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Abstract. We obtain an optimal bound for Gaussian approximation of a large class
of vector-valued random processes. Our results substantially generalize earlier ones
which assume independence and /or stationarity. Based on the decay rate of functional
dependence measure, we quantify the error bound of the Gaussian approximation

1/2 to the optimal n'/? rate.

which can range from the worst n
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1. Introduction Functional central limit theorem (FCLT) or invariance princi-
ple plays an important role in statistics. Let X;,7 > 1, be independent and identically
distributed (i.i.d.) random vectors in R? with mean 0 and covariance matrix 3, and

S; =377 X;. The FCLT asserts that
(NS ), 0 <u < 1} = {SY2IB(u), 0 < u < 1}, (1.1)

where |t| = max{i € Z : i < t} and IB is the standard Brownian motion in R¢,

namely it has independent increments and IB(u + v) — IB(u) ~ N(0,vly), u,v > 0.
1
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In this paper we should substantially generalize (1.1) by developing a convergence
rate of (1.1) for multiple time series which can be dependent and non-identically
distributed.

The invariance principle was introduced by Erdés and Kac (1946, [9]). Doob (1949,
[4]), Donsker (1952, [3]) and Prohorov (1956, [20]) furthered their ideas, which led
to the theory of weak convergence of probability measures. There is an extensive
literature concerning Gaussian approximation when the dimension d = 1. In this
case optimal rates for independent random variables were obtained in [11] and [21],
among others. When d = 1 and X; are i.i.d. with mean 0, variance o2 and have finite
p-th moment, p > 2, Komlés, Major and Tusnady (1975, 76, [11, 12]) established the

very deep result

max |S! — 0 B(1)| = 0a5.(T0), (1.2)

1<i<n

where B(-) is the standard Brownian motion and S, is constructed on a richer space

D l

such that (Sz)zgn = (S

"Vi<n, and the approximation rate 7, = n'/? is optimal. Re-

sults of type (1.2) have many applications in statistics since one can use functionals
involving Gaussian processes to approximate statistics of (X;)"; and thus exploit
properties of Gaussian processes. Their result was generalized to independent random
vectors by Einmahl (1987a, [6]; 1987b, [7]; 1989, [8]), Zaitsev (2001, [30]; 2002a, [31];
2002b, [32]) and Gotze and Zaitsev (2008, [10]), where optimal and nearly optimal
results were obtained.

To generalize (1.2) to multiple time series, we shall consider the possibly non-



stationary, d-dimensional, mean 0, vector-valued process
X = (Xi,...,Xi)" = H{(F:) = Hiei, €i-1,...), i€EZ, (1.3)

where T denotes matrix transpose, F; = (¢;,€;_1,...) and €;,4 € Z, are i.i.d. random
variables. Here, H;(-) is a measurable function so that X; is well-defined. We allow
H; to be possibly non-linear in its argument (¢;,€;_1,...) to capture a much larger
class of processes. If H;(-) = H(-) does not depend on i, (1.3) defines a stationary
causal process. The latter framework is very general; see [23, 25, 19] among others.
When d = 1, Wiener [24] considered representing stationary processes by functionals
of i.i.d. random variables.

Liitkepohl [16] presented many applications of functional central limit theorems for
multiple time series analysis. Wu and Zhao (2007, [28]) and Zhou and Wu (2010, [33])
applied Gaussian approximation results with sub-optimal approximation rates to
trend estimation and functional regression models. For the class of weakly dependent
processes (1.3), we shall show that there exists a probability space (€2, A, P.), on
which we can define random vectors X{ with the partial sum process S = 21;1 X7
and a Gaussian process G§ = 21:1 Y,© with Y,¢ being mean 0 independent Gaussian

vectors such that (S¢)1<i<n Z (Si)1<i<n and

max |S{ — G§| = op(1,) in (Q, A., Pr), (1.4)

1<n

where the approximation bound 7, is related with the dependence decaying rates.

Our result is useful for asymptotic inference for multiple time series. As a primary



4

contribution, we generalize and improve the existing results for Gaussian approxi-
mations in several directions. For some p > 2, we assume uniform integrability of
pth moment and obtain an approximation bound 7, in terms of p and the decay
rate of functional dependence measure. In particular, if the dependence decays fast
enough, for 7,, we are able to achieve the optimal op(n'/?) bound. In the current
literature, optimal results were obtained for some special cases only. We start with
a brief overview of them.

For stationary processes with d = 1, a sub-optimal rate was derived in Wu (2007,
[26]) where the martingale approximation is applied. Berkes, Liu and Wu (2014, [2])
considered causal stationary process (1.3) above and obtained the n'/? bound for p >
2. It is considerably more challenging to deal with vector-valued processes. Eberlein
(1986, [5]) obtained a Gaussian approximation result for dependent random vectors
with approximation error O(n'/?27*), for some small £ > 0. The latter bound can be
too crude for many statistical applications. The martingale approximation approach
in [26] can not be applied to vector-valued processes since Strassen’s embedding
generally fails for vector-valued martingales [17]. For a stationary multiple time series
with additional constraints, Liu and Lin (2009, [13]) obtained an important result
on strong invariance principles for stationary processes with bounds of the order
n'/P with 2 < p < 4. Wu and Zhou (2011, [29]) obtained sub-optimal rates for a
multiple non-stationary time series. A critical limitation of the result by [29, 13] was

the restriction 2 < p < 4. It is an open problem on whether the bound n'/? can be



achieved when p > 4.

In this paper, we show that under proper decaying conditions on functional depen-
dence measures for the process (1.3), we can indeed obtain the optimal bound n'/? for
p > 4. Our condition is stated in the form of (2.3), which involves two parameters x
and A to formulate the temporal dependence of the process. With proper conditions
on A, we find optimal 7,, = 7,,(x) for a general x > 0. In Corollary 2.1 in Berkes,
Liu and Wu (2014, [2]) the authors discussed univariate and stationary processes.
However, their focus was on larger values of  that allows them to obtain 7,, = n'/?.
In Theorem 2.1 we obtain a rate for any xy > 0 and show that if x increases from 0
to a certain number Yo, we obtain the optimal 7, varying from the worst, n'/2, to
the optimal, n'/?. This work is substantially useful for processes where dependence
does not decay fast enough. For the borderline case y = o, we can have op(n'/?)
rate for 2 < p < 4 and for p > 4 we have op(n'/?logn) rate. However, if y > o we
can obtain the optimal op(n'/?) bound for all p > 2.

Our sharp Gaussian approximation result is quite useful for simultaneous inference
of curves where the unknown function is not even Lipschitz continuous. There is a
huge literature of curve estimation assuming smooth or regular behavior of a function
but not so much for functions that are not differentiable or not Lipschitz continu-
ous. Our Gaussian approximation can play a key role in weakening the smoothness
assumption and thus enlarging the scope of doing statistical inference. Some ap-

plications are mentioned in Karmakar and Wu (2017). Moreover, since the optimal
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op(n'/?) bound for 2 < p < 4 and stationary processes obtained in [13] has remained
a popular choice over the past few years for a multivariate Gaussian approximation,
we can apply our sharper invariance principle that generalize ([13])’s one in multiple
directions and give optimal rates when p > 4.

The rest of the article is organized as follows. In Section 2, we introduce the
functional dependence measure and present the main result. Theorem 2.1 is proved
in Sections 4 and 5. The proof of Theorem 2.2 is given in Section 6. Applications
to covariance processes and locally stationary processes are given in Section 3. In
Section 4 we discuss the proof strategy briefly to give the readers a basic idea of our
long and involved derivation. Some useful results are collected in Section 7.

We now introduce some notation. For a random vector Y, write Y € £,,p > 0,
if |Y], := E(|]Y]P)Y? < c0. If Y € Ly, Var(Y) denotes the covariance matrix. For
Lo norm write || - || = || - ||2. Throughout the text, we use ¢, for constants that
depend only on p and ¢ for universal constants. These might take different values
in different lines unless otherwise specified. For two positive sequences a, and b,,
if a,/b, — 0 (resp. a,/b, — o0), write a, < b, (resp. a, > b,). Write a,, < b,
if a, < c¢b, for some ¢ < oo. The d-variate normal distribution with mean p and
covariance matrix X is denoted by N (u,Y). Denote by I the d x d identity matrix.
For a matrix A = (a;;), we define its Frobenius norm as |A] = (3 aZ)"% For a
positive semi-definite matrix A with spectral decomposition A = QDQT, where @ is

orthonormal and D = (Ay,..., \g) with A\; > ... > )4, write the Grammian square



root A2 = QDl/ZQT7 p«(A) = Ag and p*(A) = A;.

2. Main Results We first introduce uniform functional dependence measure on
the underlying process using the idea of coupling. Let €], €;,, 7 € Z, be i.i.d. random
variables. Assume X; € L,,p > 0. For j > 0, 0 < r < p, define the functional

dependence measure
Ojr = 8P [1Xi = Xiijllr = sup [|Hi(Fi) = HilFi i)l (2.1)
where F; (i) is the coupled version of F; with ¢ in JF; replaced by an i.i.d. copy €,
Fiky = (€ €i—1, -, €y €h—1,...) and X; ;5 = H;(Fii—p))-

Also, F; y = F; if k > i. Note that, || H;(F;) —H;(F; ) |l» measures the dependence
of X; on ¢;_;. Since the physical mechanism function H; can possibly be different
for a non-stationary process, we choose to define the functional dependence measure
in an uniform manner. The quantity ¢;, measures the uniform j-lag dependence in

terms of the rth moment. Assume throughout the paper that

Onp = bip < 0. (2.2)
=0

This condition implies short range dependence in the sense that the cumulative
dependence of (X;);>; on € is finite. For presentational clarity, in this paper we

assume there exists y > 0, A > 0 such that the tail cumulative dependence measure

Oip =Y 0p=0 (i *(logi)™*). (2.3)
Jj=t
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Larger x or A implies weaker dependence. Our Gaussian approximation rate 7, (cf

Theorems 2.1 and 2.2) depends on x and A. Define functions f;(-,-) by

fi = filp,x) =X+ 07X, fo=2px° + 3px — 2X, (2.4)
fis = PPL+x)>+6f+4px —2, f1=2p(2px> +3px +p—2),

fs = PP +4p— 12 +2p(p* +p* —dp—)x + (p* —p — 2)*.

Assume that the process (1.3) satisfies the uniform integrability and the regularity
condition on the covariance structure. The latter is frequently imposed in study of

multiple time series.

(2.A) The series (| X;]?);>1 is uniformly integrable: sup;>; E(|X;[P1x,>u) — 0 as u —
o0,
(2.B) (Lower bound on eigenvalues of covariance matrices of increment processes)

There exists A\, > 0 and [, € N, such that for all t > 1,1 > [,,
p«(Var(Si, — Si)) > Ad.

THEOREM 2.1.  Assume E(X;) =0, (2.A)-(2.B) and (2.3) holds with

2_y4 —N\/P% +20p + 4
p +(p—2)v/p*+20p + (2.5)

0< X <Xo= )
8p
A>(2p+p2)x+p2+3p+2+f§/2 (2.6)
p(1+p+2x)
Then (1.4) holds with the approzimation bound 7, = n'/", where
1L+ +9 =2+ fo—x/ (0 —2)(fs — 3p) 2.7)

r Ja
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THEOREM 2.2. Assume E(X;) =0, (2.4)-(2.B), (2.3). Recall (2.5) for xo. (i)
If X > x0, and A > 0, we can achieve (1.4) with 7, = n'? for all p > 2. For x = xo,
assume that A satisfies (2.6). (ii) If 2 < p < 4, we have 7,, = n'/?; (i) if p > 4, we

have 1, = n'/?logn.

Theorems 2.1 and 2.2 concern the two cases x < xo and x > o, respectively, and
they are proved in Sections 4 and 6. The proof of Theorem 2.2 requires a more refined
treatment so that the optimal rate can be derived. For Theorem 2.1 and Theorem
2.2(i) and (iii), we apply Gotze and Zaitsev (2008, [10]); see Proposition 7.1, while for
Theorem 2.2(ii), Proposition 1 from Einmahl (1987, [6]) is applied. The expression

of r is complicated. Figure 1 plots the power max(1/r,1/p). As x — 0, r — 2, and

r=pif x = xo.

REMARK 2.3.  The lower bound of A for the case x = xo can be further simplified

to

A>p2+8p+4—|—(p—2)\/p2+20p—|—4

6p

3. Applications

3.1. Covariance Processes: Assuming that X; is a vector linear process

o0
J=0
where B; are d X d coefficient matrix, and ¢ = (€;1,...,€4q)", €, are i.i.d. random

variables with mean 0 and finite gth moment, ¢ > 4. Let the d(d + 1)/2 dimensional
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(X;)™ ;. Assume
> 1Bl = Ot X(logt)™), (3.2)
=t

where A satisfies (2.6). Write p = ¢/2. Let ¥ = >"° _ Cov(W,, Wy,) be the long-run

covariance matrix of (W;). By Theorems 2.1 and 2.2, we have

max |iW; — iE(W,) — Y2IB(i)| = op(1,), (3.3)

1<n
where 7, takes the value n'/" (see (2.7)), and n'/? based on y < xo and x > o
respectively, IB is a centered standard Brownian motion. Result (3.3) is helpful for

change point inference for multiple time series based on covariances; see [1, 22] among

others.
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3.2. Nonlinear Non-stationary Time Series: Consider the process
Xi = F(Xi_l,eiﬁ(i/n)), 1 S 1 S n,

where ¢; are i.i.d. random variables, F' is a measurable function, 6 : [0,1] — R is a

parametric function such that maxo<,<1 ||F'(zo, €, 0(u))||, < oo, and

oy sy IF G 000)) = Fila. e B,

< L 3.4
0<u<l z##a’ |[E - QZ”| ( )

Then the process (X;) satisfies the Geometric moment contraction: for some 0 < 8 <

L,

5ip = O(8). (3.5)

Thus (2.3) holds for any ¥ > 0 and Theorem 2.2 is applicable with rate 7,, = n'/?. This
facilitates inference for the unknown parametric function 6. Time-varying ARCH and

GARCH are prominent examples in this large class of models.

4. Proof of Theorem 2.1 The proof of Theorem 2.1 is quite involved. Here
we discuss the major components of the proof. Some technical details are given in

Section 5.

4.1. Preparation:-Truncation, m-dependence and blocking approximations: The
first part of our proof consists of series of approximations to create almost indepen-
dent blocks. The first of them, the truncation approximation will ensure the optimal
n'/? bound. Secondly, we use the m—dependence approximation for a suitably cho-

sen sequence m,, in terms of the decay rate x. Lastly, the blocking approximation
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requires some sharp Rosenthal-type inequality that needs yth moment of the block-
sums in the numerator with v > p. It is essential to use a power higher than p to
obtain a better rate.

To maintain clarity, we defer the exact choice of v and m,, in terms of y and A to
Subsection 4.4. Instead, in this subsection we come up with conditions (4.9), (4.13)
and (4.14) to ensure n'/" rate and solve v, m,, and r later to obtain the best possible

choices for this sequences. Henceforth, we drop the suffix of m,, for our convenience.

4.1.1. Truncation approximation: Truncation approximation is necessary to al-
low higher moments manipulations. Additionally, we need a very slowly converging
sequence t,, — 0 based on the uniform integrability condition (2.A). For every ¢t > 0,

we have

| X|”

tin/p

1
sup t—pE(\Xi]pl‘Xibml/p) = 0 and nsup £ min( ,1) > 0asn— o0, (4.1)

where v > p. The second relation follows from Lemma 7.2. Clearly (4.1) implies that
RYE

1 .
sup EE(|Xi|p1\Xi\>tnn1/P) + nsngmm(t%n—Wp, 1) = 0 as n — oo, (4.2)

holds for a sequence t,, — 0 very slowly. Without loss of generality we can let
tnloglogn — oo (4.3)

since otherwise we can replace t, by max(t,, (loglogn)~'/?) (say). For b > 0 and

v=(v1,...,09)" € RY, define

Ty(v) = (Ty(v1), . .., Ty(va))", where Ty(w) = min(max(w, —b),b). (4.4)
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The truncation operator T; is Lipschitz continuous with Lipschitz constant 1. Let

l+c l+c
Rc,l = Z Xz@ = Z [T;fnnl/P(Xi) - ET;fnnl/P(Xi)]' (45)
i=14c i=14c

PROPOSITION 4.1.  Assume Condition (2.A). For t, satisfying (4.2), we have

I
max |S; — SP| = op(n'/?), where S = Ry; = ZXZ@. (4.6)
i=1

1<i<n

PROOF. By (4.2), we have P(maxi<, |S; — Y5 T} i/ (X;)| = 0) — 1 in view of
1
sup P (1X;| > t,n'/?) < sup ?E (1X51P1 (1X;] > t,n'/?)) = o(1/n).
J i Nn
Also by (4.2), max;<, |[E(X; — T, .»(X;))] = o(n/?~1). Hence (4.6) follows. O

4.1.2. m-dependence approximation: The m-dependence approximation is a very
important tool that is extensively used in literature; see for example the Gaussian
approximation in Liu and Lin (2009, [13]) and Berkes, Liu and Wu (2014, [2]). For
a suitably chosen sequence m, we look at the conditional mean E(Xj|e;, ... € _m).
This gives a very simple yet effective way to handle the original process in terms of
a collection of ¢;’s. As the dependence of X; and X, slowly decrease as k grows,
if we can divide the partial sum process in blocks of sufficiently long, their behavior
is close to that of a block-independent process. This strategy allows us to apply the
existing Gaussian approximation results in the literature suitable for independent

process. Define the partial sum process

l4+c
R.y= Y Xj, where X; = E(T, ,un(X))le), .. €jom) — B(T, (X)), (47)

i=1+4+c
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Write Ry; = S;. From Lemma A1 in Liu and Lin (2009, [13]), we have

| 11%82; |Sl® - Sl|||r < Crn1/2®1+m,r' (4.8)

The proofs in [13] are for stationary processes. Since our 4, in (2.1) is defined in an

uniform manner, the proof goes through for the non-stationary case as well. Assume
nt?1re,, . —0. (4.9)

By (4.8) and (4.9), we have n'/" convergence in the m-dependence approximation

step
max |S® — S;| = op(n'/"). (4.10)

1<i<n

4.1.3. Blocking approximation: We now define functional dependence measure for

the truncated process (T ,1/»(X;))i<n as
5]6-’9[ = Sl}p ||1—;fnnl/p(Xi) - ﬂnn:l/p(Xi’(i,j))Hl, where [ > 2.

Similarly, define the functional dependence measure for the m-dependent process

(X;) as
050 = sup || X; = Xi iyl
For these dependence measures, the following inequality holds for all [ > 2:

0ju < 65 < 8. (4.11)
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Proposition 4.2 gives the blocking approximation result. For 7 > 0, define

(2k0j+2k0)m
Ajpr= Y X, where ko = |6F,/\.] +2. (4.12)

i=2jkom+1
In the blocking approximation step, we shall approximate the partial sum process

S; by sums of A;. To this end, we will need the following two conditions, for some

v > D,
nt=1rm2 0, (4.13)
nt/emlr N, (4.14)
j=m+1

We need another condition for the blocking approximation (see (7.4) in the proof
of Lemma 7.4). However, we skip it here and choose m and v such that conditions
(4.9), (4.13) and (4.14) are met. These will automatically imply this fourth one in

view of (2.3). We assume an almost polynomial rate for m: for some 0 < L < 1,

m=[n"t;], 0<k<(y-p)/(v/2-1). (4.15)

PROPOSITION 4.2.  Assume (4.13) and (4.14) for some vy > p. Moreover, assume
(4.15) for the m-sequence and (2.3) for the decay rate of ©;, with some A > ~/p.

Then

qi
max |S; — 7| = op(n'/"), where S7 =Y " A;, ¢ = [i/(2kom)]. (4.16)
Jj=1

1<i<n
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PROOF. Let S = {2ikom,0 < i < ¢,} and ¢,, = (n'~7/"m?/2=1)1/(27) Then

L1/ (2kom)]
D 1> 1/r < n » > 1/r
P | max | Roy Zl Ajl > gun S S e P(lg?%%if)m |Ret| > ¢an/")
j:
E(max; <j<akgm | Reg|")
< —= . = 2
= M T Skgmein/r O(gn);
from the assumption (4.13) and Lemma 7.4. Since ¢,, — 0, (4.16) follows. O

Summarizing (4.6), (4.10) and (4.17), we can work on S in view of

max |S; — S°| = op(n'/"). (4.17)

1<i<n

In the next steps, we obtain a Gaussian approximation for S¢;

n’

see backgrounds in

Sections 4.2 and 4.3 and detailed argument in Section 5.

4.2. Conditioning and Gaussian Approximation: The blocks created in the first
steps are not independent because two successive blocks share some ¢;’s in their
shared border. In this second stage, we look at the partial sum process conditioned
on these borderline ¢;’s, which implies conditional independence. Berkes, Liu and Wu
(2014, [2]) did a similar treatment with triadic decomposition for stationary scalar
processes and applied Sakhanenko’s (2006, [21]) Gaussian Approximation result on
the conditioned process.

Since the result from Sakhanenko (2006, [21]) is only valid for d = 1, we need to use
the Gaussian approximation result from Gotze and Zaitsev (2008, [10]) (see Propo-
sition 7.1) for d > 2. This comes with the cost of verifying a very technical sufficient

condition on the covariance matrices of the independent vectors. Verification of such
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a condition is quite involved in our case since we are dealing with the conditional
process. We opt for a k-dic decomposition instead of the triadic decomposition in
[2]. This is necessary to accommodate the non-stationarity of the process. We need

ko > ©5 5/ A (cf. (4.12)), where A, is mentioned in Condition 2.B.

4.3. Removing the conditioning and regrouping: In the last part of our proof, we
obtain the Gaussian approximation for the unconditional process by applying Propo-
sition 7.1 one more time. In the second part of our proof, we look at the conditional
variance (cf Vj(@akyj, Gokgjrok,) = Var(Y(Gok, s, Gokgjt2k,)) i (5.3) of Subsection 5.1)
of the blocks. These conditional variances are 1-dependent. In order to apply Gotze
and Zaitsev (2008, [10])’s result, we rearrange the sums of these variances into sums
of independent blocks (cf 5.5 in Subsection 5.1). Due to the non-stationarity, this
regrouping is completely different and much more involved than Berkes, Liu and
Wu (2014, [2]). In particular, the regrouping procedure leads to matrices that may
not be positive definite hence cannot be used directly as possible covariance ma-
trices of Gaussian processes. We overcome this obstacle by introducing a positive-

definitization that does not affect the optimal rate.

4.4. Conclusion of the Proof: This subsection discusses the specific choice of the
sequence m,v and the rate 7, = n'/" starting from (4.9), (4.13) and (4.14). Elemen-

tary calculations show that r < p for x < xo. Provided 1 — (x + 1)p/y < 0, we
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have
00 211 00
Z 51)/'7 < Z Z 5p/7§ Z Qi(kp/v)@gi/; (4.18)
j=m+1 i=|logym| j=2¢ i=|logy m]

— Z zi(l—P/V)O(2—Xip/’YZ'—AP/“/) — O(ml—p/w—xp/v(log m)—Ap/v).

i=|logy m]
By (4.3) and (4.15) log m =< logn. Assume that,
1/2—1/r—xL = 0, A>~/p, (4.19)
1L—v/r+L(v/2—-1) = 0, 0<k<(y/2—1)"y—p) (4.20)
/p=1/v+ (10— Kx+Dp/y)L = 0. (4.21)

Then conditions (4.9), (4.13) and (4.14) hold. Solving equations in (4.19), (4.20) and

(4.21), we obtain r given in (2.7),

X324 £
24 2p+ 4y ’
I — f1 —fz—i—X\/(p—Q)(fs—?)p)
X4 ’
with fi,..., f5 given in (2.4). Moreover, we specifically choose A > 2v/p for a crucial

step in the proof of our Gaussian approximation; see (5.21).

REMARK 4.3. Figure 2 depicts how v and L change with p and x for x < Xo-
Note that in Figure 2, L, the power of n in the expression of m is close to 1 if x is
small. This is intuitive since if dependence decays very slowly, to make blocks of size

m or a multiple of m behave almost independently, one needs a larger L.
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5. Remaining Steps of the Proof of Theorem 2.1 In this section we shall

provide details of the arguments for steps mentioned in Sections 4.2 and 4.3. Section

5.1 presents the conditional Gaussian approximation, where we shall apply Proposi-

tion 7.1 stated in Section 7. Section 5.2 deals with unconditional Gaussian approxi-

mation and regrouping.

5.1. Conditional Gaussian Approximation: The blocks A; created in (4.12) after

the blocking approximation are weakly independent; except they share some depen-

dence on the border. In this subsection, we look at the conditional process given the

€¢; the blocks share in their borders. Demeaning the conditional process, we apply

the Proposition 7.1 for the Gaussian approximation. For 1 < i < n, let ﬁi be a
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measurable function such that

Xi = ]:L*(Ei,...,ﬁi_m). (5].)
Recall Proposition 4.2 for the definition of ¢;. Let ¢ = q,. For j = 1,... ¢, define

A2koj = {0(2koj—1)m+1s - - - 5 Q2kojm } Nd a = {. .., Go, Aoky, Qaky, - - - }-

Given a, define, for 2kojm + 1 < i < (2koj + 1)m,

Xi(onyj) = ]:11(61'7 ey E9kgimets Q2kgjms - - - » Biem)

and for (2koj 4+ 2ko — 1)m + 1 < i < (2koj + 2ko)m,

X’i(ko’oj-f—Qk‘o) = H’i(ai; s 7a(2k’0j+2k‘071)m+1; 6(2k0j+2k071)m7 sy ei—m)'

Further, define the blocks as following,

(2koj+1)m

F4j+1<a2k0j) = Z Xi<a/2koj)a (52)
i=2kojm+1
(2koj-+ko)m (2koj+2ko—1)m

Fyjro = E Xi, Fyjpz = E Xi,
i=(2koj+1)m+1 i=(2koj+ko)m+1
(2koj-+2ko)m

Fyjya(Qongjron,) = E Xi(@orgjtory)-
i=(2koj+2ko—1)m+1

Similarly, for j = 1,...,q, define

&Qkoj - {E(Qk’oj—l)m-l—la ceey 62kojm} and 19 - { .. 7,507 1§2k07 1§4k07 .. }
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Recall A; from (4.12). We have
Ajir = Fajur(D2r03) + Fija + Fajs + Fajra(Danojazn,)-

Define the mean functions

Ayj1(aoneg) = B (Fajia(aaneg)) and Agjya(@orgjrary) = B (Fijra(Gorgjivarg)),

where E* refers to the conditional moment given a. In the sequel, with slight abuse
of notation, we will simply use the usual F to denote moments of random variables

conditioned on a. Introduce the centered process

Yi(@orojs Qokgjroane) = Fajri(@orgs) — Majir(Gorgs) + Fijio (5.3)

+Fyjis + Fujra(Gorgjrone) — Majra(@orgjtorg)-

Following the definition of S;, we let

qi—1

Si(a) = Z Y (oo, Aok j+2k )-

=0
The mean and variance function of S;(a) are respectively denoted by

qi—1

Mi(a) = Y [Aajir(@2roj) + Majral@argsian,)];
=0
gi—1

Ql(a) = Z ‘/}(a’Qkoja &2k0j+2k‘0)7

=0

where Vj(aok,;, Gokyj+2k,) 18 the dispersion matrix of Y (@ogyj, Gokgj+2k, ). Define

Vio(ory;) = E(Fu—oFf |+ Fy 1 Ff 5) + Var(Fy_y + Fyj(aske;) — Maj(oky;))
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+Var(Fyji(azngs) — Najra(args) + Fiajiz). (5.4)

Note that, the following identity holds for all ¢:

t t—1
> Villakos, Garjsan,) = L(@0) + Y Vio(@akys) + Us(@akgtany), (5.5)
=0 j=1

where L(ag) = Var(Fi(ag) + F») and
Up1(Gongt) = E(Fu—2Ffy \+Fu 1 Fjy o) +Var(Fy—1+ Fu(aske) — Ase(Gokyr))- (5.6)

Define

q—1

L2 =" B(|Y;(amy;, Gakgjaare) ).

7=0

In the sequel, we suppress Y;(@oky;, G2kgj2k0 ) Y5 (V2k05s Varoj+ake)s Vi(@2koss Qokojr2ko )
Vj0<d2koj)a Vj(1§2koj>1§2koj+2ko) and ‘/j0(1§2k0]’) as just }/;a7}/;§a V}av V}%, Vjﬂ and V]% re-
spectively. We apply Proposition 7.1 to the independent mean 0 random vectors Y.

We need to find a suitable sequence 7, that allows us to get constants C, Cy in (7.1)

and Cjy in (7.2). There are roughly ¢ = n/(2kym) many Y;* random variables. Define

= ¢*"/log?q]. (5.7)

To apply Proposition 7.1, we choose the sequence 7, = kl and s < ¢/l. This choice

is justified by proving the following series of propositions.

PROPOSITION 5.1.  Recall A\, and A; from (2.B) and (4.12) respectively. There

exists a constant & > 0 such that

2(\ + 0)kom < p(Var(4))) < p"(Var(4;)) < | 4;]* < 2kemO7 .
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PROPOSITION 5.2.  We can get positive constants ¢y and co such that for all j,
am < p(Var(Y))) < p*(Var(Y))) < E(JY]']?) < ezm. (5.8)

PROPOSITION 5.3.  Forl in (5.7), there exists constant cs such that,

-1 -1
P | max |Var Z Y| - E|Var Z Y/ | > cslm | — 0.
j=0-1)I

1<t<q/l
<t<q/ = (1)l

PROPOSITION 5.4.  We can get constants ¢y and c5 such that

P(esg®'m < (L?V)Q/"’ < e m) — 1.

PROPOSITION 5.5.  Choose n, = kl with [ being defined in (5.7). Then we can get
Cy and Cy such that (7.1) is satisfied. Moreover, with | in (5.7), we can get C3 such

that (7.2) holds.

Thus, we use Proposition 7.1 to construct d-variate mean 0 normal random vectors

N J‘l and random vectors Ej“ such that

a D xra ay __ a .
B =Y/ and Var(Nj) = Var(Y}"), 0<j<q-1,
Le qi—1 ¢—1
a a Y a __ a a __ a
P, (lrgfglmz — Df| > coz> < 02_7’ where II{ = Z%Ej, D} = Z%Nj (5.9)
j= j=

and C' is a constant depending on 7, cq,...,c; and C5. These constants are free of

a. We can create a set A with P(A) — 1 so that a € A implies the statements in

1/r

Proposition 5.4 and Proposition 5.3 hold. Putting z = n'/" above in (5.9), by Lemma

7.4 and the restriction (4.20), we have, as n — oo,

E(Lin™") <

g -, Inax E(|chgkom|y) = O(nl_w’"mym_l) — 0, (5.10)

—FC
n'Y/T
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using
E(Y;(P2rogs Datgjivans)7) < ¢ max E(|Regngm|") = O(m7?).
Hence, conditioning on whether a lies in A or not, from (5.10) we obtain,
max 1Y — DY| = op(n*/"). (5.11)

5.2. Unconditional Gaussian Approximation and Regrouping: Here we shall work
with the processes I1Y, ¥ and DY. Note that, Vjo(aax,;) defined in (5.4) is a function of

¥ and might not be positive definite in an uniform fashion. For a constant 0 < d, < A,

let

Vio(@zny;) if pu(Vip) = dum,
Vir(aon;) = (5.12)

(0.m)ly  otherwise,
which is a positive-definitized version of Vjo(aox,;). The following proposition shows

that partial sums of Vjo(aak,;) and Vj1(aak,;) are close to each other.

PROPOSITION 5.6.  For some ¢ > 0, we have

maz(1l,q;—1)
max B > (Violzkes) — Vir(aaky)| | = op(n®"™).
< —

Henceforth in the sequel we will slightly abuse max(1, ¢ —1) = max(1, [i/(2kom) | —

1) and simply use ¢; — 1 = |i/(2kym)]| — 1 for presentational clarity.

PROOF. of Proposition 5.6. Recall (5.2) for the definition of Fj;41(.), Fijo etec.

Define
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Define the projection operator P; by
PY =E(Y|F)—-EY|F_.1), Y €L

For 1 <j <m, [[PjFul <22 0i2. Since || E(Fy [Fm)1* = 3205, 1P Far]]?, we

have
|E(Fi(ao)Fy)| = |E(Fi(ao)Fy)| = |[E(Fi(ao) E(Fy | Fm))|

< JR@IIGQ_C Y 62))"™ (5.13)

j=1 i=m+1—j

Under the decay condition on ©;, in (2.3), we have
E(|E(Fy(a0) F3)[") = O(m™™0/277x7)),
We expand the last term of Vjo(aak,;) (see (5.4)). Also note that,
|E(Fyj—oFy; ) + E(Fyy1Ff )| < m and p,(Var(Fyji2)) > (ko — 1)Aam.

Then Proposition 5.6 follows from the fact that our solution of v from (4.19), (4.20),

and (4.21) satisfy v > max(2,4x) for x < xo and

nanax P (p.(Viy) < 8.m) < 2nmax P(B(Fys1 (da10,) P )| 2 —6m/2)
mmax(y/2,7=x7)

= O(n)

. 2/r—t
— =o(n ),

for some ¢ > 0 since we can choose d, such that 0 = (kg — 1)\, — . > 0. O

Recall (5.6) for the definition of U;. By Lemma 7.4 and Jensen’s inequality, we obtain
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max; ||Uj(1§2k0j+2k0)||7/2 = O(m1/2). By (4.20), ¢, :== ql/'yml/znfl/’” — 0. Then

qg—1
P (21, 10020 2 600 ) < 32 P (0] 2 6ot
]:

= 06, n!rm 27 = O(6}/%) = 0.
Similarly, |L(Jo)| = op(n®"). Thus, by (5.5) and Proposition 5.6, since Var(Y) =

Var(N3), one can construct ii.d. N(0, I;) normal vectors Z{',1 € Z, such that

qz_]-
max | DY — (9)] = op(n'/"), where G(a) = > V3 (az,;) /225
j=1

i<n

By (5.11), we have

max |IT? — ¢;(9)| = op(n'/").

i<n

Let Z/,1 € Z, independent of (¢;);ez, be i.i.d. N(0, 1;) and define

qi—1
U= Vi(Vao)'*Z;.
j=1
From the distributional equality,
(H? + M;(9))1<i<n = (S )1<i<n, (5.14)

we need to prove Gaussian approximation for the process W; + M;(1}). Define
Bj = Vit(Dakoj) > Z; + Naj(Dary) + Aajrr (Do),

which are independent random vectors for j = 1,...,¢q and let

q;i—1
St=Y"B;and W} = W; + M;(¥) — S

=1
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Note that,

max W = max [Aug, (Dagq,) + A1 (90)] = 0p(n/). (5.15)

Conditions (7.1) and (7.2) can be verified easily with this unconditional process (S)*
to use the Proposition 7.1. Thus, there exists B}*” and Gaussian random variable

BI*, such that (B}*");<q-1 Z (Bj)j<q—1 and corresponding B ~ N(0,Var(B;)),

such that
li/2kom) —1 li/2kom]—1
max| > By = Y B = op(n'l"). (5.16)
= j=1 j=1

By (4.17), (5.14), (5.15) and (5.16), we can construct a process S§ and Bf such that

(S9)icn 2 (S)icn and (B5)j<q1 2 (BY™);<4-1 and

J

li/(2kom)]—1
max|SP— Y Bjl = op(n'"). (5.17)

j=1

Relabel this final Gaussian process as

|2/2kom|—1
Gi= ) (Var(By)"?Y},
j=1
where Y are i.i.d. N(0, I). This concludes the proof of Theorem 2.1. O

PROOF. of Proposition 5.1. Without loss of generality, we prove it for j = 1. Note

that

2kom
2komAs < pu(Var(Sagem)) < p*(Var(Sagem)) < || Z Xi|* < 2k50m@(2)y2. (5.18)

i=1



28
Recall X® and X; from (4.5) and (4.7). The same upper bound works for S and

S;. Note that, 155gm — S2kom || = o(m) and from [14], we have

HAl — Sg%omH = O(\/ 2k0m@m72) = 0(\/ 2k0m)
This concludes the proof using the Cauchy-Schwartz inequality. m

PROOF. of Proposition 5.2. As A; is the block sum of the m-dependent processes

with length 2kgm, we have, using (5.18), for all j,
2kom (A, +6) < E(|A;]?) < 2komO3 ,,
for some small § > 0. We conclude the proof by using
IE(IY]?) = E(|Aj])] = [Agjr (Daro) I” + | Aaja(Dargjron, ) > < 2mO3
and ko > ©5 ,/\, 4 1. Using similar arguments, (5.8) follows. O

PROOF. of Proposition 5.3. Note that, without loss of generality, we can assume
V* to be independent for different j since otherwise we can always break the proba-
bility statement in even and odd blocks and prove the statement separately. We use
Corollary 1.6 and Corollary 1.7 from Nagaev (1979, [18]) respectively for the case

y<4andy>4on |V~ E(V?)| to deduce that it suffices to show the following

max max  P(|V" = E(V}")| > Im) — 0. (5.19)

1<t<q/l t(1-1)+1<5<tl
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We expand and write V" as follows:

Vi = Var(Fya(Gory;) — Maji(Gorgg)) + Var(Fijo + Fijys) (5.20)
+ B((Faja(ores) — Mg (Gmog)) Fijio) + E(Fajra(Fajia (aongg) — Majir (asngs))")
+ B(Fujys(Fijra(@orgjiong) — Majralaorgsan,)’)
+ B((Fajra(@orojrone) — Majra(@ongjsony)) Fijis)
+ Var(Fyjra(@okgjror,) — MNajra(@orgiron,))-

Using derivation similar to (5.13), it suffices to show (5.19) for only the first and
last term in (5.20). Moreover, we assume d = 1 and j = 1 to simplify notations.
The proofs and the theorems used can be easily extended to vector-valued processes.
Denote by Sm,{j} for the sum S, with ¢; replaced by an i.i.d. copy €. For the first

term, by Burkholder’s inequality,
E(|Var(F (@) — E(Var(Fi(a0)))["?) = B(E(Shla1-m,- .., a0) = E(S;)["?)

0 0
= || Y RS2 <oy ( D0 PSR

j=-m j=—m

For —m < j < 0, [PShllye < 157 = 52, iy lhyz < 15m = St 1 19m + S -
Note that [|Sn[, = O(m"?) and ||Spm — Smiiylly < S, 8,4 By Lemma 7.3,

Oy < 2n1/p_1/7t71fp/75£g. Then since 3 > 2(y + 1)p/v for x < xo, we have

0 0 m
Y IPSLIE = O0m) Y Y (6r-5) (5.21)
j=—m j=—m r=1
— O(m)n2/p—2/wti—2p/v Z(Z 55@@)2
7j=0 r=1

= O(m)nz/p_z/’Yt2—2p/’ym3—2(x+l)p/'y(log m)_gAPM’
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by (2.3) and the Hélder inequality. Then, since A > 2v/p and logm < logq < logn,

qE(|Var(Fy(ao)) — E(Var(Fi(a)))|""?) (5.22)

< qm”’(X+l)p/2n7/2p’1/2t7/2’p/2(log n)pr/2 — O(Um)“//z)

~J Y

using (4.3), (4.21) and the choice of [ in (5.7). For the last term in (5.20), we view

E(F4(d2k0)2) as
E(Fy(an,)?) = E((Sakem — Stako—1ym)*10(2k0—1ym15 - - - Q2kgm )

and show that it is close to (S’Qkom — g(gko_l)m)Q. Let Fj* = (€j,...,€m). Note that,

0
152, = BE(Shlam, .., a)|15 S (D ESEIF) = ESAIFRIE L) (5.23)
j=—m—1

< Cmv—(x+1)p/2nv/2p—1/27571/2—17/2(1Ogm)—Ap/2
= o(g~'(Im)""?),
similar to the derivation in (5.21). By (5.22) and (5.23), it suffices to show that
%P(|§m\ > Vim) — 0. (5.24)

Using the Nagaev-type inequality from Wu and Wu (2016, [27]) we obtain

e {Lp(1/2-x)}
(lm)p/2

P(|Sp| > Vim) < ¢ + Cy exp(—Csl), (5.25)

where C,Cy and C5 depend on x and p. The second term in (5.25) is o(m/n) since
e~! — 0 very fast. For the first term in (5.25), if x < 1/2 — 1/p, then

1/2—
BN Lo mypmi =D me) — o(1),

m  (Im)p/2



31

as from (4.21) we have 1 — p/y + L(p/y —px — 1) = L(p/y — )(xp +p+ 1) < 0.

If 1/2—1/p < x < xo and consequently r < p, then we have, for the first term in

(5.25),
n_m__ (log n)pnp(l/pfl/’erL(l/’Y*l/Q))tk(P/’Y*p/Q) = o(1) (5.26)
m (Im)r/2 " ’ '
using (4.3), r < p and the fact that r satisfy 1/r — 1/v+ L(1/v —1/2) = 0. O

PROOF. of Proposition 5.4. By Lemma 7.4, E(LZ) < gm?/?. Then it suffices to

prove
P(LS — E(L2)| = cqm”?  logg) 0, (5.27)

holds for some constant ¢ > 0. Note that E(|Y}*|) are even indices j (also for odd
indices 7). Thus we can prove the statement separately by breaking L7 in sum of even
and odd E(|Y}|7). Without loss of generality, we assume all E(|Y}*|7) are independent
and proceed. Define .J; = (Qkom)’7/2E(|§2k0mj — §2k0m(j,1)|7|d2ko(j,1), Qok,j) and 0 =
"2 = q/(log q)”. Recall the truncation operator T from (4.4). Noting E(.J;) = O(1)

from Lemma 7.4, we have

J

P(| ZTH(Jj) — E(Ty(J;))] = ¢) < %maxE(Te(Jj)Q) = 0(0q/¢*) = o(1),
where ¢ = ¢/ log q, and

max P(J; 2 0) < max P(E(|S2k0mj — Sarom(i—1)|* 182k (—1) B2kos) > 2kolm) = o(q™"),

from (5.22), (5.23) and (5.24). Thus P(| > 7_, J; — > 5_, E(J;)| > ¢) — 0 which is a

restatement of (5.27). O
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PROOF. of Proposition 5.5. We showed in Proposition 5.4 that
P(cgm™? < L, < Cqm?) — 1,

for some constants ¢ and C'. Let [ be as given in (5.7). Let S = {0,1,2l,--- }. Propo-
sition 5.2 and Proposition 5.3 show that, for some constants ¢ and C,
-1 i+l—1
P(clkom < Iiréiglp* (Var (Z Yf)) < r?ee}qxp* (Var (Z Yf”)) < Clkogm) — 1.
j=i j=i
We choose n, = kl and s < ¢/l. Starting with the conditional block sum process
Y for 0 < j < ¢ — 1, this choice of 7, satisfies (7.1) for a given a with probability
going to 1. The other condition, (7.2) can be easily verified for such a choice of 7-
sequence using ideas similar to the proof of Proposition 5.4. We skip the details of

that derivation. ]
6. Proof of Theorem 2.2

PROOF. Case 1 (x > xo):- Note that the optimal power v and the optimal bound
1/r increases and decreases with x respectively (see also Figures 1 and 2). This is
a motivation behind tweaking our proof for the verification of (7.1) to handle the
(logn) term in choice of [ in (5.7). While using the Nagaev inequality to show (5.24),

we use a power 7' > v while keeping the choice of [ (cf 5.7) same as before. We form
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a set of new equations

124+ 1/p=2/r+L'(1—(x+1)p/r') = 0, (6.1)

p=1/y+L =L(x+1p/y = 0,

11—~/ +L'(H/2-1) = 0.
The intuition behind the first of these equations is to use a higher power than p in
the m-dependence approximation. However, we only defined moments up to p. So
we use Lemma 7.3 to obtain a new equation corresponding to the m-dependence

approximation using a power r’ that is little higher than p. The solution of (6.1) has

the property

v < 2(1+p+px)/3. (6.2)

for x > xo. Also we observe L' < L(xo) (cf Figure 2) and hence m!'=""/2 < m/1=7'/2
where m/ is taken as n’'t* following (4.15). We apply the following version of Nagaev-

type inequality from Liu, Xiao and Wu (2013, [15]) to obtain

AN 0],
P(|Sn > Vim) < 7/21/;;1+Zexp< >+—“ (6.3)

(Im 2, (Im)r'/2
msup; || Ty 170 (X v 9
p; |3, 1///2( K e (_ ¢, 2)7
(Im)7 Sup; HTtnnl/P<Xi)H2

where v = S, g = (PG, N = fom, Gy = ST B
for some sequence 0 = 79 < 71 < ... < Tp = m. For the choice 7, = 2"~! for
1<r<R-1=|log,m|, we obtain V%/—H = O(n"'/P=1¢)'~P) using (6.2), (4.2) under

the decay condition on ©;, in (2.3). The third term and the exponential terms are
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straightforward to deal with. The fourth term is dealt similar to (7.6). Combining
these in the view of our new set of equations in (6.1), we get P(|S,,| > VIm) =
o(m/n) which is sufficient to conclude the proof as proposed in (5.24).

The positive-definitization technique introduced in (5.12) is validated in Proposi-
tion 5.6. This step requires v > 4y for the case x > max(1/2, xo). We observe that
~v"—4x = 0 has a root y; > xo. This allows us to replace x in the decay condition
of ©;, by min(x, x1) and the proof goes through. The arguments for the rest of the
proof of Theorem 2.1 remains valid.

Case 2 (x = X0,2 < p < 4):- We shall apply Proposition 1 from Einmahl (1987,
[6]). He proved a Gaussian approximation result for independent but not necessarily
identical vectors with diagonal covariance matrix. The two remarks following the
proposition mention that the diagonal nature of every covariance matrix can be
relaxed if these matrices have bounded eigenvalues. A careful check of his proof
reveals that it can be further relaxed to the assumption of bounded eigenvalues of
the covariance matrix of a normalized block sum only. This allows us to replace the [
(see (5.7)) to use the conclusion of Proposition 7.1 by I’ without the logarithm term
(logn) in the denominator and without the condition (7.2). Thus we obtain op(n'/?)
rate for all 2 < p < 4.

Case 3 (x = Xo,p > 4):- In this case we do not have a similar optimal Gaussian
approximation result for independent but not identically distributed random vectors.

Instead we shall apply Proposition 7.1 again. The sufficient conditions in that result
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lead to an unavoidable (logn) term in choice of | (see 5.7). This, in turn leads to
op(n'/?logn) rate. Note that, yo > 1/2 — 1/p for all p > 2. From the proof for the

case 0 < x < xo, consider (5.26), observe that if y = xo, then
ﬁP(|§m| > VIm) = O((log n)PtE®/1=/2)y,
m

which may diverge to co. To deal with this difficulty in this special case, we choose

a different m sequence. Our new set of conditions with 7,, = n'/?(logn)’ are

n2 Ve X(logn)=4% — 0,

PV =OFVPY (Jogn) AP 0,
n'=P(logn) Pm?/*1 = 0,

(log n)Ym!="2p/P=1—p 5 (.

where the last one is obtained using yth moment in (6.3). Let m = |n(logn)*/0=2)¢k|
with 0 < k& < (v/2 —1)7(y — p), we can achieve § = 1. We still have the same set
of equations for L,y and r as (4.19), (4.20) and (4.21). A careful check reveals that

the rest of the proof goes through with this modified m sequence. O

7. Some Useful Results Proposition 7.1 concerns Gaussian approximation for
independent vectors. There are several types of Gaussian approximations in literature
for independent vectors. We find the following result by Gdotze and Zaitsev (2008,
[10]) particularly useful since it provides an explicit and good approximation bound

for the partial sums. This has been used several times in our proof.
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PROPOSITION 7.1. Let &,,...,&, be independent R%-valued mean 0 random vec-
tors. Assume that there exist s € N and a strictly increasing sequence of non-negative

integers g = 0 < ny < ... < ns =n satisfying the following conditions. Let

Ck :énk,1+1+'-~+§nk, VG?"((k) = Bk, k= 1,...,s

and L., = Z?Zl E(&1]7), v > 2, and assume that, for allk =1,... s,

Crw? < pu(By) < p*(By) < Cou?, (7.1)
where w = (L,)"/7/log" s, with some positive constants Cy and Cy. Suppose the
quantities

T
)\k»’Y: Z E”g]H’y’ k: 17"‘87
J=nk—1+1

satisfy, for some 0 < e < 1 and constant Cs,

Csd"?s(log" 5)" max A\, < L. (7.2)

1<k<s
Then one can construct on a probability space independent random vectors Xy, ..., X,
and a corresponding set of independent Gaussian vectors Yy, ..., Y, so that (X;)7_, 2

(&), B(Y;) =0, Var(Y;) = Var(X,),1 < j < n, and for any = >0,

t t
P . -
P (r%agcl;)(z PR = z) < C.Lyz77.

i=1

where Cy is a constant that depends on d,~,Cy,Cs and Cs.

LEMMA 7.2. Letp < ~y. Assume (2.A). Then sup, E min{|X;|"n=7/? 1} = o(n™1).



37
PROOF. Choose k, = |2(logn)/((p+7)log2)|. Then n = o(27*") and 2P*» = o(n).

Let Z = | X;|n"'/?. The lemma follows from

kn
Emin{Z7,1}) < P(Z>1)+ ZQ‘kVP(Q—l—’f < Z <27F) 4 277 tntD)
k=0

kn
< B(ZPm0) + Y 220 ) 4 27700 = o(n 1),
k=0

in view of the uniform integrability condition (2.A) and n'/2 /2% — oo. O

LEMMA 7.3. The functional dependence measures defined on the truncated pro-

cess (X7) and the m-dependent process (XI), satisfy Sm < 5% < 2n1/p*1/7t}1_p/75%7.
PROOF. Since the truncation operator 7' is Lipschitz continuous,
(05.)7 = sup E(|T} 10 (Xi) = Ty (Xi i )[7)
1

W
/p—11v—p SP
\[) < wreens,

The first inequality d;,, < 65, follows from (4.11). O

Xi — Xi(i-j)

— /Py ;
= n'Pt) sng (‘mm (2, i /e

LEMMA 7.4. Rosenthal Type Moment Bound Recall (4.2) and (4.3) for t,. As-

sume (4.9), (4.13), (4.14) along with (2.6) on A related to the restriction on ©,,
as mentioned in (2.3). Moreover, assume m = |n*tk| with k satisfying k < (/2 —

1)7Y(y = p). Then, we have

max E( max |Ry|") = O(m?7?). (7.3)

1<l
PRrROOF. Since the functional dependence measure is defined in an uniform manner,

we can ignore the max; in (7.3) and use the Rosenthal-type inequality for stationary
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processes in Liu, Xiao and Wu (2013, [15]). By [15], there is a constant ¢, depending

only on 7, such that

A

| max |Rll,

1<I<m - le/z[z Sj Z 5] vt SUP || /o (X3) ]

j=14m

—i—cmlm Zjl/2 1/75 —i—supHT /e (Xi) [l
7j=1
< I+ IT+IIT+1V),

where

I = m"2Y" 55 +m"?||Xyl2,

j=1
1= m"? 3" 5, HI=m"7y" V2,
j=m+1 j=1

v = msup |1, (X) |-

For the first term I, since 37, ;2 + sup; | Xilla < 2602 and d;2 < 0,9, we have

I = O(m!/?). Starting with I, we apply Lemma 7.3 to obtain

1/2 N 1/2, 1/p—1/v41— /
17 =mY Z 0 S m' Pt/ =ply Z o7
j=m+1 j=m+1

The rest follows from the derivation in (4.18) and (4.21). For the third term, we have

III < mYrpt/r— 1/7t1 p/wzjlﬂ 1/757’/’7 (7.4)
7j=1
[logy m]+1 20—1
< mbrpl/r- 1/7t1 —p/v Z Z ]1/2 1/7517/7
=1 J —9l—1
[logy m|+1
< mM it/ Z lB3/2=1v=p/M (9= Ixp/v]=Ap/7y,
=1
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Recall the definition of xq from (2.5). If x < xo, then our solution for ~ satisfies

3/2—=1/v—=(x+1p/y =0,
with equality holding only for y = xo. Hence, if x < xo, we have
m~ Y21 = mlf(erl)p/vnl/pf1/77571;10/7(10g n)*Ap/'yO(l) = o(1),

from (4.21), (4.15) and (4.3). If x = xo, since A > v/p from (2.6) [The lower bound

for A there is just 2v/p as mentioned in (4.19)], we have
mVAITT = mM =12l /p= 1=l (1) = o(1), (7.5)

since (4.20) is true. Also for the case of x > x¢ in the proof of Theorem 2.2, the way we
define our three conditions in (6.1) the new solution also satisfy v = 2(1+p+px)/3

and thus (7.5) holds. For the fourth term IV, we use (4.2) to derive
m PRIV = m Y sup |1 (X)) (7.6)
<m0l sgp E (min{tii—z‘;, 1})
=m0 P (1) = o(1),
in the light of (4.20). O
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