proof of Lemma I.1.

The next result gives a concentration for the vector of conditional probabili-
ties, and will be used to prove Theorem 1.4.

Lemma I.6. Suppose X is an observation from the Potts model (1), where the
coupling matrix AN satisfies the assumptions (8), (9) and (43). Let SN,q denote
the set of all y := ((yi,r))i∈[N ],r∈[q] ∈ [0, 1]Nq, such that

∑q
r=1 yi,r = 1 for all

i ∈ [N ]. Set the functions hN : SN,q → R and IN : SN,q → R as:

hN (y) =
β

2

∑
1⩽i,j⩽N

q∑
r=1

aijyi,ryj,r+

N∑
i=1

q∑
r=1

Bryi,r and IN (y) =

N∑
i=1

q∑
r=1

yi,r log yi,r

(as in (47)), and let ψN (y) = hN (y)−IN (y) (as in (48)), θ(X) = ((θi,r(X)))i∈[N ],r∈[q]

and

∇(y) =
1

q

q∑
r=1

∇·r(y)

(as in (51)) where ∇·r(y) := ((∂ψN/∂yi,r))i∈[N ] (as in (50)). Then, we have
the following.

(a) As N → ∞,
ψN (θ(X)) = sup

y∈SN,q

ψN (y) + oP(N).1

1By a slight abuse of notation, for a function ℓ : [0, 1]Nq → R and a vector x ∈ [q]N , we
will often refer to ℓ((xi,r)i∈[N ],r∈[q]) as ℓ(x), where xi,r := 1xi=r
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(b) For all r ∈ [q], as N → ∞,

∥∇·r(θ(X)) −∇(θ(X))∥ = oP(
√
N).

Proof. (a) Choosing bitrs = 1t=r and g ≡ 1 in Lemma F.1 gives Li = 1, and so

P

(∣∣∣ N∑
i=1

(Xir − θi,r(X))
∣∣∣ ⩾ √

Nt

)
⩽ 2 exp(−Ct).

Similarly, choosing bitrs = 1t=r, g(x) = x and λ = 0 in Lemma F.1 gives Li = 1,
and so

P

(∣∣∣ N∑
i=1

(Xir − θi,r(X))mi,r(X)
∣∣∣ ⩾ √

Nt

)
⩽ 2 exp(−Ct).

Fixing ε > 0, a union bound over all the colors r ∈ [q] gives P(X ∈ AN,ε
⋂
BN,ε) →

1, where:

AN,ε :=

{
x ∈ [q]N :

∣∣∣∣∣
N∑
i=1

(xi,r − θi,r(x))

∣∣∣∣∣ ⩽ Nε for all r ∈ [q]

}
,

BN,ε :=

{
x ∈ [q]N :

∣∣∣∣∣
N∑
i=1

(xi,r − θi,r(x))mi,r(x)

∣∣∣∣∣ ⩽ Nε for all r ∈ [q]

}
.

Also, it follows from the proof of Theorem 1.1 in Basak and Mukherjee (2017)
(see (Basak and Mukherjee, 2017, Lem 3.2)), that under Conditions (8) and
(43) we have:

E
[
(hN (X) − hN (θ(X))

2
]

= o(N2)

and hence P(X ∈ CN,ε) → 1, where

CN,ε :=
{
x ∈ [q]N : |hN (x) − hN (θ(x))| ⩽ Nε

}
.

This shows that P(X ∈ DN,ε) → 1, where DN,ε = AN,ε
⋂
BN,ε

⋂
CN,ε. Conse-

quently, setting

WN,δ :=
{
x ∈ [q]N : ψN (θ(x)) ⩽ rN −Nδ

}
where rN := supy∈SN,q

ψN (y), we have:

P(X ∈WN,δ) ⩽ P(X ∈WN,δ∩DN,ε)+P(Dc
N,ε) =

∑
x∈WN,δ∩DN,ε

ehN (x)∑
x∈[q]N e

hN (x)
+o(1).

(84)
Also, the Gibbs variational principle gives a variational mean field lower bound
to the denominator of (84) as follows (see, for example, (Basak and Mukherjee,
2017, Eqn 1.8)): ∑

x∈[q]N

ehN (x) ⩾ sup
x∈P([q])N

eψN (x) = erN . (85)
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The task now is to bound the numerator of the ratio in the right-hand side
of (84). Towards this, define gN : [0, 1]2Nq → R as

gN (z,w) :=

N∑
i=1

q∑
r=1

zi,r logwi,r .

Note that IN (y) = gN (y,y). It follows from the proof of (Basak and Mukherjee,
2017, Thm 1.1) (see (Basak and Mukherjee, 2017, Page 575 last display)) that:

∣∣∣gN (X̃,θ(X)) − IN (θ(X))
∣∣∣ =

∣∣∣∣∣∣
∑

i∈[N ],r∈[q]

(Xi,r − θi,r(X))(βmi,r(X) +Br)

∣∣∣∣∣∣
DN,ε

⩽ (β +B)qNε (86)

where B := ∥B∥∞, and for any x ∈ [q]N , we denote x̃ := (xi,r)i∈[N ],r∈[q] ∈ SN,q.
At this point, we need the following definition:

Definition I.7. For S ⊆ RN and ε > 0, a set D is called an ε-net of S, if given
any s ∈ S there exists d ∈ D such that ∥s− d∥2 ⩽ ε.

The following result ((Basak and Mukherjee, 2017, Lem 3.4)) guarantees that
under Condition (43), the set {ANv,v ∈ [0, 1]N} has an ε

√
N -net of size eo(N).

Proposition I.8. If AN satisfies Condition (43), then for every ε > 0, the set

{ANv : v ∈ [0, 1]N}

has an ε
√
N -net JN,ε of cardinality eo(N).

For every p ∈ JN,ε, define:

Lr(p) :=
{
x ∈ [q]N : ∥p−m·r(x)∥ ⩽ ε

√
N
}

where m·r(x) := (mi,r(x))i∈[N ], and mir(x) =
∑N
j=1 aij1xj=r. Then, we have:∑

x∈WN,δ

⋂
DN,ε

ehN (x)

⩽CN,ε
eNε

∑
x∈WN,δ

⋂
DN,ε

ehN (θ(x))

⩽ eNε(1+q(β+B))
∑

x∈WN,δ

⋂
DN,ε

ehN (θ(x))+gN (x̃,θ(x))−IN (θ(x)) (by (86))

⩽ eNε(1+q(β+B)) sup
x∈WN,δ

eψN (θ(x))
∑

x∈[q]N

egN (x̃,θ(x))

⩽WN,δ
eNε(1+q(β+B))+rN−Nδ

∑
x∈[q]N

egN (x̃,θ(x))
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Since JN,ε is a ε
√
N net of the set {ANv,v ∈ [0, 1]N}, and ∥ANv∥∞ ⩽ γ for

all v ∈ [0, 1]N (see (8)), by replacing ε by a factor of 2 if necessary, without
loss of generality we can assume ∥p∥∞ ⩽ γ for all p ∈ Jn,ε. Thus, noting that
m·r(x) = ANx·r where xir = 1xi=r, for every x ∈ [q]N and every r ∈ [q],
there exists p ∈ JN,ε such that ∥p − m·r(x)∥ ⩽ ε

√
N , i.e. x ∈ Lr(p). For

P := (p1, . . . ,pq) ∈ JqN,ε we can write:∑
x∈WN,δ

⋂
DN,ε

ehN (x) ⩽ eNε(1+q(β+B))+rN−Nδ
∑

P∈Jq
N,ε

∑
x∈L(P )

egN (x̃,θ(x)) (87)

where L(P ) := ∩r∈[q]Lr(pr). Next, define the matrix u(P ) := (ui,r(P ))i∈[n],r∈[q],
where:

ui,r(P ) :=
exp{βpi,r +Br}∑q
t=1 exp{βpi,t +Bt}

⩾ q−1 exp(−βγ − 2B) = α,

where α is as in (27). Since θ(x) ⩾ α as well, mean-value theorem gives

|gN (x̃, θ(x)) − gN (x̃,u(P ))| ⩽C1

N∑
i=1

q∑
r=1

|θi,r(x) − ui,r(P )|.

Also observe that

θi,r(x) = fr(mi,1(x), · · · ,mi,q(x)), ui,r(P ) = fr(pi,1, · · · , pi,q),

where

fr(t1, · · · , tq) =
exp(βtr +Br)∑q
s=1 exp(βts +Bs)

as in (33). Since ∥∇fr∥∞ <∞, another mean value theorem gives

|θi,r(x) − ui,r(P )| ⩽C2

q∑
s=1

|mi,s(x) − pi,s|

Combining the last two bounds we get

|gN (x̃, θ(x)) − gN (x̃,u(P ))| ⩽C1C2q

N∑
i=1

q∑
s=1

|mi,s(x) − pi,s|

⩽C1C2q
√
N

q∑
s=1

∥m·s(x) − ps∥ ⩽ CqεN,

where the last equality uses the fact that x ∈ L(P ), and C = C1C2q.
Hence, from (87), ∑

x∈WN,δ

⋂
DN,ε

ehN (x)
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⩽ eNε(1+q(β+B+C))+rN−Nδ
∑

P∈Jq
N,ε

∑
x∈L(P )

egN (x̃,u(P ))

⩽ eNε(1+q(β+B+C))+rN−Nδ
∑

P∈Jq
N,ε

∑
x∈[q]N

egN (x̃,u(P ))

Finally, since ui,r(P ) = vi,r satisfies
∑q
r=1 vi,r = 1 for any P ∈ JqN,ε, we have

∑
x∈[q]N

egN (x̃,u(P )) =
∑

x∈[q]N

exp

{
N∑
i=1

q∑
r=1

xi,r log vi,r

}

=
∑

x∈[q]N

N∏
i=1

q∏
r=1

v
xi,r

i,r

=

N∏
i=1

∑
x∈[q]

q∏
r=1

vxr
i,r


=

N∏
i=1

q∑
r=1

vi,r = 1 .

Hence, using the fact that |JN,ε| = eo(N) we have:∑
x∈WN,δ

⋂
DN,ε

ehN (x) ⩽ eNε(1+q(β+B+C))+rN−Nδ|Jn,ε|q

= eNε(1+q(β+B+C))+rN−Nδ+qo(N) (88)

Combining (85) and (88), the above display gives

P(X ∈WN,δ) ⩽ eNε(1+q(β+B+C))−Nδ+qo(N) + o(1)

Since ε > 0 is arbitrary, we conclude that P(X ∈WN,δ) = o(1), i.e.

P

(
sup

y∈SN,q

ψN (y) − ψN (θ(X)) ⩾ Nδ

)
= o(1)

for all δ > 0, which implies that

sup
y∈SN,q

ψN (y) − ψN (θ(X)) = oP(N)

and completes the proof of part (a) of Lemma I.6.

(b) Fixing δ > 0, note that it suffices to show the following for all r ∈ [q]:

P
(
∥∇·r(θ(X)) −∇(θ(X))∥2 > Nδ

)
= o(1).
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To begin with, use the expression of θi,r(X) in (4) to note that for all i ∈ [N ]
and r ∈ [q],

0 < p1 :=
1

1 + (q − 1)eβγ+2B
⩽ θi,r(X) ⩽

1

1 + (q − 1)e−βγ−2B
=: p2 < 1,

where B := ∥B∥∞. Now, suppose that y ∈ [p1, p2]Nq ∩ SN,q is such that
∥∇·r(y) − ∇(y)∥2 > Nδ for some r ∈ [q], where ∇.r and ∇̄ are as in the

statement of the lemma. Also set ∇̃(y) := (∇(y), . . . ,∇(y)) as in (51). Then,

setting y(t) := y+t
(
∇ψN (y) − ∇̃(y)

)
, we claim that y(t) ∈ [0, 1]Nq for t ∈ [0, ε]

for some fixed ε > 0 not depending on N . Towards showing this, note from (49)
that:

∥∇ψN (y)∥∞ ⩽ βγ +B + 1 − log p1

and hence, we can take ε := 1
2 (βγ + B + 1 − log p1)−1 min{p1, 1 − p2}. Since

y ∈ SN,q, and

q∑
r=1

(
∇ψN (y) − ∇̃(y)

)
i,r

= 0 for all i ∈ [N ] using (51),

we also have y(t) ∈ SN,q. Now, a two-term Taylor expansion of the function
t 7→ ψN (y(t)) for t ∈ [0, ε] gives some ξ ∈ (0, t) satisfying:

ψN (y(t)) − ψN (y)

= t∥∇ψN (y) − ∇̃(y)∥2 +
t2

2

(
∇ψN (y) − ∇̃(y)

)⊤
∇2ψN (y(ξ))

(
∇ψN (y) − ∇̃(y)

)
⩾ t∥∇ψN (y) − ∇̃(y)∥2 − t2

2
∥∇ψN (y) − ∇̃(y)∥2λmax(−∇2ψN (y(ξ)))

⩾ t∥∇ψN (y) − ∇̃(y)∥2 − t2

2
∥∇ψN (y) − ∇̃(y)∥2∥∇2ψN (y(ξ))∥1

⩾ t∥∇ψN (y) − ∇̃(y)∥2 − t2

2
∥∇ψN (y) − ∇̃(y)∥2

(
βγ +

1

p1

)
= t∥∇ψN (y) − ∇̃(y)∥2

[
1 − t

2

(
βγ +

1

p1

)]
.

In the above display, the last inequality uses the fact

∇2ψN (z)ir,js = − 1
zir

if i = j and r = s,

= βaij if i ̸= j and r = s,

= 0 if r ̸= s

to get the bound ∥∇2ψN (z)∥1 ⩽ βγ + 1
p1

uniformly in z ∈ SN,q. Choosing

t ∈ [0, ε] sufficiently small such that 1 − t
2 (βγ + 1

p1
) ⩾ 1

2 , we can thus conclude
that:

ψN (y(t))−ψN (y) ⩾
Ntδ

2
, i.e. sup

y∈[p1,p2]Nq:∥∇·r(y)−∇(y)∥2>Nδ

ψN (y) ⩽ sup
y∈SN,q

ψN (y)−Ntδ
2
.



Mukherjee, Mukherjee and Karmakar 66

Therefore, on the event Fr := {∥∇·r(θ(X)) −∇(θ(X))∥2 > Nδ}, we have:

ψN (θ(X)) ⩽ sup
y∈SN,q

ψN (y) − Ntδ

2
.

Therefore, we have by part (a),

P(Fr) ⩽ P

(
sup

y∈SN,q

ψN (θ(X)) − ψN (θ(X)) ⩾
Ntδ

2

)
= o(1)

which completes the proof of part (b).

The following is a technical lemma needed in the proof of Theorem 1.7.

Lemma I.9. Suppose that w1, . . . , wq ∈ (α, 1] with α > 0, and
∑q
r=1 wr = 1.

Then, for positive real numbers t1, . . . , tq bounded above by γ, we have:

max
r
tr −

∑
r

wrtr ⩾
α

q(q − 1)γ

∑
r<s

(tr − ts)
2 .

Proof. Without loss of generality, suppose that t1 = maxr tr and t2 = minr tr.
Then,

max
r
tr −

∑
r

wrtr = t1(1 − w1) − t2w2 −
∑
r⩾3

trwr

⩾ t1

1 − w1 −
∑
r⩾3

wr

− t2w2

= t1w2 − t2w2

⩾ α|tr − ts|

for every r, s. Hence, using the fact maxr<s |tr − ts| ⩽ 2γ, we have

max
r
tr −

∑
r

wrtr ⩾
2α

q(q − 1)

∑
r<s

|tr − ts|

⩾
α

q(q − 1)γ

∑
r<s

(tr − ts)
2

This completes the proof of Lemma I.9.
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